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Abstract

A 13-Moment Two-Fluid Plasma Physics Model Based on a Pearson

Type-IV Distribution Function

Shaun Gilliam

Chair of the Supervisory Committee:
Professor Dr. Uri Shumlak
Aeronautics & Astronautics

The two-�uid plasma model describes ions and electrons as two inter-penetrating �u-

ids with Maxwell's equations describing the electric and magnetic �elds. Typically, the

two-�uid model is based on a 5-moment model. The 13-moment model allows for the

simulataneous calculation of �uid and heat transfer. A 13-moment model is derived

in three dimensions for a Pearson-IV distribution function and the eigensystem for

this three dimensional system is analyzed. Models based on a Pearson-IV distribution

function have a recursion relationship that relates higher moments to lower as well as

an extended region of hyperbolicity. A simple, one dimensional model is implemented

as a second order �nite volume simulation to study the system of equations. The

di�erences of the 5 and 13-moment models are investigated for electrostatic two-�uid

plasma simulations.
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1

Chapter 1

INTRODUCTION

1.1 Overview

At its lowest energy state, matter exists as a solid. As energy is added to it, the

covalent, metallic, etc. bonds connecting the atoms slowly break apart until it be-

comes a liquid and then eventually a gas. If enough energy is added that the atoms

smashing into each other begin to break o� individual electrons, it becomes a plasma-

the fourth state of matter. Two examples of plasmas found in nature are the solar

winds ejected from the sun and lightning strikes which heat the surrounding air so

much that it turns into plasma. Plasmas are also used in the development of nuclear

fusion con�nement devices and in space propulsion. What makes this possible is that

plasmas can be and are a�ected by electric and magnetic �elds, which can either be

externally applied or self generated.

Most gas dynamics problems deal with interactions of individual particles collid-

ing with each other, but the interaction of plasmas with electric and magnetic �elds

means that they can be a�ected at much greater distances. This allows for very in-

teresting physics, such as how the hot plasmas of fusion could be contained without

making physical contact with a wall. This interesting physics creates unique chal-

lenges, however, since plasmas involve physical phenomena of such vastly di�erent

time and spatial scales.

A number of analytical tools have been developed to study plasmas. The par-

ticle model describes the position and velocity of every particle in a plasma. The

Lorentz forces on a particle couple position and velocity with the electric and mag-

netic �elds, which can be calculated by solving Maxwell's equations. A so called PIC,
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or particle-in-cell, code does exactly that by keeping track of every particle of interest

and calculating its interaction with every other particle. It is easy to see how, with

this method, a small increase in a problem's complexity can correspond to a massive

increase in computational time required. While there are ways to mitigate this, such

as using �super-particles� which represent averages of large numbers of individual

particles- it is still a fundamentally expensive method of solving problems.

At the opposite end of the spectrum is a single-�uid description of a plasma,

known as the MagnetoHydroDynamic or MHD model. The MHD model essentially

assumes that plasmas behave as a single, conductive �uid. This is a simple and

computationally e�cient way to model bulk plasma e�ects, but it fails to capture

phenomenon such as electron inertia, electron waves, and ion currents. Expansions

have been developed such as Hall-MHD, where Hall e�ects are included in the model,

but there are still fundamental assumptions made to MHD that will not capture

important physics e�ects.

A good compromise between the computationally expensive particle model and

the basic MHD model is the two-�uid plasma model. The two-�uid plasma model

assumes that the ions and electrons form two intermixing �uids that can interact with

each other. This allows for charge separation, which leads to physics like electrostatic

e�ects, while remaining a �uid code and thus fairly e�cient to solve. The objective

of this work is to derive a particular two-�uid plasma model in 3D and showcase a

few of its features in 1D.

1.2 13-Moment Equations

The �rst step in any analytical �uid approach is to derive the governing system of

equations. While there are many ways to do this, the method chosen for this work

is Grad's method of moments [1]. The method of moments takes moments of a

di�erential equation that describes the evolution of a distribution function in time

and space. Two common approaches in plasma sciences are to use either the Vlasov
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equation or the Boltzmann equation as a base; with the results in this paper centered

around the Boltzmann equation.

Moments are a form of statistical averaging that estimate parameters of a function.

Moments of the distribution function, for example, can determine velocity, pressure,

etc. Whereas moments of the Boltzmann equation formally derive the governing

equations for continuity, momentum, etc. The derivation of these systems of equations

are covered in more detail in Chapter 3. In general terms, moments of the Boltzmann

equation contain at a minimum an evolution of time and an evolution in space called

the �ux. Moment equations in this paper are referred to by the term being evolved

in time. In the classical continuity equation

∂ρ

∂t
+∇ · (ρ~v) = 0, (1.1)

for example, the general principle behind the conservation of mass (or continuity) is

represented by the evolution of the density, or concentration of mass at a particular

time. It is also noted that the second term, the �ux, contains information from the

next moment in the sequence, the momentum.

In theory, every moment equation requires some information from the next mo-

ment in the series so that any system of equations requires an in�nite number of

moments to express. In practice however, we use closure schemes that approximate

the behavior of these higher moments. Where this cuto� point is made determines

just how robust the moment method is. Extensive references are made in this paper

to the 5 and 13-moment equations, where the �ve and thirteen refer to the number

of variables and equations necessary to describe the system. The 5-moment system is

the familiar Euler equations where the �ve variables are density, the three directions

of momentum, and the total energy. The 13-moment system has expressions for the

density (one variable), momenta (three variables), the pressure (six variables), and

the heat �ux (three variables) for a total of thirteen.
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The thirteen-moment model has a few di�erences from the �ve moment model.

Most notably, the thirteen moment model directly resolves the transfer of energy as

heat. Most codes based on the �ve moment model that attempt to solve for heat

transfer must do so separately from the �uid equations through an auxiliary relation.

Another property of moment equations is hyperbolicity. Formally, hyperbolicity is

de�ned mathematically as a region where the �ux quantities of the system have only

real eigenvalues. More simply, hyperbolicity is a measure of the degree to which the

system of equations are valid for a certain set of parameters. The original 13-moments

of Grad had a limited region of hyperbolicity centered around an equilibrium state,

but Torrilhon [2] proposes using a new distribution function that allows for a much

greater region of hyperbolicity. For �uid equations, this means that the system of

equations can handle conditions that are signi�cantly far away from equilibrium.

1.3 Two-Fluid Plasma Model

The two-�uid plasma model has been studied extensively by Shumlak, et al. [3, 16, 21].

The model works by assuming that the plasma is described by two inter-penetrating

�uids that are individually in thermal equilibrium. These �uids are modeled using the

5-moment Euler equations plus Lorentz force terms and Maxwell's equations to resolve

the electromagnetic dynamics. The �uid equations are expressed as conservation of

mass, momentum, and energy:

∂ρ

∂t
+∇ · ρ~v = 0, (1.2)

∂ρ~v

∂t
+∇ · (p+ ρ~v~v) =

ρq

m

(
~E + ~v × ~B

)
, (1.3)

∂ε

∂t
+∇ · (p~v + ε~v) =

ρq

m

(
~v · ~E

)
, (1.4)

where ~E and ~B are the electric and magnetic �elds, ρ is the density, ~v is the velocity,

p is the scalar pressure, q is the charge, m is the mass, and ε is the total energy of the
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�uid. The total energy here represents the simplifying assumption of the 5-moment

model and it is described by the equation

ε =
1

γ − 1
p+

1

2
ρ~v · ~v, (1.5)

where γ = 5/3 for the remainder of this paper. To fully describe the physics of the

two-�uid plasma model, equations are needed to resolve the electromagnetic �elds

that are developed by the moving charges in a plasma. These are fully described by

Maxwell's equations:

∇× ~E = −∂
~B

∂t
, (1.6)

∇× ~B = µ0
~J +

1

c2

∂ ~E

∂t
, (1.7)

∇ · ~E =
ρc
ε0
, (1.8)

∇ · ~B = 0. (1.9)

Here µ0 is the permeability of free space, ~J is the current, c is the speed of light,

ρc is the charge separation, and ε0 is the permittivity of free space. While these

equations fully describe the electromagnetic equations, methods of solving them can

be a research topic in and of themselves. In this paper we limit ourselves to Gauss's

law (Eq. 1.8) and study only electrostatic phenomenon. This simpli�cation allows

us to study the source term contributions without the complexity of solving all of

Maxwell's equations.

1.4 Objectives

The objective of this paper is to blend the advanced physics captured by the 13-

moment �uid model with the advanced physics made possible by the two-�uid plasma

scheme. Towards this end, a review is made of the distribution function properties to

understand how they are used in the derivation of the 13-moment model. Next, the full
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13-moment model is derived by taking moments of the Boltzmann equation resulting

in a three-dimensional system of equations. This model is investigated to �nd the

eigensystem that will allow for the solution to the model in three dimensions. Further,

the model is reduced to a one-dimensional example to demonstrate the properties of

the 13-moment model as both a single and two-�uid simulation.
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Chapter 2

PEARSON-IV DISTRIBUTION REVIEW

A new 13-moment model is suggested by Torrilhon [2] that is based on a Pearson-

IV distribution function. The Pearson Type-IV distribution function is described

in one dimension by Pearson in his original paper [6] and is similar to a Maxwellian

distribution function that allows for skewness. An interesting property of the Pearson-

IV distribution is that high order moments can be related to lower moments through

recursion relations. This section de�nes the Pearson-IV distribution function in one

(f
(P1)
α ) and three dimensions (f

(P3)
α ) based on a velocity space. A detailed derivation

of the moment calculations, based on the work in Torrilhon [2], can be found in

Appendix A. This section only presents the salient results that are needed to develop

closure schemes that are the mathematical foundation of the 13-Moment model.

2.1 Pearson Type-IV Distribution in One Dimension

The one dimensional case is studied �rst to illustrate the basic properties of the distri-

bution function and how it might be applied. The traditional Pearson-IV distribution

is one dimensional, with �ve real parameters

Parameter De�nition

λ: Translation from the center of the distribution function

a : Scale of the distribution function (always > 0)

ν : Measure of the skewness

m : Shape factor (always > 0)

k : Normalization constant for the 1D function
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Figure 2.1: Pearson-IV distribution function demonstrating the e�ect of skewness.
Other parameters are λ = 10, a = 2, m = 2.25, and k determined by the trapezoidal
integration method.

The normalized distribution function in one dimension is de�ned as

f (P1) (c) =
1

a k

e−ν tan−1( c−λ
a

)[
1 + ( c−λ

a
)2
]m . (2.1)

Plots of the distribution function based on di�erent parameters are seen in Fig. 2.1.

2.1.1 Moments of the Pearson-IV Distribution Function

In mathematics, moments of a distribution function are used to characterize its general

shape, such as the mean, skewness, kurtosis, etc. These are paralleled in the method

of moments in physics, which uses moments of a kinetic description of a distribution

function to formally develop average variables. The general equation for a moment
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where n represents the n-th moment, x represents the domain and µn the mean value

of the n-th moment is

µn =

∫ ∞
−∞

(x− µ1)n f (x) dx. (2.2)

There are two types of moments in mathematics, central and raw. Central moments

(as in Eq. 2.2) are de�ned as the spread and shape of the di�erence from an average

value. Raw moments are de�ned about the axis and are used to determine this average

value µ1, the average or bulk velocity v, where

v ≡ µ1 =
1

a k

∞∫
−∞

c
e−ν tan−1( c−λ

a
)[

1 + ( c−λ
a

)2
]mdc. (2.3)

Using Pearson's suggested simpli�cation r = 2(m − 1) and integrating gives the

average velocity

v = λ+
a ν

r
. (2.4)

General moments that are taken beyond this are central moments about this average

velocity. Pearson [6] developed a recursion relation for n ≥ 2 that allows for these

moments to be de�ned in terms of earlier moments in the sequence

µn =
a (n− 1)

(r + 1− n)

{[
1 +

(ν
r

)2
]
aµn−2 − 2

ν

r
µn−1

}
. (2.5)

This relationship holds for all moments with the initial starting conditions µ0 = 1

and µ1 = 0. The fact that µ1 = 0 for the central moments allows for higher moments

to be categorized by their variance from the average instead of their actual value.

Physically, this means that higher moment equations do not need information about

the average velocity and instead deal strictly with the independent velocities.
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2.1.2 Reduced Third and Fourth Moments

Physically, the second moment is the temperature. To reduce the third and fourth

moments to products of the second moment, non-dimensional ratios are introduced

θ = µ2, Q =
µ3

µ
3/2
2

, D =
µ4

µ2
2

. (2.6)

The moments found using the recursion Eq. 2.5 are given as

µ2 =
a2
(

1 + ν2

r2

)
r − 1

, (2.7)

µ3 = − 4a3ν (r2 + ν2)

r3 (2− 3r + r2)
,

µ4 =
3a4 ((−2 + r)r4 + 2r2(2 + r)ν2 + (6 + r)ν4)

(−3 + r)(−2 + r)(−1 + r)r4
.

By substitution, the non-dimensional ratios and temperature then become

θ =
a2
(

1 + ν2

r2

)
−1 + r

, (2.8)

Q =
µ3

µ
3/2
2

= − 4aν

(−2 + r)r
√

a2(r2+ν2)
(−1+r)r2

,

D =
µ4

µ2
2

=
3(−1 + r) ((−2 + r)r2 + (6 + r)ν2)

(−3 + r)(−2 + r) (r2 + ν2)
.
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Solving for the parameters of the distribution function by inverting the relations of

Eq. 2.6 (Appendix A) yields, with the aid of Mathematica

r =
6 (−1 +D −Q2)

−6 + 2D − 3Q2
, (2.9)

ν = − Q(−2 + r)r√
−Q2(−2 + r)2 + 16(−1 + r)

,

a =
1

4

√
θ
√
− (Q2(−2 + r)2 − 16(−1 + r)),

λ = v +
1

4
Q(−2 + r)

√
θ.

