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Abstract

An algorithm is presented for the simulation of plasma dynamics using the two-fluid plasma model. The two-fluid

plasma model is more general than the magnetohydrodynamic (MHD) model often used for plasma dynamic simu-

lations. The two-fluid equations are derived in divergence form and an approximate Riemann solver is developed to

compute the fluxes of the electron and ion fluids at the computational cell interfaces and an upwind characteristic-based

solver to compute the electromagnetic fields. The source terms that couple the fluids and fields are treated implicitly to

relax the stiffness. The algorithm is validated with the coplanar Riemann problem, Langmuir plasma oscillations, and

the electromagnetic shock problem that has been simulated with the MHD plasma model. A numerical dispersion

relation is also presented that demonstrates agreement with analytical plasma waves.

� 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Plasmas may be most accurately modeled using kinetic theory where the plasma is described by dis-

tribution functions in physical space, velocity space, and time, f ðx; v; tÞ. The evolution of the plasma is then

modeled by the Boltzmann equation

ofa

ot
þ va �

ofa

ox
þ qa

ma
Eð þ va � BÞ � ofa

ov
¼ ofa

ot

����
collisions

ð1Þ

for each plasma species a ¼ ions, electrons. The Boltzmann equation coupled with Maxwell�s equations for
electromagnetic fields completely describe the plasma dynamics. Algorithms have been developed which

model plasmas using the Boltzmann equation with specific forms of the collision operator (Vlasov equation

and Fokker–Planck equation) [1–6]. However, the Boltzmann equation is seven-dimensional. As a
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consequence of the large dimensionality plasmas are simulated using the Boltzmann equation only when

necessary to capture the essential physics.

The other end of the spectrum in plasma models involves taking moments of the Boltzmann equation

and averaging over velocity space for each species, which typically assumes local thermodynamic equilib-

rium to close the equation model. The resulting equations comprise the two-fluid plasma model. The two-

fluid equations are then combined to form the magnetohydrodynamic (MHD) model [7]. However, in the

process several approximations are made which limit the applicability of the MHD model to low frequency

and ignores the electron mass and finite Larmor radius effects. The Larmor radius is the radius of gyration
of charged particle in a magnetic field as it undergoes cyclotron motion. The Larmor radius is defined as

rL ¼ vT
xc

; ð2Þ

where vT is the thermal velocity and xc is the cyclotron frequency.

The MHD model treats the plasma like a conducting fluid and assigning macroscopic parameters to

describe its particle-like interactions. Plasma simulation algorithms based on the MHD model have been
very successful in modeling plasma dynamics and other plasma phenomena [8–10]. One successful approach

is to formulate an approximate Riemann solver for the MHD model which tracks the wave propagation

across the domain [11–13].

A limitation of the MHD model is the treatment the Hall effect and diamagnetic terms. These terms

represent the separate motions of the ions and electrons that still preserve the plasma approximation of

quasineutrality. The Hall effect and diamagnetic terms also account for ion current and the finite Larmor

radius of the plasma constituents. These effects are important in many applications such as space physics,

Hall current thrusters and field reversed configurations for magnetic plasma confinement [14,15]. The Hall
term is also believed to be important to electrode effects such as anode and cathode fall which greatly affect

many directly coupled plasma applications.

In general the Hall terms are difficult to stabilize because they lead to the whistler wave branch of the

dispersion relation and the wave velocity increases with frequency. The neglect of electron mass and the

displacement current in MHD eliminates the whistler wave resonance at the cyclotron frequency and causes

the wave velocity to grow unbounded with frequency. Hall effect physics can be added to the MHD

equations and solved. The explicit time step is small and the grid establishes an upper limit on the frequency

and, therefore, the maximum wave speed resolved. A large background resistivity can be added to damp
fast waves for explicit treatments [16]. The method can fail to converge when the density becomes low and

the Hall parameter becomes large [17]. Semi-implicit methods have been developed for incorporating the

Hall effect into the MHD model [18]. However, the method is slow to converge for large values of the Hall

parameter.

The two-fluid plasma model captures the separate motion of the electrons and ions without the added

complexity of the kinetic model. The two-fluid model is derived by taking moments of the Boltzmann

equation for each species. The process of taking moments eliminates the velocity space and yields repre-

sentative fluid variables (density, momentum, energy) for each species. The only approximation made is
local thermodynamic equilibrium of each fluid and is, therefore, a generalization of the MHD model. The

fundamental variables are generated by taking moments of the distribution function.

This paper describes a new algorithm based on an approximate Riemann solver derived from the two-

fluid plasma model.