2.1.3 Critical Values of D and Q

A realizable Pearson-IV distribution is de�ned as one for which the parameters are

limited to real ν and a , and an m greater than zero. For real ν and a,

−Q2(−2 + r)2 + 16(−1 + r) ≥ 0. (2.10)

Substituting the expression for r into this equation and solving forD yields the critical

values

D ≥ Dcritical =
48 + 39Q2 + 6

√
(4 +Q2)3

32−Q2
and Q2 ≤ 32. (2.11)

The �rst four moments of the Pearson-IV require a closure scheme for the highest

moment. Two cases are suggested by Torrilhon [2]. The �rst is an arbitrary expression

that is close to the critical value, but always in the realizable region,

Drealizable =
48 + 39Q2 + 3

√
(4 +Q2)4

32−Q2
(2.12)

= 3

(
1 +

Q2 (22 +Q2)

32−Q2

)
.
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The second is the singular case which does not preserve realizability, but represents

similar physics to Grad and Maximum-Entropy closures. A singular distribution is

neither a discrete probability distribution nor a probability distribution function, but

a special case. It is calculated by solving for D in terms of Q and r and taking the

limit as r →∞,

Dsingular = lim
r→∞

3 (−2− 2Q2 + 2r +Q2r)

2(−3 + r)
(2.13)

= 3

(
1 +

1

2
Q2

)
.

The singular closure is a fair approximation of the realizable scheme at points close

to equilibrium, and has more modest wave speeds.

2.2 Pearson Type-IV Distribution in Three Dimensions

The Pearson-IV distribution in three dimensions requires modi�cations and additions

to the parameters of the traditional Pearson-IV distribution.

Parameter De�nition

~c : The velocity is now a vector in three dimensional phase space.

~λ : The translation of the distribution in phase space (vector).
←→
A : Scale, a symmetric positive de�nite 3x3 matrix.

n̂ : A direction of skewness (unit vector).

K : Normalization constant for the 3D function.

ν : Magnitude of skewness.

m : Shape factor.

The normalized distribution function in 3-dimensions[2] is

f (P3) (~c) =
1

det(
←→
A )K

e
−ν tan−1

(
nT (
←→
A )

−1
(~c−~λ)

)
[
1 +

(
~c− ~λ

)T (←→
A
←→
A
)−1 (

~c− ~λ
)]m . (2.14)
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2.2.1 Moments of the 3D Pearson-IV Distribution Function

Expressions for the moments of three dimensional functions can be quite complex, so

for simplicity the remainder of the derivations will be carried out in indicial notation.

A continuum mechanics book (e.g. [10]) will have more details on indicial notation,

but in short it is a way to represent vector operations more succinctly. For example,

~F · ∂fα
∂~v
→ Fi∂vifα, (2.15)

where the repeated i index represents an implied sum

Fi∂vi =
3∑
i=1

Fi∂vi . (2.16)

Similarly to the 1D case, there is an expression for general moments,

Mi1···in =

∫∫∫
R3

(ci1 − νi1) · · · (cin − νin)f (P3)d~c, (2.17)

where n represents the order of the tensor, ci···n the independent velocities in each

principal direction, and νi···n the skewness in each principal direction. This integral

does not evaluate easily, however, and Torrilhon [2] recommends using an extension

of the one-dimensional moment equation to three dimensions instead. Here, the coor-

dinate system is rotated (with the local, rotated vector components represented with

tilde) such that the skewness unit vector is purely in the direction of ñ1 and conse-

quently ñ2 and ñ3 are zero. The random velocities are chosen such that c̃1 is in the

direction of ñ1 and that c̃1, c̃2 and c̃3 are orthogonal to each other. The simpli�cation

ṽ = −ν
r
n̂ is also introduced. This forms the generalized moment equation in three

dimensions seen in [2],

µ̃p,qn =
1

K

∫∫∫
R3

(c̃1 − ṽ1)nc̃p2c̃
q
3

exp(−ν arctan(c̃1))

(1 + c̃2
1 + c̃2

2 + c̃2
3)
dc̃, (2.18)
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where in this new, rotated frame n represents the order of the moments in the skew

direction and p and q the order in the tangential directions. A recursion relation

similar to Eq. 2.5 for the higher order moments is shown in detail in [2], with the

result for n ≥ 1

µ̃n =
1

1− n− p− q + r

(
(n− 1)

(
1 +

(ν
r

)
2
)
µ̃p,qn−2 − (2(n− 1) + p+ q)

ν

r
µ̃p,qn−1

)
,

(2.19)

where

µ̃p,q−1 = 0, (2.20)

µ̃p,q0 = (p− 1)!!(q − 1)!!

p+q
2∏

k=1

1 + ν2

(2−2k+r)2

1− 2k + r
. (2.21)

2.2.2 Reduced 3rd and 4th Moments

To relate higher moments to the second as before, it is necessary to de�ne the tem-

perature as a tensor,

Mij = Θij = µ0,0
2 A2 =

1 +
(
ν
r

)2

r − 1
A2, (2.22)

where A2 represents the matrix product of
←→
A with itself. The third moment is de�ned

by using the recursion relation

Mijk = µ0,0
3 AilAjpAkq

(
−1

2
nlnpnq +

3

2
n(lδpq)

)
. (2.23)

For convenience, n(lδpq) uses the same notation as the symmetrization of a tensor

[7, 8],

T(i1i2...ir) =
1

r!

∑
Permutations

T(i1i2...ir,ir...i2i1,etc...), (2.24)



15

where the i's represent the indices of a tensor up to order r. This notation allows the

ordered permutations of terms to be grouped together, as can be seen in the expansion

of

3n(lδpq) ⇒ (nlδpq + nqδlp + npδql) . (2.25)

Symmetrizations of the fourth moment can be found in Appendix A. The fourth

moment is similarly de�ned as

Mijkl = AilAjpAkqAls
[(
µ4,0

0 − µ
0,0
4

)
nlnpnqns − 2

(
µ4,0

0 − µ
0,0
4

)
n(lnpδqs) + µ4,0

0 δ(lpδqs)
]
.

(2.26)

Non-dimensional quantities are introduced to reduce the third and fourth moments

Q =
µ0,0

3(
µ0,0

2

)3/2
=

4ν

r − 2

√
r − 1

r2 + ν2
, (2.27)

D =
µ0,0

4(
µ0,0

2

)2 =
3 (r − 1)

(r − 2) (r − 3)

(
6 + r − 8r2

r2 + ν2

)
. (2.28)

An additional de�nition is used to simplify the expressions,

Ni = Θ
1/2
ij nj, (2.29)

where Θ1/2 ·Θ1/2 = Θ. Substituting into the third moment equation yields

Mijk =
1

2
Q
(
−NiNjNk + 3N(lΘjk)

)
. (2.30)

Appendix A shows that µ0,0
4 is a multiple of µ4,0

0 ,

µ4,0
0 = ∆µ0,0

4 . (2.31)

Evaluating using the recursion expression,



16

µ4,0
0 =

3 ((−2 + r)2 + ν2) (r2 + ν2)

(−3 + r)(−2 + r)2(−1 + r)r2
, (2.32)

µ0,0
4 =

3 (r2 + ν2) ((−2 + r)r2 + (6 + r)ν2)

(−3 + r)(−2 + r)(−1 + r)r4
, (2.33)

and solving for ∆ yields

∆ =
r2 (4− 4r + r2 + ν2)

(−2 + r) (−2r2 + r3 + 6v2 + rν2)
. (2.34)

Eliminating ν and r using Gaussian elimination (Appendix A) gives

∆ = 1− 3

4

Q2

D
(2.35)

or

µ4,0
0 =

(
1− 3

4

Q2

D

)
µ0,0

4 . (2.36)

Substituting into the equation for the fourth moment gives

Mijkl =

(
D − 3

4
Q2

)
Θ(ijΘkl) +

3

4
Q2
(
−NiNjNkNl + 2N(iNjΘkl)

)
. (2.37)

The realizable closure scheme (Eq. 2.12) and the singular closure scheme (Eq. 2.13)

from the one dimensional case are again used in the three-dimensional case. In this

section, moments of a Pearson-IV distribution function for both the one and three-

dimensional cases are derived. Closure schemes that relate high order moments to

lower order moments are calculated based on the unique properties of the Pearson-IV

distribution function. The information from these moments and their closures will

play a critical role in the derivation of the 13-moment system of equations.
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Chapter 3

13-MOMENT MODEL DERIVATION

This chapter presents the derivation of the 13-moment model using Grad's method

of moments [1]. The �uid variables are derived by taking the moments of the distribu-

tion function, while the governing equations are derived by taking moments of a kinetic

model. In a two-�uid plasma model, expressions that govern the gas dynamics are

combined with Lorentz force terms that couple the �uid to the electromagnetic �elds

for each species (α). Also included are collision terms that represent an exchange of

energy between each species. At each moment of the kinetic model, information from

higher moments is required. Closure schemes are presented that make assumptions

about these higher moments based on the properties of the Pearson-IV distribution

function.

3.1 Moments of the Distribution Function

The �uid variables are formally de�ned by taking moments of the distribution func-

tion f (ci) in velocity space, where ci is the particle velocity. The 13-moment model

requires the �rst four (zeroth - third) moments to de�ne the �uid variables. The

zeroth moment of the distribution function

ρ = m

∫∫∫
R3

f (P3) (ci) d~c, (3.1)

gives the expression for density of each species as a volume integral in phase space.

To simplify the expressions in the remainder of this chapter, the triple integrals in

phase space will only be represented by a single integral sign. The distinction of the
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distribution function being three-dimensional is also implied throughout the rest of

this chapter and dropped from the notation. The �rst moment of the distribution

function,

ρvi = m

∫
cifd~c, (3.2)

formally de�nes the momentum as well as the average velocity vi. Moments of higher

orders are de�ned by using central moments about the average velocity. This random

velocity is denoted by wi = ci − vi and can be seen in the second moment of the

distribution function

Pij = m

∫
wiwjfd~c, (3.3)

which describes the pressure tensor. The third moment de�nes the heat �ux tensor

hijk = m

∫
wiwjwkfd~c. (3.4)

The fourth moment of the distribution function,

∆ijkm = m

∫
wiwjwkwmfd~c, (3.5)

is not a �uid variable of the �nal 13-moment equations, but a variable that will arise

in the derivation of the equations of motion. A closure scheme is used to relate this

term to the other, lower-order variables.

Other moments arise in the derivation that are either a reduced form of the �uid

variables or related to them in some way. The quasi-heat �ux vector,

qi = m

∫
1

2
w2wifd~c, (3.6)

represents the heat transfer in each of the principal directions. Scalar pressure repre-
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sents the average of the diagonal pressure terms

3p = pkk. (3.7)

Implicit summation is indicated by the repeated indices as per Eq. 2.16 and will be

used extensively throughout this chapter. Using the ideal gas law, the temperature

tensor is related to the pressure and density by

Θij =
pij
ρ

(3.8)

and the scalar temperature is the sum of the diagonal temperature terms

θ = 3Θkk. (3.9)

3.2 Moments of the Boltzmann Equation

As de�ned by Grad's method of moments [1], the equations of motion are formally

derived by taking the raw moments of the Boltzmann equation

m
∂f

∂t
+m~c · ∂f

∂~x
+ qα( ~E + ~c× ~B) · ∂f

∂~c
= m

∂f

∂t

∣∣∣∣∣
Collisions

, (3.10)

which describes the evolution of a distribution function in time and space where qα is

the charge of the species, ~E the electric �eld, and ~B the magnetic �eld. For the rest

of the derivation, the Boltzmann equation in indicial notation will be used;

m∂tf +mci∂xif + qα(Ei + εijkcjBk)∂cif = m∂tf
∣∣∣
c
. (3.11)
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The cross product is represented by the permutation symbol εijk as de�ned [10] by

εijk =


1 if numerical values of ijkappear as in the sequence 12312

−1 if numerical values of ijkappear as in the sequence 32132

0 if numerical values of ijkappear in any other sequence

. (3.12)

3.2.1 Zeroth Moment

Taking the zeroth moment of the Boltzmann equation formally derives the equation

of continuity

∫
m∂tfd~c

1©
+

∫
mci∂xifd~c

2©
+

∫
qα(Ei + εijkcjBk)∂cifd~c

3©
=

∫
m∂tf

∣∣∣
c
d~c

4©
.(3.13)

Each integral ( 1©, 2©, etc.) is examined individually. Integral 1© is written as

1© = ∂tm

∫
fαd~c = ∂tρ. (3.14)

Eq. 3.14 shows the use of mass density de�ned by Eq. 3.1 to relate a function of the

distribution function to a classically understood variable. Applying the product rule

to the integrand of the second integral, ∂xi(cif) = ci∂xif + f∂xici, gives

2© = m

∫
[∂xi(cif)− f∂xici]d~c (3.15)

= m

∫
[∂xi(cif)−����:0

f∂xici]d~c.

The second term vanishes because, in phase space, particle velocity ci is independent

of x. Again, a �uid variable de�nition (Eq. 3.2) is used to simplify the integral of the
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distribution function,

2© = ∂xim

∫
cifd~c = ∂xiρvi. (3.16)

Integral 3© is expressed as

3© =

∫
qα(Ei + εijkcjBk)∂cifd~c. (3.17)

The product rule is used again to expand the Lorentz force term

∂ci [(Ei + εijkcjBk)f ] = (Ei + εijkcjBk)∂cif + f∂ci(Ei + εijkcjBk), (3.18)

which gives

3© =

∫
qα{∂ci [(Ei + εijkcjBk)f ]− f∂ci(Ei + εijkcjBk)}d~c (3.19)

=

∫
qα{∂ci [(Ei + εijkcjBk)f ]− f∂ci(���

0
Ei +���

��:0
εijkcjBk)}d~c.

Since ~E has no dependence on ci and the divergence of the cross product term is zero,

those terms vanish. The integral reduces to

3© =

∫
qα∂ci(Ei + εijkcjBk)fd~c. (3.20)

Applying the Divergence Theorem converts the volume integral to a surface integral,∫
∀ ∂ciλdv =

∮
S
λds. The consequence of this is that by integrating over a surface with

in�nite volume (all velocity space), the probability of a particle with in�nite velocity

is zero (i.e. as ci →∞, f → 0). ∴

3© =

∮
S

qα(Ei + εijkcjBk)�
��
0
fnids = 0, (3.21)
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where ni is the unit normal of the surface s in phase space.

The assumption is made that particles do not ionize, fuse, etc. As a consequence

the collisions of particles to not change the number of particles.

4© =

∫
m∂tfα

∣∣∣
c
d~c = 0. (3.22)

Recombining these terms ( 1©, 2©, etc.) yields the familiar expression for continuity,

∂tρ+ ∂xiρvi = 0. (3.23)

This expression contains a time derivative term ∂tρ and a �ux term ∂xiρvi. The zeroth

moment nomenclature refers to the order of the time derivative variable ρ while the

�ux term requires the next highest moment momentum. The pattern of �ux terms

requiring information from the next higher moment is a general property of moment

approximations.

3.2.2 First Moment

The �rst moment of the Boltzmann equation is used to describe the evolution of the

momentum which is expressed as

∫
cim∂tfd~c

1©
+

∫
cjmci∂xjfd~c

2©
+

∫
cjqα(Ei + εijkcjBk)∂cjfd~c

3©
=

∫
cim∂tf

∣∣∣
c
d~c.

4©
(3.24)

The product rule is used to expand the integrand of the �rst integral:

1© =

∫
m[∂t(cifα)− fα∂tci]d~c (3.25)

=

∫
m[∂t(cifα)− fα���*

0
∂tci]d~c.
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In phase space, velocity is independent of t so that term vanishes leaving

1© = ∂tm

∫
cifdc = ∂tρvi. (3.26)

Integral 2© is written as

2© =

∫
mcicj∂xjfdc =

∫
mci[∂xj(cjf)−

��
��*

0
f∂xjci]d~c (3.27)

=

∫
mcj∂xj(cif)dc = m

∫
[∂xj(cicjf)− ci����:

0
f∂xjcj]d~c,

where velocity is independent of x, causing those terms to vanish. To express integral

2© in terms of the �uid variables de�ned in Sec. 3.1, the substitution is made such

that wi = ci − vi ⇒ ci = wi + vi.

2© = ∂xjm

∫
(wi + vi)(wj + vj)fd~c (3.28)

= ∂xjm

∫
(wiwj + 2viwj + vivj)fd~c

= ∂xjm[

∫
wiwjfαd~c+ 2vi

∫
wjfd~c+

∫
vivjfd~c].

A quick proof shows that the central moment of the random velocity vanishes.

∫
wjfd~c =

∫
(ci − vi)fd~c =

∫
cifd~c− vi

∫
fd~c (3.29)

= vi − vi = 0.

Which further reduces the second integral to

2© = ∂xjm[

∫
wiwjfd~c+ 2vi

�
��

�
��*0∫

wjfd~c+ vivj

∫
fd~c] (3.30)

= ∂xj [Pij + ρvivj].
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As before, ~E has no dependence on c and the divergence of the cross product term is

zero, reducing the third integral as

3© =

∫
cjqα(Ei + εijkcjBk)∂cifd~c (3.31)

=

∫
cjqα{∂ci [(Ei + εijkcjBk)f ]− f∂cj(���

0
Ei +���

��:0
εijkcjBk)}d~c

=

∫
cjqα∂cj [(Ei + εijkcjBk)f ]d~c

= qα

∫
{∂cj [cj(Ei + εijkcjBk)f ]− (Ei + εijkcjBk)f∂cjcj}d~c.

Since ∂cjcj = I, the integral reduces to

3© = qα

∫
{∂cj [cj(Ei + εijkcjBk)f ]− (Ei + εijkcjBk)f}d~c. (3.32)

Applying the divergence theorem causes the surface integral to vanish as before,

3© =
��

���
���

���
���:

0∮
qαcj(Ei + εijkcjBk)fd~s−

∫
qαcj(Ei + εijkcjBk)fd~c (3.33)

= −qαEi
∫
fd~c+ qαεikjBkvj

= −qα
m

(ρEi + εijkvjBk).

The Boltzmann equation allows for the possibility of collisions to change momentum,

energy, etc. and drive the solution to an equilibrium state. The simulations eventually

assume these to be negligible, but they are included for future expansion of the model

with collision operators such as Braginskii [11]. Here, the collisions are split into

collisions between like species αα and between separate species βα.

4© =

∫
cim∂tf

∣∣∣
c
d~c (3.34)

= m

∫
cicααd~c+m

∫
[ci
∑
β 6=α

cβα]d~c.
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In a �uid description of a plasma, collisions of like particles result in no net change

in species momentum.

4© =
��

��
�
��*

0

m

∫
cicααd~c+m

∫
[ci
∑
β 6=α

cβα]d~c. (3.35)

Assuming no sources or sinks indicates that the bulk velocity vi is not a�ected:

4© = m
∑
β 6=α

∫
(wi +��>

0
vi)cβαd~c. (3.36)

Here, we de�ne the frictional collision operator Rαβi = m
∫
wicαβdc for the exchange

of momentum between species.

4© =
∑
β 6=α

Rαβi. (3.37)

Combining these terms yields the momentum equation,

∂tρvi + ∂xj [Pij + ρvivj]−
qα
m

(ρEi + εijkvjBk) =
∑
β 6=α

Rαβi. (3.38)

3.2.3 Second Moment

The �rst moment of the Boltzmann equation is used to describe the evolution of the

momentum which is expressed as

∫
cicjm∂tfd~c

1©
+

∫
cicjckm∂xifd~c

2©
+

∫
cicjqα(Ek + εkijciBj)∂ckfd~c

3©
=

∫
cicjm∂tf

∣∣∣
c
d~c.

4©
(3.39)
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As before, in phase space, velocity is independent of t. The �rst integral is written as

1© =

∫
ci[cjm∂tf ]d~c (3.40)

= m

∫
ci[∂t(cjfα)− f

�
��>

0
∂tcj]d~c

= m

∫
[∂t(cicjf)− (cjf)��

�*0
∂tci]d~c

= ∂tm

∫
cicjfd~c,

and the integral
∫
wjfdc vanishes giving

1© = ∂tm

∫
(wiwj +����:

02viwj + vivj)fd~c (3.41)

= ∂t(Pij + ρvivj).

And, ci has no dependence on x, which is used to reduce the second integral.

2© =

∫
cicjckm∂xkfd~c = m

∫
cicj[∂xk(ckf)− f��

��*0
∂xkck]d~c (3.42)

= ∂xkm

∫
cicjckfd~c

= ∂xkm

∫
(vi + wi)(vj + wj)(vk + wk)fd~c

= ∂xkm

[
vivjvk

∫
fd~c+ 3v(i

∫
wjwk)fd~c+

∫
wiwjwkfd~c

]
= ∂xk(ρvivjvk + 3v(iPjk) + hijk).

The Lorentz force term,

3© =

∫
cicjqα(Ek + εkijciBj)∂ckfd~c, (3.43)
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is expanded using the product rule such that

∂ck [cicjqα(Ek + εkijciBj)f ] = cicjqα(Ek + εkijciBj) + fqα∂ck [cicj(Ek + εkijciBj)] .

(3.44)

The third integral is expanded to

3© =

∫
{∂ck [cicjqα(Ek + εkijciBj)f ]− fqα∂ck [cicj(Ek + εkijciBj)]} d~c. (3.45)

Using the Divergence Theorem

∫
∀
∂ciλdv =

∮
s

λds, where the probability of a particle

with in�nite velocity being zero reduces the third integral to

3© =

���
���

���
���

���:
0∮

S

cicjqα(Ek + εkijciBj)fd~s−
∫
fqα∂ck [cicj(Ek + εkijciBj)] d~c (3.46)

= −
∫
fqα∂ck [cicjEk] d~c−

∫
fqα∂ck [cicjεkijciBj] d~c.

The product rule is used to expand the expressions:

∂ck [cicjEk] = cicj∂ckEk + Ek∂ckcicj, (3.47)

∂ck [cicjεkijciBj] = cicj∂ck [εkijciBj] + (εkijciBj) ∂ck [cicj] .
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After substituting, again we see that ~E has no dependence on c ∴ cicj∂ckEk → 0 and

εkijciBj is orthogonal to ck, therefore the divergence is zero (∂ck [εkijciBj]→ 0).

3© = −
∫
fqαEk∂ckcicjd~c−

∫
fqα (εkijciBj) ∂ck [cicj] d~c (3.48)

= −
∫
fqαEkci∂ckcjd~c−

∫
fqαEkcj∂ckcid~c

−
∫
fqα (εkijciBj) ci∂ck [cj] d~c−

∫
fqα (εkijciBj) cj∂ck [ci] d~c

= −
∫
fqαEkci∂ckδkjcjd~c−

∫
fqαEkcj∂ckδkicid~c

−
∫
fqα (εkijciBj) ci∂ck [δkjcj] d~c−

∫
fqα (εkijciBj) cj∂ck [δkici] d~c

= −
∫
fqαEjci∂cjcjd~c−

∫
fqαEicj∂cicid~c

−
∫
fqα (εjijciBj) ci∂cj [cj] d~c−

∫
fqα (εiijciBj) cj∂ci [ci] d~c.

With, εjij → 0, εiij → 0, and ∂cj [cj] = ∂ci [ci] = 1 the expression for the third integral

is simpli�ed to

3© = −Ej
∫
fqαcid~c− Ei

∫
fqαcjd~c (3.49)

= −2
qα
mα

ρE(ivj).

Collision between like particles result in no change is species energy, leaving the fourth

integral as

4© =

∫
cicjm∂tf

∣∣∣
c
d~c = m

∑
β 6=α

∫
cicjcαβd~c (3.50)

= m
∑
β 6=α

∫
(wi + vi)(wj + vj)cαβd~c

= m
∑
β 6=α

∫ wiwjcαβd~c+ 2v(i

∫
wj)cαβd~c+

��
�
��

��*
0∫

vivjcαβd~c

 .
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After assuming no sources or sinks, we de�ne the viscous heating operator Qαβij =

1
2
m
∫
wiwjcαβd~c such that

4© =
∑
β 6=α

[
2v(iRj)αβ + 2Qαβij

]
. (3.51)

Combining terms yields the evolution of the energy tensor,

∂t(Pij + ρvivj) + ∂xk(ρvivjvk + 3v(iPjk) + hijk)− 2 qα
mα
ρE(ivj)

=
∑

β 6=α
[
2v(iRj)αβ + 2Qαβij

] . (3.52)

Here we see the �rst major di�erence between the standard two-�uid plasma model

and the 13-moment two-�uid plasma model. The second moment of the Boltzmann

equation by itself describes the evolution of the energy tensor of a �uid. However, in

the Euler equations used in the standard two-�uid plasma model, the equations are

simpli�ed by taking the trace and this equation to yield the total energy equation

instead.

3.2.4 Third Moment

The third moment of the Boltzmann equation describes the evolution of the energy

�ux tensor. It is this equation which allows the 13-moment model to simultaneously

solve for the classical �uid equations and heat transfer.

∫
cicjckm∂tfαd~c

1©
+
∫
cicjckcmm∂xmfαd~c

2©
+
∫
cicjckqα(Em + εmijciBj)∂cmfαd~c

3©
=
∫
cicjckm∂tfα

∣∣∣
c
d~c

4©

.

(3.53)
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The substitution ci = wi + vi is used such that the �rst integral is written as

1© =

∫
cicjckm∂tfαd~c = ∂tm

∫
cicjckfαd~c (3.54)

= ∂tm

∫
(wi + vi)(wj + vj)(wk + vk)fαd~c

= ∂tm

[∫
vivjvkfαd~c+ 3v(i

∫
wjwk)fαd~c+

∫
wiwjwkfαd~c

]
= ∂t

[
ρvivjvk + 3v(iPjk) + hijk

]
.

The �ux term 2© is similarly expanded as

2© = m

∫
cicjckcm∂xmfαd~c = ∂xmm

∫
cicjckcmfαd~c (3.55)

= ∂xmm

∫
(wi + vi)(wj + vj)(wk + vk)(wm + vm)fαd~c.

With the simpli�cation that the integral
∫
wjfαd~c is zero, the second integral reduces

to

2© = ∂xmm

∫ (
vivjvkvm + 6v(ivjwkwm)

+ 4v(iwjwkwm) + wiwjwkwm

)
fαd~c.

Substituting the de�nitions for the �uid variables in Sec. 3.1 further reduces integral

2© to

2© = ∂xm
(
ρvivjvkvm + 6v(ivjPkm) + 4v(ihjkm) + ∆ijkm

)
. (3.56)

The Lorentz force term integral 3© is

3© =

∫
cicjckqα(Em + εmijciBj)∂cmfαd~c. (3.57)
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Integral 3© is expanded using the product rule to make the following substitution:

∂cm [cicjckqα(Em + εmijciBj)fα] = [cicjckqα(Em + εmijciBj)∂cmfα] (3.58)

+ fα∂cm [cicjckqα(Em + εmijciBj)] .

Using the Divergence Theorem

∫
∀
∂ciλdv =

∮
s

λds, where the probability of a particle

with in�nite velocity is zero further simpli�es the equations by introducing a surface

integral which is evaluated as c goes to in�nity where f = 0.