The evolution of the particle density of the ions and electrons is expressed by continuity equations. The

equations are the zeroth moment of the Boltzmann equation

oni
ot

þr � nivið Þ ¼ 0; ð3Þ
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one
ot

þr � neveð Þ ¼ 0; ð4Þ

where ni, ne are the ion, electron number densities and vi, ve are the ion and electron fluid velocities.

The first moment of the Boltzmann equation yields momentum equations for each species

nimi
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�
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¼ �rpi þ nie Eð þ vi � BÞ þ Rei; ð5Þ
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�
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where E and B are the electric and magnetic fields, pi and pe are the ion and electron partial pressures, and

Rei is the electron to ion momentum transfer vector. For the simulations presented in this paper, the plasma

is assumed to be perfectly conducting. Therefore, Rei is set to zero.

The second moment of the Boltzmann equation yields energy equations for each species

1

c � 1
ni

oTi
ot

�
þ ðvi � rÞTi

�
¼ �pir � vi; ð7Þ

1

c � 1
ne

oTe
ot

�
þ ðve � rÞTe

�
¼ �per � ve; ð8Þ

where c is the ratio of specific heats and Ti, Te are the ion and electron temperatures. An adiabatic equation

of state is assumed. The temperatures are related to the partial pressures by pa ¼ naTa for a ¼ fi; eg.

2. Development of an approximate Riemann solver

Partial current densities can be defined as

ji ¼ enivi and je ¼ eneve: ð9Þ

where e is the electronic charge. The derivation presented here assumes singly ionized species, q ¼ e. (For
multiple charged ions, the ion current density definition is modified as eni ! Zeni where Z is the charge

state, and the resulting equations are modified accordingly.) Using the partial current densities, the particle

continuity equations are then written as

oni
ot

þ 1

e
r � ji ¼ 0 ð10Þ

and

one
ot

� 1

e
r � je ¼ 0: ð11Þ

Substituting the definitions of partial current densities and using Eqs. (10) and (11), the momentum

equations are rewritten in divergence form for the partial current densities with the electromagnetic forces

and momentum transfer vector as sources on the right-hand side of the equation.

oji
ot
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Rei; ð12Þ
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The energy equations can be combined with the corresponding momentum equations to yield energy

equations expressed in divergence form for the total energy. The electromagnetic and momentum transfer

terms appear as sources on the right-hand side of the equation
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where the total energy is defined by

ei �
1

c � 1
niTi þ

1

2
nimiv2i ¼

1

c � 1
pi þ

1

2
nimiv2i ð16Þ

and

ee ¼
1

c � 1
pe þ

1

2
nemev2e : ð17Þ

The two-fluid plasma model does not describe a conservation law except for the relationship between the
number densities, current densities, and total energies. The electromagnetic force and ion–electron collision

terms introduce sources for the ion and electron momenta and energies.

The two-fluid plasma model is now expressed in divergence form

oQ
ot

þr � F ¼ S; ð18Þ

where Q is the vector of conserved fluid variables, F is the tensor of hyperbolic fluxes (F x̂xþ Gŷy þ Hẑz), and S
are the source terms. For the algorithm developed here, the electron to ion momentum transfer is neglected.

The vector of conserved fluid variables is

Q ¼ ni; ne; jix ; jiy ; jiz ; jex ; jey ; jez ; ei; ee
� �T

: ð19Þ

The hyperbolic flux tensor in the x direction is

F ¼
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: ð20Þ
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The flux Jacobian oF =oQ for the two-fluid equations is constructed in the usual way. The characteristic

velocities are calculated to construct the approximate Riemann fluxes.

The eigenvalues of the flux Jacobian give the characteristic velocities

k ¼ jix
eni

;
jix
eni

�
 csi ;�

jex
ene

;� jex
ene

 cse

�
; ð21Þ

where the ion and electron acoustic speeds are defined as
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ffiffiffiffiffiffiffiffi
c
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;
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c
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mene

r
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ð22Þ

The electron acoustic speed is larger than the ion acoustic speed for the same fluid temperatures due to the
large ion to electron mass ratio. The electron acoustic speed can be larger than the Alfv�een speed which is a

component of the eigenvalues of MHD. The Alfv�een speed is defined as

vA ¼ Bffiffiffiffiffiffiffiffi
l0q

p ; ð23Þ

where B is the magnetic field, q is the total mass density, and l0 is the permeability of free space (4p � 10�7).

Therefore, the eigenvalues of the two-fluid model are generally not bounded by the eigenvalues of the MHD

model.

The presence of a complete set of real eigenvalues in Eq. (21) proves that the system is hyperbolic. An
approximate Riemann solver is appropriate. The eigenvalues for the two-fluid plasma model represent the

combination of the drift speeds and thermal speeds for the electrons and ions. For the simulations pre-

sented in this paper c is set to 5=3.
The hyperbolic fluxes of Eq. (18) are discretized using a Roe-type approximate Riemann solver [19].