3© =

∫ {
∂cm [cicjckqα(Em + εmijciBj)fα] (3.59)

− fα∂cm [cicjckqα(Em + εmijciBj)]

}
d~c

=

���
���

���
���

���
��:0∮

S

cicjckqα(Em + εmijciBj)fαd~s−
∫
fα∂cm [cicjckqα(Em + εmijciBj)] d~c

= −
∫
fα∂cmcicjckqαEmd~c−

∫
fα∂cmcicjckqαεmijciBjd~c.

The product rule is used to further expand the integrand of each term in integral 3©,

∂cmcicjckEm =
���

���
�:0

cicjck∂cmEm + Em∂cmcicjck, (3.60)

∂cmcicjckεmijciBj =
��

���
���

���:0
cicjck∂cm(εmijciBj) + εmijciBj∂cmcicjck.

Since ~E has no dependence on c, ∂cmEm → 0 and εmijciBj is orthogonal to cm,

the divergence is zero (∂cm(εmijciBj)→ 0). Expanding the remaining terms with the

product rule,

∂cmcicjck = cicj∂cmck + ckci∂cmcj + cjck∂cmci, (3.61)
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and substituting Eq. 3.60 and Eq. 3.61 yields the expression for integral 3©,

3© = −
∫
fαqαEm (cicj∂cmck + ckci∂cmcj + cjck∂cmci) d~c (3.62)

−
∫
fαqαεmijciBj (cicj∂cmck + ckci∂cmcj + cjck∂cmci) d~c

= −
∫
fαqαEm (cicj∂cmδmkck + ckci∂cmδmjcj + cjck∂cmδmici) d~c

−
∫
fαqαεmijciBj (cicj∂cmδmkck + ckci∂cmδmjcj + cjck∂cmδmici) d~c

= −3

∫
fαqαE(kcicj)∂ckckd~c

−
∫
fαqαεkijciBj (cicj∂ckck) d~c−

∫
fαqαε(iij)ciBj (cjck∂cici) d~c.

With, εjij → 0, εiij → 0, and ∂cj [cj] = ∂ci [ci] = ∂ck [ck] = 1 integral 3© becomes

3© = −3

∫
fαqαE(kcicj)d~c−

∫
fαqαεkijciBj (cicj) d~c (3.63)

= −3qαE(i

∫ (
wiwj +���

�:02vjwk + vjvk

)
d~c−

∫
fαqαεkijciBj (cicj) d~c

= −3
qα
mα

E(iPjk) − 3
qα
mα

E(ivjvk) −
∫
fαqαεkijciBj (cicj) d~c.

Substitutions are made to integral 4© for the friction and viscous heating operators

to yield the integral

4© =

∫
cicjckm∂tfα

∣∣∣
c
d~c = m

∑
β 6=α

∫
cicjckcαβd~c (3.64)

= m
∑
β 6=α

∫
(wi + vi)(wj + vj)(wk + vk)cαβd~c

= m
∑
β 6=α

∫
(vivjvk + 3vivjwk + 3viwjwk + wiwjwk) cαβd~c.
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As before, integral
∫
vivjvkcαβdc vanishes, simplifying integral 4©

4© =
∑
β 6=α

[
3v(ivjRk)αβ +

3

2
v(iQjk)αβ +m

∫
wiwjwkcαβd~c

]
. (3.65)

Combining terms yields the equation for the evolution of the energy �ux tensor,

∂t
[
ρvivjvk + 3v(iPjk) + hijk

]
+ ∂xm

(
ρvivjvkvm + 6v(ivjPkm) + 4v(ihjkm) + ∆ijkm

)
−3

qα
mα

E(iPjk) − 3
qα
mα

E(ivjvk) −
∫
fαqαεkijciBj (cicj) d~c

=
∑
β 6=α

[
3v(ivjRk)αβ +

3

2
v(iQjk)αβ +m

∫
wiwjwkcαβd~c

] .

(3.66)

3.3 Closure Scheme

At this point it should be apparent that to evolve any one moment equation in time

requires a �ux term for the next higher moment. For example, the evolution of the

continuity equation requires the �ux of the momentum equation. In reality this pro-

cess goes on forever, which makes it di�cult to solve these equations in any practical

way. It is for this reason that closure schemes are needed which express the highest

term in the system using information from the other moments. Standard approxima-

tions from �uids manipulate the energy transfer by assuming the system is isentropic,

adiabatic, etc. The 13-moment equations, however, resolve these thermal e�ects di-

rectly.

To close the third moment equation, the trace is taken to reduce the rank three

tensors to something more manageable. Taking the time derivative term and setting

j = k yields the expression,

Trj=k
(
ρvivjvk + 3v(iPjk) + hijk

)
= ρvivkvk + viPkk + 2vkPki + hikk. (3.67)



34

Substituting for the scalar pressure and the quasi-heat �ux vector

3p = Pkk (3.68)

qi =
1

2
m

∫∫∫
w2wif

(P3)d~c =
1

2
hikk (3.69)

yields,

Trj=k
(
ρvivjvk + 3v(iPjk) + hijk

)
= ρviv

2
k + 3vip+ 2vkPki + 2qi. (3.70)

The trace of the divergence term becomes

Trj=k
(
ρvivjvkvm + 6vi(jPkm) + 4v(ihjkm) + ∆ijkm

)
(3.71)

= ρvivmv
2
k + 3pvmvi + v2

kPim + 4v(iPm)kvk + 4v(iqk) + 2vkhikm + ∆ikkm.

The trace of the Lorentz force term becomes

Trj=k

(
−3

qα
mα

E(iPjk) − 3
qα
mα

E(ivjvk) −
∫
fαqαεkijciBj (cicj) dc

)
(3.72)

=

(
−3

qα
mα

E(iPkk) − 3
qα
mα

E(ivkvk) −
∫
fαqαεkikciBk (cick) dc

)
=

(
−3

qα
mα

E(iPkk) − 3
qα
mα

E(ivkvk)

)
= − qα

mα

EiPkk − 2
qα
mα

EkPik −
qα
mα

Eiv
2
k − 2

qα
mα

Ekvivk

and the collision terms become

Trj=k

(∑
β 6=α

[
3v(ivjRk)αβ +

3

2
v(iQjk)αβ +m

∫
wiwjwkcαβd~c

])
(3.73)

=
∑
β 6=α

[
3v(ivkRk)αβ +

3

2
v(iQkk)αβ +m

∫
wiw

2
kcαβd~c

]
.
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Collecting terms,

∂t
[
ρviv

2
k + 3vip+ 2vkPki + 2qi

]
(3.74)

+∂xj
(
ρvivjv

2
k + 3pvjvi + v2

kPij + 4v(iPj)kvk + 4v(iqj) + 2vkhijk + ∆ijkk

)
− qα
mα

EiPjj − 2
qα
mα

EjPij −
qα
mα

Eiv
2
j − 2

qα
mα

Ejvivj

=
∑
β 6=α

[
3v(ivjRj)αβ +

3

2
v(iQjj)αβ +m

∫
wiw

2
j cαβd~c

]
.

This leaves two higher order moments which need to be resolved,

hijk = m

∫
wiwjwkf

(P3)d~c (3.75)

∆ijkk = m

∫
wiwjw

2
kf

(P3)d~c (3.76)

and a collisional heat �ux operator is de�ned as

m

∫
wiw

2
kcαβd~c = Hi. (3.77)

To resolve the third moment of the distribution function, the reduced heat �ux is

used. It can be seen that the heat �ux is related to the third moment by Eq. 3.69.

Using the de�nition presented in Eq. 2.30, the heat �ux is

qi =
ρ

2
Q

(
1

2

(
3θ −N2

k

)
δik + Θik

)
Nk (3.78)

=
ρ

2
QΘ

1/2
ij

(
1

2
(3θ − nlΘlmnm) δjk + Θjk

)
nk.

Torrilhon [2] proposes to use the information from the heat �ux vector to solve for

~n and Q. Eq. 3.78 is non-linear, and therefore an iterative solution is required. The

suggested algorithm for this iterative solution is outlined in (Algorithm 1). This

iterative solution is not yet implemented but is presented here for completeness.
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Once Q and ni are known, substituting into Eq. 2.30 gives the third moment

hijk =
ρ

2
Q
(
−NiNjNk + 3N(iΘjk)

)
. (3.88)

The trace of the fourth moment is equal to

∆ijkk = ρMijkk (3.89)

= ρ

(
D − 3

4
Q2

)
Θ(ijΘkk) + ρ

3

4
Q2
(
−NiNjNkNk + 2N(iNjΘkk)

)
= ρ

(
D − 3

4
Q2

)(
Θijθ +

2

3
Θ2
ij

)
+ ρ

Q2

4

(
3
(
θ −N2

)
NiNj +N2Θij + 4NkΘk(iNj)

)
.

With D being de�ned by the singular and realizable closure schemes.

3.4 3-D Complete System of Equations

The complete set of equations describing the 13-moment model are compiled here for

clarity with the substitution from the ideal gas law that Pij = ρΘij:

∂tρ+ ∂xiρvi = 0, (3.90)

∂tρvi + ∂xj [ρΘij + ρvivj]−
qα
m

(ρEi + εijkvjBk) =
∑
β 6=α

Riαβ, (3.91)

∂t(ρΘij + ρvivj) + ∂xk(ρvivjvk + 3ρv(iΘjk) + hijk) (3.92)

−2
qα
mα

ρE(ivj) =
∑
β 6=α

[
2v(iRj)αβ + 2Qijαβ

]
,
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∂t

[
ρviv

2
k +

ρθ

3
vi + 2ρvkΘki + 2qi

]
(3.93)

+∂xj

(
ρvivjv

2
k +

ρθ

3
vjvi + ρv2

kΘij + 2ρv(iΘj)kvk + 4v(iqj) + 2vkhijk + ∆ijkk

)
− qα
mα

ρEiΘjj − 2ρ
qα
mα

EjΘij −
qα
mα

Eiv
2
j − 2

qα
mα

Ejvivj

=
∑
β 6=α

[
3v(ivjRj)αβ +

3

2
v(iQjj)αβ +Hi

]
,

with

hijk =
ρ

2
Q
(
−NiNjNk + 3N(iΘjk)

)
, (3.94)

∆ijkk = ρ

(
D − 3

4
Q2

)(
Θijθ +

2

3
Θ2
ij

)
(3.95)

+ ρ
Q2

4

(
3
(
θ −N2

)
NiNj +N2Θij + 4NkΘk(iNj)

)
,

and the non-dimensional quantity Q determined iteratively by Alg. 1. The non-

dimensional ratio D is based on the realizable or singular closure scheme,

D =


3

(
1 +

Q2(22+Q2)
32−Q2

)
(Drealizable)

3
(
1 + 1

2
Q2
)

(Dsingular)

. (3.96)

The collision operators are de�ned as the collision operator Riαβ = m
∫
wicαβd~c, the

viscous heating operator Qijαβ = 1
2
m
∫
wiwjcαβd~c, and the heat �ux collision operator

Hi = m
∫
wiw

2
kcαβd~c. It can easily be seen that setting the collision operators and

the electric and magnetic �elds to zero recovers the single-�uid equations in [2].
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Algorithm 1

To solve Eq. 3.78 for the non-dimensional ratio Q and the direction of skewness nk, a
substitution is made such that

qi =
ρ

2
QBik (x)nk, (3.79)

where

Bik(x) = Θ
1/2
ij

(
3θ − x

2
δjk + Θjk

)
. (3.80)

The initial guess is made by assuming

x = n0
l Θlmn

0
m = 3Θll = θ, (3.81)

where the superscripts represent the number of iterations each variable has undergone.
Substituting in and solving for the intermediate value r1

k = Q0n0
k gives

r1
k =

2

ρ
B−1
ik (x) qi. (3.82)

Q is the magnitude of the vector r1
k,

Q1 =
∥∥r1

k

∥∥ . (3.83)

Calculating unit vector nk requires normalizing rk by its magnitude,

n1
k =

r1
k

Q1
. (3.84)

Successive approximations (s) are given by the recursion relation

r
(s)
i =

2

ρ
B−1
ik

(
n

(s−1)
l Θlmn

(s−1)
m

)
qi, (3.85)

Q(s) =
∥∥∥r(s)

k

∥∥∥ , (3.86)

n
(s)
k =

r
(s)
k

Q(s)
. (3.87)

Torrilhon [2] makes the assertion that s = 1 gives a reasonable approximation with a
deviation of less than 2% from the exact solution.
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Chapter 4

SOLUTIONS TO HYPERBOLIC EQUATIONS IN 3D

Solving hyperbolic equations is necessary to analyze �uid systems. The Riemann

problem is modeled with a hyperbolic equation system given by the equation

∂tU + ∂xiF (U) = 0, (4.1)

where U is a vector of the conserved variables and F (U) are the �ux quantities, with

the initial value problem a piecewise function

U (x, t = 0) =

UR, x > 0

UL, x < 0

, (4.2)

where UR and UL represent the right and left side of the domain. One way to solve

hyperbolic equations numerically involves the use of an approximate Riemann solver

based on the work of Roe [12]. In Roe's approximate Riemann solution, the equation

is expressed as

∂tU + Âc∂xiU = S, (4.3)

where Âc is a locally constant linearization of the Jacobian Ac = ∂F
∂U
. Additional

details on the properties of Roe solvers and application to the 10-moment model can

be found in Brown [13]. In short, however, the Roe solver approximates the di�erence

in �uxes at the left and right interface as

FR − FL =
n∑
k=1

α̂kλ̂kr̂k, (4.4)
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where λ̂k are the eigenvalues, r̂k are the corresponding right eigenvectors, and α̂k =

L̂p∆V the wave strengths of the approximate coe�cient matrix Âc, with L̂p the left

primitive eigenvectors. A 13-moment Roe solver in 3-dimensions is not implemented

here, but the calculation of the eigenvalues, eigenvectors, and Jacobians necessary are

included to start such an e�ort.