(Note the source terms of Eq. (18) are treated separately and are discussed later.) In this method the overall

solution is built upon the solutions to the Riemann problem defined by the discontinuous jump in the

solution between each cell interface. The numerical flux for a first-order accurate (in space) Roe-type solver

is written in symmetric form as

Fiþ1=2 ¼
1

2
Fiþ1ð þ FiÞ �

1

2

X
k

lk Qiþ1ð � QiÞ kkj jrk; ð24Þ

where rk is the kth right eigenvector, kk is the absolute value of the kth eigenvalue, and lk is the kth left

eigenvector, evaluated at the cell interface (iþ 1=2). The values at the cell interface are obtained either by a

simple average of the neighboring cells or a Roe average. Higher-order accuracy is obtained by using a

minmod flux limiter in Eq. (24). The algorithm is second-order accurate in regions where the solution is
smooth and first-order accurate in the vicinity of large gradients in the solution. The flux calculated as

above is normal to the cell interface which is the desired orientation for applying the divergence theorem in

a finite volume method.

The eigenvalues of the two-fluid model are well-behaved. There are no zero eigenvalues as there is in the

MHD model [20] because the Lorentz force is placed on the right-hand side of Eq. (18) and treated like a

force function. The extension to multiple spatial dimensions does not add any complexities not already

treated in the one-dimensional approximate Riemann solver The hyperbolic flux vectors in the y and z
directions are similar to the flux vector in the x direction given in Eq. (20). Therefore, the extension to more
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than one dimension should be trivial, similar to Euler equations. This is the result of the favorable

properties of the two-fluid equations.

The flux tensor of the two-fluid model is a homogeneous function of degree one in Q, like the Euler

equations [21]. Additionally, the flux tensor can be written as

F � AQ; ð25Þ

where A is the flux Jacobian oF =oQ. Therefore, the implicit algorithms which have been used on the Euler

equations [22] should work better on the two-fluid model than on the MHD model.

3. Solution of the electromagnetic field equations

The electromagnetic fields influence themotion of the plasma through the Lorentz force which is contained

on the right-hand side of Eq. (18). The motion of the plasma influences the evolution of the electromagnetic

fields through the redistribution of charge density and current density. Therefore, an accurate solution of the

two-fluid plasma model requires the solution of Maxwell�s equation for the electromagnetic fields.

The solution of Maxwell�s equations is performed at each time to obtain the needed coupling between
the plasma fluid and the electromagnetic fields. The solution is greatly simplified because the charge density

eðni � neÞ and current density (ji þ je) are calculated directly from the two-fluid equations which are then

used to solve for the electromagnetic fields

oB

ot
¼ �r� E;

�o
oE

ot
¼ r� B=lo þ ji þ je:

ð26Þ

The problem is initialized with a solution that satisfies the remaining two Maxwell�s equations which place

constraints on the divergence of the electric and magnetic fields.

r � E ¼ eðni � neÞ=�o;
r � B ¼ 0:

ð27Þ

These divergence constraint equation are not used to calculate the field dynamics of E and B. Mathe-
matically, the divergence constraints are preserved by Eq. (26). However, numerical errors can lead to a

violation of Eq. (27) and can result in nonphysical results [23]. In multidimensional implementations,

methods to prevent the numerical violation of the constraints in Eq. (27) may be necessary. Methods for the

solution of Maxwell�s equations have been studied extensively [24–26,28,29]. The methods vary from es-

tablished finite-difference, time-domain to more advanced integral methods.

For the algorithm described a formulation is developed similar to [26] with the addition of current

sources. The time-dependent Maxwell�s equation are written in divergence form as

oQE

ot
þr � FE ¼ SE; ð28Þ

where

QE ¼ Bx;By ;Bz;Ex;Ey ;Ez

� �T
: ð29Þ

The electromagnetic field equations are solved with an upwind characteristic-based method. (Note the

source terms of Eq. (28) are treated separately and are discussed later.)
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Like the two-fluid plasma model, Maxwell�s equations do not describe a conservation law except for the

relationship between the electric and magnetic fields. The ion and electron momenta (current densities)

introduce sources for the electric field.

For one-dimensional electrostatic cases, an electrostatic model is assumed. The electric field is deter-

mined by solving Poisson�s equation with the charge density and the introduction of the electrostatic po-

tential, /

r � E ¼ �r2/ ¼ eðni � neÞ=�o: ð30Þ

The applied magnetic field is constant.

4. Nondimensionalizing the two-fluid plasma model

The two-fluid plasma model is nondimensionalized by selecting characteristic variables for the length x0,
plasma size, and velocity vTi , ion thermal speed, which produces a characteristic time of x0=vTi . The partial

pressures and total energies are normalized by the ion dynamic pressure min0v2Ti
where n0 is a characteristic

number density. The electric field is normalized by the product of the characteristic magnetic field and

velocity B0vTi .

The nondimensionalized fluid equations are written as

o

ot

ni
ne
ji
je
ei
ee

26666664

37777775þr �
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�je
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þ piI

� jeje
ne
� mi
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0

0
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1brL mi
me

neE� je � Bð Þ
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1brL je � E

2666666664

3777777775
: ð31Þ

The nondimensionalized electromagnetic field equations are written as

o

ot
B
E

� �
þr� E

�ĉc2B

� �
¼

0
� 1bkD2brL ji þ jeð Þ

" #
: ð32Þ

Physically significant similarity parameters appear in the nondimensional equations: ion to electron mass

ratio mi=me, normalized speed of light ĉc ¼ c=vTi , normalized ion Larmor radius brLrL ¼ rLi=x0, and normalized

the Debye length ckDkD ¼ kD=rL where kD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�omv2T=ne

p
. The electron and ion Debye lengths are equal for

equal ion and electron temperatures. (For convenience the hat designation is dropped. Normalized vari-

ables are used for the remaining sections.) The ion Larmor radius is a measure of importance of two-fluid

physics. The electron Larmor radius is related to the ion Larmor radius as rLe ¼ rLi

ffiffiffiffiffiffiffiffiffiffiffiffiffi
mi=me

p
for equal ion

and electron temperatures.

5. Source term treatment

The source terms appear on the right-hand side of Eqs. (18) and (28). When the source terms are small,

they are explicitly incorporated into the complete solution (two-fluid and electromagnetic variables)

Qnþ1
i � Qn

i

Dt
¼ �

F n
iþ1=2Aiþ1=2 � F n

i�1=2Ai�1=2

� �
Vi

þ Sn
i ; ð33Þ
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where Qn
i is the complete vector of solution variables (two-fluid and electromagnetic) at time step n in cell i,

F n
iþ1=2 is the complete upwind flux vector, Sn

i is the complete vector of the source terms, Aiþ1=2 is the cell

interface area, and Vi is the cell volume. An explicit treatment only works when the source terms are small

[27]. However, the source terms can become large and make the equations stiff.

The source terms are then treated implicitly. The homogeneous fluxes are calculated for the electron and

ion fluids with the approximate Riemann solver described previously, and the upwind method is used to

calculate the homogeneous fluxes for Maxwell�s equations. The source terms for all of the equations are

then solved self-consistently with an implicit treatment to alleviate the stiffness of the problem. The full
discretized equation with implicit source terms is

Qnþ1
i � Qn

i

Dt
¼ �

F n
iþ1=2Aiþ1=2 � F n

i�1=2Ai�1=2

� �
Vi

þ Snþ1
i : ð34Þ

The source terms are expanded in a Taylor series to first-order and the resulting Newton iteration is written

as

1

Dt

"
� oS

oQ

� �k

i

#
DQ ¼ �Qk

i � Qn
i

Dt
�

F n
iþ1=2Aiþ1=2 � F n

i�1=2Ai�1=2

� �
Vi

þ Sk
i ; ð35Þ

where DQ ¼ Qnþ1
i � Qk

i and k is the iteration variable.

After the numerical fluxes F n are calculated explicitly as described, the source terms are solved implicitly.

Within each iteration the linear system, Eq. (35), is solved using a symmetric Gauss–Seidel method. Two or

three iterations are typically used. The source flux Jacobian in Eq. (35) is recalculated and Q is updated

after each iteration until jDQj approaches zero. Ten Newton iterations are typically sufficient to converge. It
is important to note that oS=oQð Þki is local, and S does not depend on the value of Q in adjacent cells.

Therefore, the computational work required to solve Eq. (35) increases linearly with the number of cells in

the domain, even when the algorithm is extended to three dimensions.

The solution is advanced in time with first-order accuracy. Higher-order accurate time differencing can

be used at the expense of additional flow solutions from previous times. The implicit treatment is stable for

time steps less than the minimum of x�1
pe and Dx=c. The implicit method is fast and for simulations where

both the explicit and implicit schemes produce stable solutions for the same time step, the explicit method is

30% faster than the implicit method. The explicit method becomes less appealing for stiff source terms
which occur for normalized Larmor radii less than 1 in the electromagnetic shock problem. In these cases,

the time step for the explicit method must be reduced to obtain a stable solution, and the implicit method is

more than 10 times faster than the explicit method.