4.1 Conservative vs. Primitive Equations

The equations thus far derived for the 13-moment model and presented in Eqs. (3.90-

3.93) are classi�ed as conservative equations. These represent the evolution in time

and space of conserved quantities U (momentum, energy, etc.) due to the correspond-

ing �uxes F (U).

U =


ρ

ρvi

ρΘij + ρvivj

ρviv
2
k + ρθ

3
vi + 2ρvkΘki + 2qi

 (4.5)

and

F =


ρvi

ρΘij + ρvivj

ρvivjvk + 3ρv(iΘjk) + hijk

ρvivjv
2
k + ρθ

3
vjvi + ρv2

kΘij + 2ρv(iΘj)kvk + 4v(iqj) + 2vkhijk + ∆ijkk

 , (4.6)

along with the source terms

S =



0

qα
m

(ρEi + εijkvjBk) +
∑

β 6=αRiαβ

2 qα
mα
ρE(ivj) +

∑
β 6=α

[
2v(iRj)αβ + 2Qijαβ

]
qα
mα
ρEiΘjj + 2ρ qα

mα
EjΘij + qα

mα
Eiv

2
j + 2 qα

mα
Ejvivj + · · ·∑

β 6=α
[
3v(ivjRj)αβ + 3

2
v(iQjj)αβ +Hi

]


. (4.7)
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These equations can also be expressed in terms of the more traditional variables

(pressure, velocity, etc.) called primitive form as

∂tV + Ap∂xiV = S (4.8)

where, for the 13-moment equations,

V = (ρ, vx, vy, vz,Θxx,Θxy,Θyy,Θyz,Θzz,Θzx, qx, qy, qz)
T . (4.9)

The advantage of converting to primitive equations is that for more complex, higher

moment systems it is di�cult to compute the eigensystem of the conservative equa-

tions analytically, while it is relatively straightforward for primitive equations. In the

13-moment system, the equations are not truly hyperbolic since they include a source

term. Later, it is discussed how the equations are advanced by solving the system as

if it were hyperbolic and then adding the contributions of the source terms separately.

4.2 Converting to Primitive Equations

Converting to primitive equations is a relatively straightforward, but tedious process.

Mathematica's computer algebra software is used to help keep track of this process

and more details of the code used can be found in Appendix B. The product rule is

used to expand the conservative equations and then substitutions are made to reduce

the amount of redundant information in the expressions. An example of redundant

information might be that the evolution of density is contained in each of the higher

moment equations, but since the zeroth moment contains this information there is no

added bene�t to leaving it in the higher moments.
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4.2.1 Conservation of Mass Moment

The �rst equation in the 13-moment system in the conservative formulation is given

by Eq. 3.90 as

∂tρ+ ∂xi (viρ) = 0. (4.10)

It is easy to see that applying the product rule gives the primitive equation

∂tρ+ ρ∂xi (vi) + vi∂xiρ = 0. (4.11)

4.2.2 Conservation of Momentum Moment

The second equation for the 13-moment system in conservative form is given by

Eq. 3.91 as

∂t (ρvi) + ∂xj (ρΘij + ρvivj) = λi, (4.12)

where the source terms are collected into the term

λi =
qα
m

(ρEi + εijkvjBk) +
∑
β 6=α

Riαβ. (4.13)

The product rule is used to derive the expression for the unreduced second primitive

equation

vi∂tρ+ρ∂t (vi)+vivj∂xjρ+Θij∂xjρ+ρvj∂xj (vi)+ρvi∂xj (vj)+ρ∂xj (Θij) = λi. (4.14)

The �rst primitive equation is substituted to simplify the system to,

∂t (vi) +
Θij

ρ
∂xjρ+ vj∂xj (vi) + ∂xj (Θij) =

λi
ρ
. (4.15)
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4.2.3 Conservation of Energy Moment

The third equation in a conservative formulation is given by Eq. 3.92 and modi�ed to

∂t (ρΘij + ρvivj) + ∂xk
(
ρvivjvk + 3ρv(iΘjk)

)
= ψij − ∂xkhijk, (4.16)

with the source term ψij de�ned as

ψij = 2
qα
mα

ρE(ivj) +
∑
β 6=α

[
2v(iRj)αβ + 2Qijαβ

]
. (4.17)

Note here that the divergence of the heat-�ux tensor ∂xkhijk has been moved to the

right hand side as if it were a source term. Solving for the eigenvectors with the

divergence term proved to be prohibitively di�cult. This term and a few others are

therefore treated as source terms and are updated accordingly. The consequence of

this is that large shocks in these quantities are not captured by this model.

The product rule is used to expand the equations. The resulting equation is

simpli�ed by substituting the expressions for the �rst and second primitive equations

to give the third primitive equation

∂t (Θij) + Θjk∂xk (vi) + Θik∂xk (vj) + vk∂xk (Θij) =
ψij − vjλi − viλj − ∂xk (hijk)

ρ
.

(4.18)

4.2.4 Conservation of Energy Flux Moment

The fourth conservative equation before the trace is taken is given by Eq. 3.93 as

∂t
(
ρvivjvk + 3ρv(iΘjk) + hijk

)
+ ∂xm

(
ρvivjvkvm + 6ρv(ivjΘkm) + 4v(ihjkm)

)
(4.19)

−hkmi∂xm (vj)− hmij∂xm (vk) = γijk − ∂xm (∆ijkm)− hkmi∂xm (vj)− hmij∂xm (vk) ,
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with the source terms represented by γijk

γijk = 3
qα
mα

E(iPjk) + 3
qα
mα

E(ivjvk) +

∫
fαqαεkijciBj (cicj) d~c (4.20)

+
∑
β 6=α

[
3v(ivjRk)αβ +

3

2
v(iQjk)αβ +m

∫
wiwjwkcαβd~c

]
.

These complicated expressions simplify considerably when the trace of the fourth

moment is taken, but are included here for completeness. It again should be noted

that terms are moved to the right hand side of the equation to be computed with the

source terms. Also, the terms hkmi∂xm (vj) and hmij∂xm (vk) are subtracted from both

sides and vanish from the left hand side when the trace is taken. The temperature

tensor is introduced and the product rule is used as before. Similarly the �rst, second

and third primitive equations are substituted to remove redundant information which

gives the complete fourth primitive equation. The expression is reduced to its usable

form by taking its trace j → k and then changing the free indices m→ j to give the

fourth primitive equation used in the rest of the derivation

∂t (qi)−ΘkiΘkj∂xjρ−
1

2
ΘijΘkk∂xjρ+ vj∂xj (qi) + qj∂xj (vi) (4.21)

+qi∂xj (vj)−
1

2
ρΘkk∂xj (Θij)− ρΘki∂xj (Θkj) =

γikk
2

+
1

2
v2
kλi + vivkλk

−λkΘki −
1

2
λiΘkk − vkψik −

1

2
viψkk −

1

2
∂xj (∆ijkk)− hijk∂xj (vk) .

4.3 Creation of Ap, Bp and Cp Matrices

The primitive hyperbolic equation is separated into its components in the x, y and z

directions to give the equation

∂tV
13 + A13

p ∂xV
13 +B13

p ∂yV
13 + C13

p ∂xV
13 = S13, (4.22)
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where Ap, Bp and Cp represent the Jacobians for the x, y and z-directions respectively

and the superscript thirteen represents the length of each vector. The four primitive

equations from the previous section are now expanded from their compact indicial

form to give the complete primitive equations for the 13-moment model.

4.3.1 Primitive Form of the Density Equation

The �rst primitive equation in indicial notation is given by Eq. 4.11 as

∂tρ+ ρ∂xi (vi) + vi∂xiρ = 0, (4.23)

which is expanded by summing over i to give

∂tρ+ vx∂xρ+ ρ∂x (vx) + vy∂yρ+ ρ∂y (vy) + vz∂zρ+ ρ∂z (vz) = 0. (4.24)

Expressions in the remaining sections are left in their expanded forms to make the

derivation of the matrix coe�cients more clear.

4.3.2 Primitive Form of the Momentum Equation

The second primitive equation in indicial notation is given by Eq. 4.15 as

∂t (vi) +
Θij

ρ
∂xjρ+ vj∂xj (vi) + ∂xj (Θij) =

λi
ρ
, (4.25)

which is expanded by �rst summing over j to give

∂t (vi) +
Θix∂xρ

ρ
+ vx∂x (vi) + ∂x (Θix) +

Θiy∂yρ

ρ
+ vy∂y (vi) + ∂y (Θiy) (4.26)

+
Θiz∂zρ

ρ
+ vz∂z (vi) + ∂z (Θiz) =

λi
ρ
.
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Expressing Eq. 4.26 for each value of i gives the primitive equations for each velocity

component.

∂t (vx) +
Θxx∂xρ

ρ
+ vx∂x (vx) + ∂x (Θxx) +

Θxy∂yρ

ρ
+ vy∂y (vx) + ∂y (Θxy) (4.27)

+
Θzx∂zρ

ρ
+vz∂z (vx) + ∂z (Θzx) =

λx
ρ
,

∂t (vy) +
Θxy∂xρ

ρ
+ vx∂x (vy) + ∂x (Θxy) +

Θyy∂yρ

ρ
+ vy∂y (vy) + ∂y (Θyy) (4.28)

+
Θyz∂zρ

ρ
+vz∂z (vy) + ∂z (Θyz) =

λy
ρ
,

∂t (vz) +
Θzx∂xρ

ρ
+ vx∂x (vz) + ∂x (Θzx) +

Θyz∂yρ

ρ
+ vy∂y (vz) + ∂y (Θyz) (4.29)

+
Θzz∂zρ

ρ
+vz∂z (vz) + ∂z (Θzz) =

λz
ρ
.

4.3.3 Primitive Form of The Energy Equations

The third primitive equation in indicial notation is given by Eq. 4.18 as

∂t (Θij) + Θjk∂xk (vi) + Θik∂xk (vj) + vk∂xk (Θij) =
ψij − vjλi − viλj − ∂xk (hijk)

ρ
(4.30)

and is �rst expanded by summing over k. Summing over the remaining indices and

seeing that the temperature tensor Θij is symmetric (Θij = Θji) gives

∂t (Θxx) + 2Θxx∂x (vx) + vx∂x (Θxx) + 2Θxy∂y (vx) + vy∂y (Θxx) (4.31)

+2Θzx∂z (vx) + vz∂z (Θxx) = −2vxλx
ρ

+
ψxx
ρ
− ∂x (hxxx)

ρ
− ∂y (hxxy)

ρ
− ∂z (hxxz)

ρ
,
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∂t (Θxy) + Θxy∂x (vx) + Θxx∂x (vy) + vx∂x (Θxy) + Θyy∂y (vx) + Θxy∂y (vy) (4.32)

+vy∂y (Θxy) + Θyz∂z (vx) + Θzx∂z (vy) + vz∂z (Θxy)

= −vyλx
ρ
− vxλy

ρ
+
ψxy
ρ
− ∂x (hxyx)

ρ
− ∂y (hxyy)

ρ
− ∂z (hxyz)

ρ
,

∂t (Θyy) + 2Θxy∂x (vy) + vx∂x (Θyy) + 2Θyy∂y (vy) + vy∂y (Θyy) (4.33)

+2Θyz∂z (vy) + vz∂z (Θyy) = −2vyλy
ρ

+
ψyy
ρ
− ∂x (hyyx)

ρ
− ∂y (hyyy)

ρ
− ∂z (hyyz)

ρ
,

∂t (Θyz) + Θzx∂x (vy) + Θxy∂x (vz) + vx∂x (Θyz) + Θyz∂y (vy) + Θyy∂y (vz) (4.34)

+vy∂y (Θyz) + Θzz∂z (vy) + Θyz∂z (vz) + vz∂z (Θyz)

= −vzλy
ρ
− vyλz

ρ
+
ψyz
ρ
− ∂x (hyzx)

ρ
− ∂y (hyzy)

ρ
− ∂z (hyzz)

ρ
,

∂t (Θzz) + 2Θzx∂x (vz) + vx∂x (Θzz) + 2Θyz∂y (vz) + vy∂y (Θzz) (4.35)

+2Θzz∂z (vz) + vz∂z (Θzz) = −2vzλz
ρ

+
ψzz
ρ
− ∂x (hzzx)

ρ
− ∂y (hzzy)

ρ
− ∂z (hzzz)

ρ
,

∂t (Θzx) + Θzx∂x (vx) + Θxx∂x (vz) + vx∂x (Θzx) + Θyz∂y (vx) + Θxy∂y (vz) (4.36)

+vy∂y (Θzx) + Θzz∂z (vx) + Θzx∂z (vz) + vz∂z (Θzx)

= −vzλx
ρ
− vxλz

ρ
+
ψzx
ρ
− ∂x (hzxx)

ρ
− ∂y (hzxy)

ρ
− ∂z (hzxz)

ρ
.
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4.3.4 Primitive Form of the Energy Flux Equations

The fourth primitive equation in indicial notation is given by Eq. 4.21 as

∂t (qi)−ΘkiΘkj∂xjρ−
1

2
ΘijΘkk∂xjρ+ vj∂xj (qi) + qj∂xj (vi) + qi∂xj (vj) (4.37)

−1

2
ρΘkk∂xj (Θij)− ρΘki∂xj (Θkj) =

γikk
2

+
1

2
v2
kλi + vivkλk − λkΘki −

1

2
λiΘkk − vkψik

−1

2
viψkk −

1

2
∂xj (∆ijkk)− hijk∂xj (vk)

and is expanded by �rst summing over k and then over j. The �nal three primitive

equations are computed by summing over i, with the �rst of the three being

∂t (qx) +

(
−3

2
Θ2
xx −Θ2

xy −
1

2
ΘxxΘyy −Θ2

zx −
1

2
ΘxxΘzz

)
∂xρ (4.38)

+

(
−3

2
ρΘxx −

1

2
ρΘyy −

1

2
ρΘzz

)
∂x (Θxx)− ρΘxy∂x (Θxy)− ρΘzx∂x (Θzx)

+

(
−3

2
ΘxxΘxy −

3

2
ΘxyΘyy −ΘyzΘzx −

1

2
ΘxyΘzz

)
∂yρ+ vy∂y (qx) + qy∂y (vx)

+qx∂y (vy) +

(
−3

2
ρΘxx −

1

2
ρΘyy −

1

2
ρΘzz

)
∂y (Θxy)− ρΘxy∂y (Θyy)

−ρΘzx∂y (Θyz) +

(
−ΘxyΘyz −

3

2
ΘxxΘzx −

1

2
ΘyyΘzx −

3

2
ΘzxΘzz

)
∂zρ

+vx∂x (qx) + vz∂z (qx) + qz∂z (vx) + qx∂z (vz)− ρΘxy∂z (Θyz)

+2qx∂x (vx) +

(
−3

2
ρΘxx −

1

2
ρΘyy −

1

2
ρΘzz

)
∂z (Θzx)− ρΘzx∂z (Θzz)

=
1

2

[
γxxx + γxyy + γxzz + 3v2

xλx + v2
yλx − 2λkΘkx + λx

(
v2
z −Θxx −Θyy −Θzz

)]
+

1

2
[−2vyψxy − 2vzψxz + vx (2vyλy + 2vzλz − 3ψxx − ψyy − ψzz)− ∂x (∆xxkk)]

1

2
[−2hxxx∂x (vx)− 2hxxy∂x (vy)− 2hxxz∂x (vz)− ∂y (∆xykk)− 2hxyx∂y (vx)− 2hxyy∂y (vy)]

1

2
[−2hxyz∂y (vz)− ∂z (∆xzkk)− 2hxzx∂z (vx)− 2hxzy∂z (vy)− 2hxzz∂z (vz)] .