6. Validation tests

The approximate Riemann solver developed in this work is validated against known analytical results.
The solver is used to simulate the coplanar Riemann problem to test for proper wave capturing behavior,

Langmuir oscillations to test the electric field component in the Lorentz force, and the electromagnetic

plasma shock to illustrate the ability of the algorithm to capture the MHD shock in the limit of rL ! 0, the

gas dynamic shock in the limit of rL ! 1, and two-fluid (Hall effect) physics for intermediate values. The

MHD model assumes rL ¼ 0 where the electron and ion fluids are tightly coupled to the magnetic field.

The plasma completely decouples from the magnetic field when rL ¼ 1.
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6.1. Electrostatic tests

The coplanar Riemann (or shock tube) problem is used to test the fundamental behavior of the ap-

proximate Riemann solver. As expected from an approximate Riemann solver, wave structures are well

captured. The behavior is best seen when the effect of the electromagnetic fields is eliminated by artificially

setting the electron and ion charge to zero and reducing the effect of the large mass difference by setting the

electron mass to 20% of the ion mass, me ¼ 0:2mi. The electron and ion fluids then decouple and behave as

independent fluids. Results are shown in Figs. 1 and 2. The coplanar Riemann problem is initiated with

normalized electron and ion number densities of 4.0 on the right-hand side of the domain and 1.0 on the left

hand side of the domain. The normalized electron and ion temperatures are initialized at a uniform value of
10. The domain is discretized into 256 volumes. Fig. 1 shows the evolution of the electron and ion number

densities after 150 time steps. The characteristic shock wave, contact discontinuity, and rarefaction wave

are clearly evident in both the electron and ion fluid. The more massive ion fluid has slower characteristic

wave speeds. The sound speed varies like the square root of the mass. Fig. 2 shows the evolution of

the electron and ion current densities in the longitudinal direction after 150 time steps. When the effect of

the electromagnetic fields is included, the faster electron fluid is slowed by the slower, massive ion fluid. The

number density jumps are altered as the flow is limited by ambipolar motion.

The ability to capture gas dynamic waves as shown in the coplanar Riemann problem is expected from
an approximate Riemann solver. The approximate Riemann solver for two-fluid plasma model must also

capture plasma wave behavior. This ability is demonstrated by simulating Langmuir plasma oscillations.

Langmuir plasma oscillations are the plasmas response to charge concentrations created by perturbations

in the plasma. In one dimension, the equation of motion for electrons reduces to a second-order differential

equation for the particle position

d2x
dt2

¼ � nee2

me�o
x ¼ �x2

pex; ð36Þ

where xpe is the electron plasma frequency. If the plasma pressure is negligible and the fluid velocity is

sufficiently small, the two-fluid plasma model can produce Langmuir plasma oscillations. A sinusoidal
perturbation is initialized to the electron fluid.

Fig. 1. Electron and ion number densities for a shock tube simulation. The shock wave, contact discontinuity, and rarefaction wave

can be seen in each fluid.
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The results are shown in Figs. 3 and 4. The theoretical plasma frequency as determined from the pre-

vious equation is xpe ¼ 0:1466 for the normalized plasma parameters used in the simulation. The nu-

merically generated frequency of xpe ¼ 0:1462 agrees with the theoretical value with an error of 0:27%.

6.2. Electromagnetic plasma shock

The two-fluid algorithm is applied to the electromagnetic plasma shock problem which is a general-

ization of the MHD shock problem published in [11]. The shock problem is a good test of the two-fluid

algorithm�s ability to model asymptotic MHD-like behavior and to demonstrate the departure of the so-

lution when two-fluid effects are included. MHD problems are characterized by strong coupling of the

plasma fluid and the magnetic field. The two-fluid model allows the ion and electron fluid to have a more

physically correct coupling to the magnetic field as characterized by the ion and electron Larmor radii.

Fig. 3. Time history of the electron velocity measured at a fixed spatial location demonstrating Langmuir plasma oscillations.

Fig. 2. Electron and ion current densities for a shock tube simulation.
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Mathematically, the electromagnetic plasma shock problem is an initial boundary value problem in
which there is initially a discontinuity in the data such that the left half of the domain is at one state and the

right half of the domain is at another state. As the solution evolves in time, characteristic waves form and

travel at speeds related to the wave speeds of the system.

The MHD shock problem forms waves that travel at the characteristic wave speeds of the MHD model.

For reference, the MHD wave speeds are given by

kMHD ¼ vx; vxf  vfast; vx  vslow; vx  vAxg; ð37Þ

where vfast and vslow are the fast and slow magnetosonic speeds, and vAx is the Alfv�een speed based on the x
component of the magnetic field which are defined as

v2fast ¼
1

2
c2s

�
þ v2A þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2s þ v2A
� �2 � 4c2s v

2
Ax

q �
; ð38Þ

v2slow ¼ 1

2
c2s

�
þ v2A �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2s þ v2A
� �2 � 4c2s v

2
Ax

q �
; ð39Þ

v2Ax ¼
B2
x

l0q
: ð40Þ

The acoustic speed cs is given by

c2s ¼
cp
q
; ð41Þ

where p is the total pressure, q is the total mass density, vx is the mass-averaged, single-fluid velocity in the x
direction, and l0 is the permeability of free space (4p � 10�7).

The problem is initialized with a uniform longitudinal magnetic field Bx and discontinuities in the

densities, the pressures, and the transverse magnetic field By . The initial values are chosen to allow a direct

comparison with the MHD shock problem published in [11]. The initial left plasma state is specified as

Fig. 4. Spatial structure of the electron density and velocity at single time during a Langmuir plasma oscillation simulation.

630 U. Shumlak, J. Loverich / Journal of Computational Physics 187 (2003) 620–638



q
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p
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¼

1:0
0
0

0

1:0
0:75
1:0
0

266666666664

377777777775
: ð42Þ

The initial right plasma state is specified as

q
vx
vy
vz
p
Bx

By

Bz

266666666664

377777777775
right

¼

0:125
0

0

0

0:1
0:75
�1:0
0

266666666664

377777777775
: ð43Þ

The solution to the MHD shock problem is shown in Fig. 5. The wave features of the MHD solution are

identified with labels in the figure. From left to right in the figure, a fast rarefaction wave (FR) and a slow

compound wave (SC) move to the left, and a contact discontinuity (CD), a slow shock (SS), and a fast

rarefaction wave (FR) move to the right. The slow compound wave is composed of a slow shock and an

attached slow rarefaction wave [11]. The gas dynamic solution shows a rarefaction wave, a contact dis-

continuity, and a shock.

The two-fluid variables can be written in terms of species mass densities, species velocities, and species
pressures. The MHD variables are related to these two-fluid variables as

Fig. 5. The two asymptotic solutions of the electromagnetic plasma shock problem showing the total mass density for the MHD limit

rL ¼ 0 and for the gas dynamic limit rL ¼ 1. Labels identify wave features of the MHD solution shows, from left to right, a fast

rarefaction wave (FR), a slow compound wave (SC), a contact discontinuity (CD), a slow shock (SS), and a fast rarefaction wave (FR).

The gas dynamic solution shows a rarefaction wave, a contact discontinuity, and a shock. The two-fluid solution with rL ¼ 100 is

indistinguishable from the gas dynamic solution.

U. Shumlak, J. Loverich / Journal of Computational Physics 187 (2003) 620–638 631



q
vx
vy
vz
p
Bx

By

Bz

266666666664

377777777775
¼ lim

me
mi

! 0

qi þ qe
qi vixþqe vix

qiþqe
qi viyþqe viy

qiþqe
qi vizþqe viz

qiþqe
pi þ pe
Bx

By

Bz

2666666666664

3777777777775
¼

qi

vix
viy
viz

pi þ pe
Bx

By

Bz

266666666664

377777777775
: ð44Þ

In the MHD model it is assumed that ni ¼ ne and pi ¼ pe.
Equivalent initial conditions for the electromagnetic plasma shock using two-fluid variables are
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and
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: ð46Þ
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The initial total mass density differs slightly from the MHD density since the electrons have a finite mass in

the two-fluid model.

For the electromagnetic plasma shock simulations presented here, the ion to electron mass ratio is set to

1836 (1 in MHD), and the ionic charge state is set to unity as in MHD. The normalized Debye length is set

to 0.01, and the normalized speed of light is set to 100. The ion Larmor radius is varied. The values

normalized by the length of the domain are rL ¼ 100; 10; 1; 0:1; 0:01; 0:003. Total mass density plots reveal

the structure of the shock solution and allows comparison to MHD and gas dynamic results. The solutions

presented have been converged by increasing the grid resolution until the solution does not change ap-
preciably.

The simulation results of the density plots at the same time are presented in Figs. 6–10. The two

asymptotic solutions (the MHD solution which assumes rL ¼ 0 and the gas dynamic solution which

assumes rL ¼ 1) are shown in Fig. 5 and in each figure showing the two-fluid solutions for compar-

ison.