The other equations are equally as complex, and it does little good to reproduce them

here. The �nal equations in matrix form are somewhat simpler and the �nal results
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can be seen there.

4.3.5 Flux Jacobian Matrices

The �nal Ap matrix is presented here with a few substitutions.
Ap =

vx ρ 0 0 0 0 0 0 0 0 0 0 0

Θxx
ρ

vx 0 0 1 0 0 0 0 0 0 0 0

Θxy
ρ

0 vx 0 0 1 0 0 0 0 0 0 0

Θzx
ρ

0 0 vx 0 0 0 0 0 1 0 0 0

0 2Θxx 0 0 vx 0 0 0 0 0 0 0 0

0 Θxy Θxx 0 0 vx 0 0 0 0 0 0 0

0 0 2Θxy 0 0 0 vx 0 0 0 0 0 0

0 0 Θzx Θxy 0 0 0 vx 0 0 0 0 0

0 0 0 2Θzx 0 0 0 0 vx 0 0 0 0

0 Θzx 0 Θxx 0 0 0 0 0 vx 0 0 0

µ1 2qx 0 0 −1
2
ρ (θ + 2Θxx) −ρΘxy 0 0 0 −ρΘzx vx 0 0

µ2 qy qx 0 −ρΘxy −1
2
ρ (θ + 2Θyy) 0 0 0 −ρΘyz 0 vx 0

µ3 qz 0 qx −ρΘzx −ρΘyz 0 0 0 −1
2
ρ (θ + 2Θzz) 0 0 vx



,

(4.39)

where

µ1 =
1

2

(
−2
(
Θ2
xy + Θ2

zx

)
−Θxx (3Θxx + Θyy + Θzz)

)
, (4.40)

µ2 =
1

2
(−2ΘyzΘzx −Θxy (3 (Θxx + Θyy) + Θzz)) , (4.41)

µ3 =
1

2
(−2ΘxyΘyz −Θzx (3Θxx + Θyy + 3Θzz)) . (4.42)

The remaining matrices can be found in Appendix B.
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4.4 Eigensystem Analysis

The eigensystems are determined symbolically by use of Mathematica's Eigenvector[]

and Eigenvalue[] functions, the code for which can be found in Appendix B.

4.4.1 Eigenvalues

The eigenvalues for the Ap, Bp and Cp matrices (λA, λB and λC respectively) are

λA =



vx

vx

vx

vx

vx

vx

vx

vx −
√

Θxx

vx −
√

Θxx

vx +
√

Θxx

vx +
√

Θxx

vx −
√

3
√

Θxx

vx +
√

3
√

Θxx



, λB =



vy

vy

vy

vy

vy

vy

vy

vy −
√

Θyy

vy −
√

Θyy

vy +
√

Θyy

vy +
√

Θyy

vy −
√

3
√

Θyy

vy +
√

3
√

Θyy



, and λC =



vz

vz

vz

vz

vz

vz

vz

vz −
√

Θzz

vz −
√

Θzz

vz +
√

Θzz

vz +
√

Θzz

vz −
√

3
√

Θzz

vz +
√

3
√

Θzz



.

(4.43)

4.4.2 Ap Eigenvectors

The right eigenvectors for the Ap matrix are presented here, with the remaining found

in Appendix B. Many terms share certain similarities and are simpli�ed by a matrix

coe�cient function de�ned as

Q̄i (c1, c2, c3, c4) = 2qi + c1 ∗ ρ
√

Θêê (c2Θxx + c3Θyy + c4Θzz) . (4.44)
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For example,

Q̄x[1, 1, 3, 1] = 2qx + ρ
√

Θxx (Θxx + 3Θyy + Θzz) . (4.45)

The right eigenvectors for the Ap matrix are presented here with the following sim-

pli�cations

α = Q̄x[1, 1, 1, 3], β = Q̄x[1, 1, 3, 1],

χ = Q̄x[−1, 1, 3, 1], σ = Q̄x[−1, 1, 1, 3].
(4.46)

rA1 =



0

0

0

0

0

0

0

0

0

0

0

0

1



, rA2 =



0

0

0

0

0

0

0

0

0

0

0

1

0



, rA3 =



0

0

0

0

0

0

0

0

0

0

1

0

0



, rA4 =



−ρ

0

0

0

Θxx

Θxy

0

0

0

Θzx

0

0

0



, rA5 =



0

0

0

0

0

0

0

0

1

0

0

0

0



,

(4.47)
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rA6 =



0

0

0

0

0

0

0

1

0

0

0

0

0



, rA7 =



0

0

0

0

0

0

1

0

0

0

0

0

0



, rA8 =



0

0

−2α
√

Θxx

4ρΘxxΘyz

0

2αΘxx

4αΘxy

2
(
−2ρ
√

ΘxxΘxyΘyz + αΘzx

)
−8ρ
√

ΘxxΘyzΘzx

−4ρΘ
3/2
xx Θyz

2
(
αρ
√

ΘxxΘxy − 2ρ2ΘxxΘyzΘzx

)
β2 − 4ρ2ΘxxΘ

2
yz + 2βρ

√
Θxx (−Θyy + Θzz)

0



,

(4.48)

rA9 =



0

0

−2α
√

Θxx

4ρΘxxΘyz

0

2αΘxx

4αΘxy

2
(
−2ρ
√

ΘxxΘxyΘyz + αΘzx

)
−8ρ
√

ΘxxΘyzΘzx

−4ρΘ
3/2
xx Θyz

2
(
αρ
√

ΘxxΘxy − 2ρ2ΘxxΘyzΘzx

)
β2 − 4ρ2ΘxxΘ

2
yz + 2βρ

√
Θxx (−Θyy + Θzz)

0



, (4.49)
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rA10 =



0

0

4ρΘxxΘyz

2χ
√

Θxx

0

4ρΘ
3/2
xx Θyz

8ρ
√

ΘxxΘxyΘyz

2χΘxy + 4ρ
√

ΘxxΘyzΘzx

4χΘzx

2χΘxx

−4ρ2ΘxxΘxyΘyz − 2ρχ
√

ΘxxΘzx

0

χ2 − 4ρ2ΘxxΘ
2
yz + 2ρχ

√
Θxx (Θyy −Θzz)



, (4.50)

rA11 =



0

0

2σ
√

Θxx

4ρΘxxΘyz

0

2σΘxx

4σΘxy

4ρ
√

ΘxxΘxyΘyz + 2σΘzx

8ρ
√

ΘxxΘyzΘzx

4ρΘ
3/2
xx Θyz

−2ρσ
√

ΘxxΘxy − 4ρ2ΘxxΘyzΘzx

σ2 − 4ρ2ΘxxΘ
2
yz + 2ρσ

√
Θxx (−Θyy + Θzz)

0



, (4.51)
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rA12 =



2
√

3ρΘxx

−6Θ
3/2
xx

−6
√

ΘxxΘxy

−6
√

ΘxxΘzx

4
√

3Θ2
xx

4
√

3ΘxxΘxy

4
√

3Θ2
xy

4
√

3ΘxyΘzx

4
√

3Θ2
zx

4
√

3ΘxxΘzx

6ρ
√

Θxx

(
Θ2
xy + Θ2

zx

)
+ 2
√

3ΘxxQ̄x

[√
3

2
, 3, 1, 1

]
2
√

3qyΘxx + 6ρ
√

ΘxxΘyzΘzx +
√

3ΘxyQ̄x

[√
3, 3, 3, 1

]
2
√

3qzΘxx + 6ρ
√

ΘxxΘxyΘyz +
√

3ΘzxQ̄x

[√
3, 3, 1, 3

]



, (4.52)

and

rA13 =



2
√

3ρΘxx

6Θ
3/2
xx

6
√

ΘxxΘxy

6
√

ΘxxΘzx

4
√

3Θ2
xx

4
√

3ΘxxΘxy

4
√

3Θ2
xy

4
√

3ΘxyΘzx

4
√

3Θ2
zx

4
√

3ΘxxΘzx

−6ρ
√

Θxx

(
Θ2
xy + Θ2

zx

)
+ 2
√

3ΘxxQ̄y

[
−
√

3
2
, 3, 1, 1

]
2
√

3qyΘxx − 6ρ
√

ΘxxΘyzΘzx +
√

3ΘxyQ̄y

[
−
√

3, 3, 3, 1
]

2
√

3qzΘxx − 6ρ
√

ΘxxΘxyΘyz +
√

3Θz,xQ̄y

[
−
√

3, 3, 1, 3
]



. (4.53)
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4.5 Transformation Matrix

The transformation matrix is the Jacobian of the conserved variables with respect to

the primitive variables.

M =
∂U

∂V
, (4.54)

where V is de�ned as before, and U is expanded as

U =



ρ

ρvx

ρvy

ρvz

ρΘxx + ρvxvx

ρΘxy + ρvxvy

ρΘyy + ρvyvy

ρΘyz + ρvyvz

ρΘzz + ρvzvz

ρΘzx + ρvzvx

ρvx
(
v2
x + v2

y + v2
z

)
+ ρvx (Θxx + Θyy + Θzz) + 2ρ (vxΘxx + vyΘxy + vzΘxz) + 2qx

ρvy
(
v2
x + v2

y + v2
z

)
+ ρvy (Θxx + Θyy + Θzz) + 2ρ (vxΘxy + vyΘyy + vzΘyz) + 2qy

ρvz
(
v2
x + v2

y + v2
z

)
+ ρvz (Θxx + Θyy + Θzz) + 2ρ (vxΘxz + vyΘyz + vzΘzz) + 2qz



.

(4.55)
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M is calculated with the following substitutions,

v2 = v2
x + v2

y + v2
z , (4.56)

θ

3
= Θxx + Θyy + Θzz, (4.57)

ζi = v2vi +
θvi
3

+ 2 (vxΘxi + vyΘiy + vzΘiz) , (4.58)

ηi = v2ρ+
θρ

3
+ 2ρv2

i + 2ρΘii, (4.59)

z1 = 2ρvxvy + 2ρΘxy, (4.60)

z2 = 2ρvxvz + 2ρΘxz, (4.61)

z3 = 2ρvyvz + 2ρΘyz, (4.62)

M =



1 0 0 0 0 0 0 0 0 0 0 0 0

vx ρ 0 0 0 0 0 0 0 0 0 0 0

vy 0 ρ 0 0 0 0 0 0 0 0 0 0

vz 0 0 ρ 0 0 0 0 0 0 0 0 0

v2
x + Θxx 2ρvx 0 0 ρ 0 0 0 0 0 0 0 0

vxvy + Θxy ρvy ρvx 0 0 ρ 0 0 0 0 0 0 0

v2
y + Θyy 0 2ρvy 0 0 0 ρ 0 0 0 0 0 0

vyvz + Θyz 0 ρvz ρvy 0 0 0 ρ 0 0 0 0 0

v2
z + Θzz 0 0 2ρvz 0 0 0 0 ρ 0 0 0 0

vxvz + Θzx ρvz 0 ρvx 0 0 0 0 0 ρ 0 0 0

ζx ηx z1 z2 3ρvx 2ρvy ρvx 0 ρvx 0 2 0 0

ζy z1 ηy z3 ρvy 2ρvx 3ρvy 2ρvz ρvy 0 0 2 0

ζz z2 z3 ηz ρvz 0 ρvz 2ρvy 3ρvz 0 0 0 2



.

(4.63)
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Chapter 5

1-D SIMULATION

In order to study the behavior of the system of equations, it is useful to reduce

the system to the one-dimensional case. The formal derivation of the one dimensional

system of equations is presented. Then, a second order accurate �nite volume method

is introduced. Details of the �nite volume method such as the method for determining

�ux quantities are discussed. The behavior of the system is �rst studied without

sources to compare to Torrilhon [2]. The equations are non-dimensionalized using the

procedure outlined in [3] and the contributions of the source terms are added. An

electrostatic solver is implemented to allow for a direct comparison to results from

the 5-moment model.