When the ion and electron Larmor radii are much larger than the domain, the plasma is essentially

decoupled from the magnetic field and the plasma species are decoupled from each other. The dis-

continuity in the transverse magnetic field By expands quickly leaving the ion fluid essentially stationary.
Without the attachment of a finite mass fluid the magnetic field propagates as a smooth continuous

function, and the initial discontinuity vanishes. Since the electron mass is much less than the ion mass,

the electron fluid also expands before the ion fluid moves significantly. The ion fluid behaves like a

neutral gas. For the case with rL ¼ 100, the two-fluid solution is indistinguishable from the gas dynamic

solution since the ion fluid distribution governs the total mass density distribution, q ¼ qi þ
qeme=mi � qi.

When the Larmor radius is decreased to rL ¼ 10, the solution departs slightly from the gas dynamic

solution, as seen in Fig. 6. However, the magnetic field, electron fluid, and ion fluid are still mostly de-
coupled similar to the case of rL ¼ 100. The solution is only slightly modified from the rL ¼ 100 case. The

motion of the magnetic field, electron fluid, and ion fluid is qualitatively similar as before. The electrostatic

force causes the ‘‘gas dynamic’’ shock in the ion fluid to travel at a slightly higher speed than the larger

Larmor radius simulation. The position of the shock is at x ¼ 0:64.

Fig. 6. Two-fluid solution of the electromagnetic plasma shock problem for rL ¼ 10 showing the total mass density. The two as-

ymptotic solutions of the gas dynamic limit rL ¼ 1 and the MHD limit rL ¼ 0 are also shown for comparison. The electrostatic force

between the electron and ion fluids cause the solution to depart from the gas dynamic solution. The ‘‘gas dynamic’’ shock in the ion

fluid is at x ¼ 0:64.
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Fig. 7 shows the solution for a Larmor radius of rL ¼ 1. The solution contains wave-like structures that

propagate faster than the MHD waves. As is shown later, the fast waves are electron plasma waves, such as

L mode and R mode which includes the whistler wave, which couple to the ion fluid. At this Larmor radius
value the electron fluid is coupled to the magnetic field, and the electron fluid responds to the magnetic field

as the magnetic field propagates away from the initial discontinuity. The electrostatic force between the

electron and ion fluids generates an effect on the ion fluid as the electron fluid reacts to the magnetic field

expansion. The speed of the ion fluid ‘‘gas dynamic’’ shock has increased due to the increased coupling with

the electron fluid and the corresponding electrostatic force. The position of the shock has moved to x ¼ 0:66
from x ¼ 0:64.

Fig. 7. Two-fluid solution of the electromagnetic plasma shock problem for rL ¼ 1 showing the total mass density. The two asymptotic

solutions of the gas dynamic limit rL ¼ 1 and the MHD limit rL ¼ 0 are also shown for comparison. Note that the two-fluid solution

contains wave-like structure that propagates faster than the MHD waves. The ‘‘gas dynamic’’ shock in the ion fluid is at x ¼ 0:66.

Fig. 8. Two-fluid solution of the electromagnetic plasma shock problem for rL ¼ 0:1 showing the total mass density. The two as-

ymptotic solutions of the gas dynamic limit rL ¼ 1 and the MHD limit rL ¼ 0 are also shown for comparison. Note that the two-fluid

wave-like structure propagates slower than for rL ¼ 1 but still faster than the MHD waves.
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As the Larmor radius is decreased further to rL ¼ 0:1, the solution begins to develop some of the general

features of the MHD solution. The solution can be seen in Fig. 8. The wave-like structures that propagate

faster than the MHD waves are still present. At this Larmor radius value the electron fluid is coupled to

the magnetic field. The ion fluid is electrostatically coupled to the electron fluid and loosely coupled to the
magnetic field. The massive ion fluid alters the speed and shape of the propagating magnetic field. The

position of the ‘‘gas dynamic’’ shock has decreased as the propagation speed of the electron fluid and

magnetic field have decreased.

Fig. 10. Two-fluid solution of the electromagnetic plasma shock problem for rL ¼ 0:003 showing the total mass density. The two

asymptotic solutions of the gas dynamic limit rL ¼ 1 and the MHD limit rL ¼ 0 are also shown for comparison. Note that the two-

fluid solution is approaching the MHD solution. The slow shock in the two-fluid solution is well-formed as a sharp discontinuity at

x ¼ 0:62 and is approaching the location in the MHD solution at x ¼ 0:635.