5.1 Reducing 13-Moment Equations to One Dimension

To reduce the moments to the one dimensional case, only quantities that vary in one

dimension (in this case x) are considered. This leaves �ve primitive variables: density,

velocity in the x-direction, scalar pressure, pressure in the x-direction, and heat �ux

in the x-direction to capture full gas dynamics;

V = {ρ, vx, p, Pxx, qx} . (5.1)

The variance in Pyy and Pzz are captured by the scalar pressure p = Pxx + Pyy + Pzz,

where Pyy = Pzz. The moment equations are formally reduced to one dimension by

only allowing the indices i, j, k, etc. to be x and setting all other quantities to zero.
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For example, for the continuity equation reduces as

∂tρ+ ∂xi (viρ) = 0, (5.2)

∂tρ+ ∂x (vxρ) = 0. (5.3)

Two further simpli�cations are made to the source terms by limiting the simulation

to electrostatics, where the magnetic �elds are set to zero, and by assuming that they

are collisionless, where R,Q, etc. are set to zero. As with the zeroth moment, the �rst

- third moments are reduced to

∂t (ρvx) + ∂x
(
Pxx + ρv2

x

)
=
qα
m

(ρEx), (5.4)

∂t
(
Pxx + ρv2

x

)
+ ∂x

(
ρv3

x + Pxxvx +mxxx

)
= 2

qα
mα

ρExvx, (5.5)

∂t

((
1

2
ρv2

x +
3

2
p

)
vx + Pxxvx + qx

)
+ (5.6)

∂x

((
1

2
ρv2

x +
3

2
p

)
v2
x +

5

2
Pxxv

2
x + 2qxvx +mxxxvx +

1

2
∆xxkk

)
=

3

2

qα
m
ρExp+

qα
m
ρExPxx +

3

2

qα
m
ρExv

2
x.

This process gives only four equations for �ve unknowns, so another expression is

needed. This is done by taking the trace of the second moment equation (i→ j)

∂t(pjj + ρvjvj) + ∂xk(ρvjvjvk + 3v(jpjk) + hjjk) = 2
qα
mα

ρE(jvj). (5.7)

Substitutions are then made for scalar pressure 3p = Pkk and the heat vector hjkk =

2qj, giving the �nal 1D equation

∂t(
3

2
p+

1

2
ρv2

x) + ∂x(

(
1

2
ρv2

x +
3

2
p

)
vx + pxxvx + qx) =

qα
mα

ρExvx. (5.8)
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5.2 Finite Volume Methods

The 1D system of equations is simulated using a �nite volume method [14, 15]. Finite

volume (FV) methods are ways of solving di�erential equations on a discrete mesh,

with each �node� surrounded by a cell volume. While there are many ways to imple-

ment a FV approach, the way pursued here was to use a predictor-corrector approach

based on Heun's method to achieve second order accuracy [18]. The �uxes are cal-

culated using a First ORder CEntered (FORCE) �ux method [14] with a Van Leer

limiter to duplicate the results of Torrilhon [2] and then for the two-�uid simulations.

The sources are updated using an unsplit method and are evolved in time with the

�ux terms.

5.2.1 Heun's Method

Heun's method is one method in the family of Runge-Kutta predictor-corrector schemes.

It uses an Euler method to make an initial prediction about the solution to the PDE

and then uses a trapezoidal method to correct this intermediate value for second order

accuracy. The principles of this scheme are to take the piecewise constant (i.e. each

cell has uniform properties) data and reconstruct it using a higher order function.

That means that locally, the discrete values within a cell are represented by a linear

function provided by interpolating with neighboring cells. That information is used

to determine the values at the boundary of each cell which are used in the Riemann

solver [14, 15].

The basic Heun's method solves hyperbolic conservation laws of the form

∂U

∂t
+
∂F (U)

∂x
= S (U) , (5.9)

where U are the conserved variables, F (U) are the �uxes, and S (U) are the source

terms. An individual time step for this scheme would involve the following steps:
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Step 1: Data Reconstruction. The conserved variables are converted algebraically

to primitive variables. The values from the primitive variables are then repre-

sented in each local cell by a piece-wise linear function

Vi (x) = V n
i +

x− xi
∆x

∆i, x ∈ [0,∆x] (5.10)

where the subscript i denotes the value at the center of the volume; equal to

the discrete cell value, the superscript n represents the current time and ∆i is

the di�erence between cell values

∆i ≡ V n
i+1 − V n

i−1. (5.11)

The values at x = 0 and x = ∆x are the boundary extrapolated values as

V L
i = V n

i −
1

2
∆i ; V R

i = V n
i +

1

2
∆i. (5.12)

The superscripts L and R denote the values at the left and right cell inter-

faces, respectively. This information is used to solve the Riemann problem and

calculate the �ux at the cell interfaces

Fi+ 1
2

= F
(
V L
i+1

)
− F

(
V R
i

)
. (5.13)

Step 2: Predictor Step. Once the �ux quantities are known, the solution is pre-

dicted using Euler's method and including the source term contributions.

U i = Ui +
∆t

∆x

[
Fi+ 1

2
− Fi− 1

2

]
+4t · S (Ui) (5.14)

Step 3: Data Reconstruction. The data reconstruction process is repeated with

the predicted solution U i. The �ux quantities are calculated by solving the
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Riemann problem Eqs. 5.13 and 5.14 and denoted as F i+ 1
2
.

Step 4: Corrector Step. The corrector step uses the trapezoidal method to calcu-

late the second order accurate evolution of the conserved variables.

Un
i = Ui +

1

2

∆t

∆x

[
F ?
i+ 1

2
− F ?

i− 1
2

]
+4t · S

(
U i

)
, (5.15)

where F ?
i+ 1

2

= Fi+ 1
2

+ F i+ 1
2
.

5.2.2 Riemann Solvers

Various Riemann solvers exist to solve these hyperbolic equations, but two are dis-

cussed here: The HLL solver and the FORCE �ux solver.

The HLL Solver

The HLL Solver [14, 15] is an approximate Riemann solver created by Harten, Lax

and van Leer (HLL). The HLL method assumes a two-wave exact solution and ap-

proximates the intercell �uxes with calculated wave speeds. The intercell �ux for the

HLL method using a Gudunov update is

FHLL
i+ 1

2


FL , if 0 ≤ SL

SRFL−SLFR+SLSR(UR−UL)
SR−SL

, ifSL ≤ 0 ≤ SR

FR , if 0 ≥ SR

, (5.16)

where FL is the �ux at the left interface of the right cell, FR is the �ux at the right

interface of the left cell, SL is the left wave speed of the right cell, SR is the right

wave speed of the left cell and UL,R are the conserved quantities at each time step.

To make use of this equation, a function that estimates the left and right wave speeds

is needed. The wave speeds used in Torrilhon [2] are based on a constant multiplied
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by the square root of the temperature

SL,R = ±k

√
PL,R
ρL,R

, (5.17)

where k is a parameter that varies with each problem and is determined by exper-

imentation. The HLL method is fairly simple to implement but does su�er from a

few drawbacks. One, the wave speeds must be known ahead of time. For the Euler

equations, this is well explored, but not for the 13-moment equations. Two, the HLL

method assumes a two-wave solution, with three uniform, intermediate states. This

means that it will not capture contact discontinuities, shear waves, or any other type

of non-two-wave phenomena.

FORCE �ux solver

The FORCE scheme is an approximate Riemann solver introduced by Toro [14]. This

First ORder CEntered scheme has a CFL restriction of unity in one spatial dimension,

where

CFL =
∆t

∆x
Smax (5.18)

is the Courant-Friedrichs-Lewy number. This is described as the ratio of the wave

speed of the system and the grid speed ∆x/∆t due to the domain discritization[14].

The FORCE �ux is derived by using integral averages of Riemann problem solu-

tions which coincidentally reduce to the average of the Richtmyer and Lax-Friedrichs
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schemes

URI
i+ 1

2
=

1

2
(UL + UR) +

1

2

4t
4x

[F (UL)− F (UR)] , (5.19)

FRI
i+ 1

2
= F

(
URI
i+ 1

2

)
, (5.20)

FLF
i+ 1

2
=

1

2
[F (UL) + F (UR)] +

1

2

4x
4t

(UL − UR) , (5.21)

F FORCE
i+ 1

2
=

1

2

[
FLF
i+ 1

2
(UL, UR) + FRI

i+ 1
2

(UL, UR)
]
. (5.22)

In general, Toro [14] states that the FORCE �ux is less accurate than the Gudunov

�ux, but superior to Lax-Friedrichs while being fairly simple and e�cient. In the

problems studied here, it was comparable to the HLL �ux when using Heun's method

to integrate in time and has the added bene�t that estimates of the wave speeds are

not needed.

5.2.3 Slope Limiters

One issue with higher order (than �rst) schemes are that they have di�culty resolving

shocks. In regions with strong discontinuities, these solutions tend to oscillate in a

non-physical way. One method to reduce these spurious oscillations is to use a slope

limiter that limits the slope in a way that the values remain physical. For the Heun

scheme, the di�erence between cell values (∆i) is modi�ed so that

∆i = φ∆i. (5.23)
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The slope limiter used here is known as the Van Leer limiter, where

r =
∆i− 1

2

∆i+ 1
2

, (5.24)

φvl (r) =

0 r ≤ 0

2r
1+r

r > 0

, (5.25)

with ∆i− 1
2

= V n
i − V n

i−1 and ∆i+ 1
2

= V n
i+1− V n

i . The limiter acts to drop the scheme's

accuracy to �rst order in regions of discontinuities and approaches second order in

regions of smooth solutions.

5.2.4 Poisson Solver

The electric �eld appears in the source terms of Eqs. (5.3-5.8) and must be solved

from a model that relates the �eld to the �uid variables. For an electrostatic problem,

Gauss's Law must be satis�ed

∇ · E =
ρv
ε0
, (5.26)

where ε0 is the permittivity of free space and ρv is the charge density,

ρv =
∑
α

nαqα. (5.27)

In practice it is usually easier to solve for the electrostatic potential (φ), which is

related to the charge density by Poisson's equation.

∇2φ = −ρv
ε0
, (5.28)

and the electric �eld is the gradient of the electric potential

~E = −∇φ. (5.29)
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In the one dimensional case, Poisson's equation reduces to

∂2φ

∂x2
= −ρv

ε0
. (5.30)

The electric potential is calculated by using a second order central di�erencing [17]

scheme, where
∂2f

∂x2
=
f (x+ ∆x)− 2f (x) + f (x−∆x)

∆x2
(5.31)

for any arbitrary function f (x). Boundary conditions must be speci�ed for the elec-

trostatic potential. The boundary conditions that produced comparable results to

[3, 16] were found to be

φ′ (xL) = 0, (5.32)

φ (xR) = 0, (5.33)

where xL is the left boundary and xR is the right boundary. The equation can be

represented as a matrix problem where Ax = b, with the matrices equal to

A =



2 0 −2 0 · · · · · · 0

−1 2 −1 0 · · · · · · 0
...

... −1 2 −1 0 · · · ...

0
. . . . . . . . .

...
...

0
...

. . . . . . −1
...

... 0 · · · 0 −1 2 −1

0 · · · · · · 0 1



(5.34)
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and

x =



φ (xL)

φ (x1)
...

φ (xR−1)

φ (xR)


, b =



0

−∆x2ρv (x1)
...

−∆x2ρv (xR−1)

0


. (5.35)

The electric �eld is then computed by taking the gradient of the electrostatic poten-

tials (φ's) as

En
xi

=
φni+1 − φni−1

2∆x
(5.36)

for each time step, which can be used to compute the source terms.

5.3 Non-Dimensionalization of the Equations

It is often useful to non-dimensionalize the equations in terms of unitless ratios. This

enables di�erent phenomenon to be captured without computationally expensive res-

olutions. For example, varying the characteristic scale of the domain allows one to

�zoom� in or out without having to change grid size. The similitude property allows

for simulations where proper scales are de�ned. The non-dimensionalization here is

designed to match that of [3, 16]. In the two-�uid model presented by Shumlak [3],

the length is non-dimensionalized by the characteristic plasma length xo, the electron

and ion velocities by the characteristic ion thermal velocity vth,i, etc. The table below

shows the complete non-dimensionalization.
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Variable Non-Dimensional Parameter Characteristic Symbol Expression

Density Ion Mass Density n0mi ρ? = ρ
n0mi

Velocity Ion Thermal Velocity vth,i u? = u
vth,i

Pressure Ion Dynamic Pressure n0miv
2
th,i p? = p

n0miv2th,i

Time Ion Transit Time xo/vth,i t? = t
xo/vth,i

Length Plasma Scale x0 x? = x
x0

Charge Ion Charge qi q? = q
qi

Magnetic Field Magnetic Field Strength B0 B? = B
B0

Electric Field � B0vth,i E? = E
B0vth,i

Mass Ion Mass mi m? = m
mi

To non-dimensionalize, the variables are simply substituted into the original ex-

pressions. For example, for the non-dimensionalized density the expression is ρ? =

ρ
n0mi

or by re-arranging the original expression for density is ρ = ρ?n0mi. Using the

parameters above to non-dimensionalize the momentum equation,

∂ραuα
∂t

+∇ ·
(
ραu

2
α + p

)
=
ραqα
mα

~E (5.37)

gives the following substitutions in 1-dimension

∂ρ?n0miuα
∂t? (xo/vth,i)

+
∂

∂x?x0

(
ρ?n0mi (u

?vth,i)
2 + p?n0miv

2
th,i

)
=
ρ?n0miq

?qi
m?mi

E?vth,iB0.