Fig. 9. Two-fluid solution of the electromagnetic plasma shock problem for rL ¼ 0:01 showing the total mass density. The two as-

ymptotic solutions of the gas dynamic limit rL ¼ 1 and the MHD limit rL ¼ 0 are also shown for comparison. Note that fast waves of

the two-fluid solution have slowed and the solution is beginning to approach the MHD solution. The MHD slow shock is forming as a

smooth bump at approximately x ¼ 0:59.
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Fig. 9 shows the solution for a Larmor radius of rL ¼ 0:01. The fast waves have slowed and the solution

begins to approach the MHD solution. Features of the MHD solution are beginning to form. The for-

mation of the slow shock of the MHD solution is visible in Fig. 9 as a smooth bump at approximately

x ¼ 0:59. Note the collocation of the ‘‘gas dynamic’’ shock with the MHD slow shock is coincidental. The

MHD slow shock is identified by a jump in the magnetic field and in the density.

When the Larmor radius is decreased to rL ¼ 0:003, the solution approaches the MHD solution. See Fig.

10. The fastest moving waves in the positive and negative directions correspond to the rarefaction waves of

the MHD solution. The two-fluid solution clearly shows a structure similar in shape and location as the
slow compound wave of the MHD solution. In particular, the steeper leading edge of the structure cor-

responds to the slow shock component of the slow compound wave. The solution also shows the position of

a well-formed slow shock that is approaching the location of the MHD slow shock at x ¼ 0:635. The
position of the two-fluid slow shock has moved to x ¼ 0:62.

The simulations show as the Larmor radius decreases, the two-fluid solution approaches the MHD

solution. The transition from gas dynamic shock to MHD shock is a smooth transition that has not been

previously published. The general case of intermediate values of Larmor radius shows the importance of

two-fluid effects as waves propagate away from the discontinuity faster than the waves predicted by the
MHD model.

The character of the fast moving waves is studied. The electromagnetic plasma shock simulation is

repeated for the case of rL ¼ 0:1. The amplitudes of the discontinuities are decreased to 10�6 to keep the

waves in the linear regime. The initial conditions on the left and right side of the domain are set to
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: ð47Þ

The time-dependent numerical results are Fourier analyzed to transform from time and physical space to

frequency and wave number space. A contour plot of the results is shown in Fig. 11. The contours of the
logarithm of the signal amplitude show the presence of plasma waves structures. Plasma waves propagating

parallel to a magnetic field should produce left and right circularly polarized waves described by the dis-

persion relation

c2k2

x2
¼ 1�

x2
pe

x x  xceð Þ : ð48Þ

The + sign in the denominator gives the left circularly polarized wave (L mode), and the ) sign in the

denominator gives the right circularly polarized wave (R mode). The R mode generates two branches in the
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dispersion relation. The group velocity increases with frequency for the low frequency portion of the lower

branch of the R mode, which produces the whistler wave. Analytical dispersion relations for the L mode, R

mode, and Alfv�een mode waves are plotted in Fig. 11 for comparison using the same flow parameters. The

agreement of the numerical and analytical results supports the physical basis for the fast waves in the two-

fluid solutions.

7. Discussion

An algorithm is developed for the simulation of plasma dynamics using the two-fluid plasma model. The

algorithm uses an approximate Riemann solver to compute the fluxes of the electron and ion fluids at the

computational cell interfaces and an upwind characteristic-based solver to compute the electromagnetic

fields. The source terms couple the fluids and fields and are treated implicitly to relax the stiffness.

The two-fluid plasma model is more general than the standard MHD model that is often used for plasma

dynamic simulations. In particular, it can model plasmas where ion and electron motions separate while

still preserving the plasma approximation of quasineutrality. In the MHD model this phenomena is re-
sponsible for the Hall effect and diamagnetic current which includes ion current and the finite Larmor

radius of the plasma constituents.

The approximate Riemann solver algorithm presented is capable of simulating plasmas with the two-

fluid plasma model. The algorithm accurately models the coplanar Riemann problem and Langmuir

plasma oscillations. The algorithm is applied to the electromagnetic shock problem that has been simulated

with the MHD plasma model. The algorithm is able to produce the correct asymptotic results when the

Larmor radius is large (gas dynamic limit) and when the Larmor radius is small (MHD limit). Furthermore,

when the Larmor radius is an intermediate value, the shock solution shows fast moving plasma waves.

Fig. 11. Fourier analysis of the numerical results for a small amplitude electromagnetic plasma shock compared to the analytical

dispersion relations for plasma waves for rL ¼ 0:1. The analytical dispersion relations for the L mode, R mode, and Alfv�een mode waves

are shown. The low frequency portion of the lower branch of the R mode is the whistler wave. The agreement of the numerical and

analytical results supports the physical basis for the fast waves in the two-fluid solutions.
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These fast moving waves which are not included in the MHD model can be important for many appli-

cations.

The extension of the algorithm to multiple dimensions can be accomplished by calculating the fluxes at

each cell interface in the same manner. The divergence theorem can then be applied.
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