(5.38)

Simplifying and dropping the ?'s give the complete non-dimensionalized equation

∂tρu+ ∂x
(
ρu2 + p

)
= ±

(
x0

rgi

)
n~E, (5.39)

where rgi is the ion Larmor radius mi
qi

vth,i
B0

. In this electrostatic simulation, the change

in Larmor radius corresponds to a change in characteristic Debye length. For the

13-moment equations, an additional non-dimensionalization is made for the heat-�ux
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qx, which is non-dimensionalized by the ion heat �ow

q?x =
qx

nomiv3
th,i

. (5.40)

Following the same procedure as for the momentum equation, the complete set of

equations are very similar except for a scaling factor for the source terms

∂tU + ∂xF (U) = ±
(
x0

rgi

)
S (U) . (5.41)

The sources are positive for the ion �uid, and negative for the electron �uid. Poisson's

equation becomes

∇ · ~E =

(
x0

rgi

)(
rgi
λd

)2

(ni − ne) (5.42)

with the Debye length de�ned as

λd =

(
ε0mev

2
th,e

n∅q2
e

)1/2

, (5.43)

where qe = e. Factors for x0
rgi

and
rgi
λd

are included as coe�cients in the numerical

simulation.

5.4 Simulation Algorithm

A one-dimensional, second order �nite volume code is written using the elements

presented here. The code is listed in Appendix C. The �ow-charts presented here

demonstrate the basic code structure.
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Figure 5.1: Flow chart showing the main program loop.
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Figure 5.2: Flow chart showing the time advance of the electrostatic two-�uid plasma
equations using a Heun method.
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Chapter 6

NUMERICAL SIMULATIONS

6.1 13-Moment Single Fluid Results

To ensure the correct computer implementation of the model, it is important to

benchmark the results to those of Torrilhon [2]. To simplify the two-�uid plasma

code presented in Appendix C to handle single-�uid gas dynamics phenomenon, it

is only necessary to set the source term coe�cients ( x0
rgi

and
rgi
λd
) to a very small

number, such as 10−16 (to avoid dividing by zero) and give each �uid the same initial

conditions for density, velocity, pressure, etc. The results from each �uid are identical.

To increase or decrease the time step, characteristic speeds can be modi�ed in the �ux

calculations as necessary. Appendix D contains the Mathematica code necessary to

determine the characteristic speeds. Initial conditions for the �Strong Shock� problem

[2] are given by

x < 0 x ≥ 0

ρ 50 1

u 0 0

p 50 1

Pxx 50 1

qx 0 0

6.1.1 Strong Shock Tube Simulation with Singular Closure

The strong shock tube problem is run using the FORCE �ux method described in

Chapter 5 with a grid resolution of ∆x = 7.5× 10−4 and a CFL number of 0.9 until

t = 0.4. The time step is calculated using information from the estimated maximum
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Figure 6.1: Contour plot of the characteristic wave speeds for the singular closure
scheme showing cmax for a given set of parameters.

wave speed, which was chosen as cmax = 5
√
θ to match the conditions in Torrilhon[2].

Figure 6.1 shows the characteristic wave speeds for the singular closure scheme used

to estimate cmax.
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Figure 6.2: Pressure and density for the strong shock tube problem using the singular
closure scheme at t = 0.4 for the 13-moment single-�uid gas dynamics model.
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Figure 6.3: Shear stress (σ = Pxx − p) and heat �ux for the strong shock tube
problem using the singular closure scheme at t = 0.4 for the 13-moment single-�uid
gas dynamics model.

The results seen in Figures 6.2 and 6.3 show good agreement with the results

Torrilhon presents. The switch to using a FORCE scheme here in comparison to an

HLL scheme does not seem to have made a large impact on the quality of the results.

The strong non-equilibrium e�ects in the shear and heat �ux of Fig. 6.3 are due to

the lack of a collision operator to drive the model towards an equilibrium.

Fig. 6.2 shows signi�cant di�erences between the 5 and 13-moment models. The

13-moment model has several waves not captured in the 5-moment case, seen as

having more plateaus (−0.5 ≤ x ≤ 1) than predicted by the Euler equations. The

13-moment model's faster wave speeds can be seen at x ∼ −1 and x ∼ 1.5.
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Figure 6.4: Contours of the characteristic wave speeds for the realizable closure scheme
showing cmax for a given set of parameters. The green line represents a trend towards
in�nite wave speeds not seen in the singular closure scheme.

6.1.2 Strong Shock Tube Simulation with Realizable Closure

As with the single-�uid results for the singular closure, the realizable results are run

using the FORCE �ux method with a grid resolution of ∆x = 7.5× 10−4 and a CFL

number of 0.9 until t = 0.4. The time step is calculated using information from the

estimated maximum wave speed, which is chosen as cmax = 30
√
θ, as per Torrilhon

[2]. Fig. 6.4 shows the wave speeds for the realizable closure scheme.
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Figure 6.5: Pressure and density for the strong shock tube problem using the realizable
closure scheme.
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Figure 6.6: Shear stress and heat �ux for the strong shock tube problem using the
realizable closure scheme.

Again Figures 6.5 and 6.6 show the results seen in [2]. There seems to be little

di�erence attributed to our use of the FORCE scheme over the HLL scheme. The

shear and heat �ux results seen in Fig. 6.6 show real di�erences between the singular

and realizable closure schemes. The realizable closure has wave speeds that increase

exponentially and that can be seen as the right shock waves (x ∼ 1.5 − 2) have

progressed further than their singular closure counterparts over the same amount of

time. These faster waves require a signi�cantly smaller time step to resolve, which

becomes computationally expensive.

6.2 13-Moment Two-Fluid Plasma Results

Two-�uid plasma results are presented for a comparison to the 5-moment electrostatic

simulations present in [3, 16]. These results are the two-�uid plasma equivalent to
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the Brio-Wu [22] MHD shock tube simulation, which has become a standard test case

in plasma physics codes. The initial conditions for the 13-moment two-�uid plasma

system are

x < 0 x ≥ 0

ρi 1.0 0.125

ui 0 0

pi 0.5 .05

pxx,i 0.5 .05

qx,i 0 0

ρe 1.0me
mi

0.125me
mi

ue 0 0

pe 0.5 .05

pxx,e 0.5 .05

qx,e 0 0

6.2.1 13-Moment Singular Closure Shocktube with x0
rgi

= 0.1

The �rst 13-moment electrostatic test case is for the singular closure with x0
rgi

= 0.1

and
rgi
λd

= 100. For the case of an electrostatic simulation, the Larmor radius rgi is

in�nite and the ratio x0/rgi is instead analogous to the number of Debye lengths per

characteristic length x0. The nomenclature, however, is chosen to match published

results [3, 16]. The simulation is run at a resolution of ∆x = 2.5×10−4, a CFL number

of 0.9, and using the singular closure scheme. To match the setup for the 5-moment

electrostatic model[3, 16], the simulation is advanced 10 light transit times. With a

normalized speed of light c = 100vth,i, this is equivalent to t = 0.1 for normalized

time.
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Figure 6.7: Number densities for the 13-moment electrostatic shock tube problem
using the singular closure and with x0

rgi
= 0.1
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Figure 6.8: Pressures for the 13-moment electrostatic shock tube problem using the
singular closure and with x0

rgi
= 0.1

Figures 6.7 and 6.8 show signi�cant charge separation. Without electrostatic ef-

fects, the electron �uid would have reached equilibrium much faster due to the lower

mass and faster wave speeds of the electrons. Here we see the electron motion retarded

by the ion �uid.



81

6.2.2 Direct Comparison of Singular and Realizable Closure Schemes ( x0
rgi

= 0.1)

Figure 6.9: Comparison of ion densities for the singular and realizable closures for
x0
rgi

= 0.1

A direct comparison between the singular and realizable closures for x0
rgi

= 0.1 and

rgi
λd

= 100 can be seen in Fig. 6.9. Any di�erences between the two solutions is minor.

This is to be expected since the conditions are not far from equilibrium and therefore

this problem does not extend to the regions far from equilibrium where the vastly

di�erent wave speeds cause the solutions to diverge.

6.2.3 13-Moment Singular Closure Shocktube with x0
rgi

= 1

To understand the e�ects of the source terms on the model, successive simulations

are run for increasing plasma scales ( x0
rgi
). These results represent a simulation of
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the singular closure scheme with x0
rgi

= 1 and
rgi
λd

= 100 run at a resolution of ∆x =

2.5 × 10−4. In Fig. 6.10 it can be seen that the electron �uid has almost entirely

approached the ion �uid.

Figure 6.10: Number densities for the 13-moment electrostatic shock tube problem
with the singular closure and x0

rgi
= 1.

6.2.4 13-Moment Singular Closure Shocktube with x0
rgi

= 10

With another order of magnitude change to the plasma scale ( x0
rgi
), Fig. 6.11 shows

that there is no discernable separation between the electron and ion �uids. The ion

�uid shows what would be expected for a solution from gas dynamics, and the electron

�uid is so much lighter that the source terms force it to follow the ion motion in an

ambipolar sense.
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Figure 6.11: Number density for the electrostatic shock tube problem with the singular
closure and x0

rgi
= 10.

6.2.5 Direct Comparisons to 5-Moment Model

It is relevant at this point to discuss the di�erences seen between the 5 and 13-

moment models. Simulations are run for both models at x0
rgi

= 0.1 and
rgi
λd

= 100 with

a resolution of ∆x = 2.5 × 10−4. The ion number densities best showcase the waves

of both simulations and Fig. 6.12 shows that there are signi�cant di�erences between

the two models. Several additional wave structures are seen in the 13-moment model

that are not present in the 5-moment model, which can also be seen in the purely

gas-dynamical solutions. Of additional interest are the di�erences in the maximum

wave speeds between the two models. It can be seen from the left side of the domain

(x ∼ −0.2), for example, that the 13-moment model generates a faster wave speed

for the left rarefaction wave than the 5-moment model. Similarly, the fast shock on



84

Figure 6.12: Direct comparison of the ion number densities for the 5 and 13-Moment
models. x0

rgi
= 0.1

the right (x ∼ 0.2) is not present in the 5-moment model results.
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Chapter 7

CONCLUSIONS AND FUTURE WORK

7.1 Concluding Remarks

In this paper, a 13-moment two-�uid plasma model based on a Pearson type-IV dis-

tribution function is developed. The basic qualities of the 13-moment �uid model and

the two-�uid plasma physics model are explored, as well as a review of the Pearson-

IV distribution function and the essential mathematics necessary for the 13-moment

derivation. The 13-moment model is formally derived from moments of the Boltzmann

equation to include Lorentz force and collisional source terms. Eigensystem analy-

sis derives the eigenvalues and eigenvectors of the full three-dimensional 13-moment

plasma model. Finally, a few examples are conducted in one dimension, including the

single-�uid gas dynamic and two-�uid plasma models.

The derivation of the 13-moment model includes several collisional operators that

would drive a system towards equilibrium. In the one dimensional model implemented

here, those terms are neglected for a collisionless plasma. While this assumption is

valid for a variety of plasmas, it does limit the simulation to a speci�c class of plasmas.

The exclusion of magnetic �elds in the simulation also limits the model such that it

can only capture electrostatic physics phenomena. While both of these are fairly

stringent assumptions, the purpose of this model is to build a �rst foray into using

the thirteen moment model for two-�uid physics and as such it does create a baseline

that can be improved upon.

Further analysis of the simulation shows that there is good agreement between

the 13-moment model electrostatic simulations and those of the 5-moment model

seen in current literature [3, 16]. Di�erences can still be seen between the waves seen
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in the plasma and gas dynamics models and the 13-moment model clearly captures

more physics. The di�erences in the two closure schemes are demonstrated in the

single-�uid gas dynamic shock tube, but the electrostatic shock does not venture into

a region where the di�erences in wave speeds between these two closure schemes is

readily apparent. However, the goal is to understand the di�erences based on a very

speci�c set of conditions.

In the end, the 13-moment model successfully demonstrates a two-�uid plasma

solution to an electrostatic shock tube problem. Even without exercising the model

for these extended regions of hyperbolicity it shows fundamental physics not captured

by the 5-moment model. Though these tests are by no means an exhaustive study of

the 13-moment model, they demonstrate that the 13-moment equations can be useful

in solving a two-�uid plasma model.

7.2 Future Work

The potential of the 13-moment two-�uid plasma model is still largely unexplored

at this point. The simulations presented in this paper are of limited application

without further work, especially the limitation to only electrostatic problems. The

�rst extension of this model should probably include a complete solver for Maxwell's

equations that will allow for comparisons to an electromagnetic shock tube found as

a classic test case for two-�uid plasma codes. The inclusion of source terms to drive

solutions towards an equilibrium, Maxwellian distribution would also greatly extend

the validity region to include collisional plasmas and is an important step towards

further validating the model.

Currently the simulations are limited to problems that can be solved by the 5-

moment models so that direct comparisons can be made. It would be interesting,

however, to see more simulations such as the strong shock tube that, because of their

limited regions of hyperbolicity, are outside of the capabilities of current models to

resolve. Also, a further exploration of the consequences of choosing a closure scheme
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need to be explored to fully understand each scheme's limitations.

The eventual goal is to implement this model in three dimensions. For that, an

e�cient solver capable of parallel processing will be needed. Towards that end, the

target code for this model is the WARPX (Washington Approximate Riemann Prob-

lem Solver Version X) simulation developed by the Computational Plasma Dynamics

Lab at the University of Washington, led by Dr. Shumlak. The eigenvalues and

eigenvectors calculated in this paper are the �rst steps required to implement a new

system of equations in this software, and it is expected that the next steps will soon

follow.

Finally, it is likely that the �nite volume method presented in this paper will

eventually give way to a higher order scheme like discontinuous Galerkin. The di�erent

wave speeds seen in plasma physics have shown themselves to be di�cult to resolve

in a �nite volume scheme. Promising research has shown that higher order methods

can resolve these phenomenon accurately and e�ciently [19].
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Appendix A

DETAILS OF THE PEARSON-IV DERIVATIONS

A.1 In One Dimension

The non-normalized distribution function in one dimension can be de�ned as

f (nn) =
e−ν tan−1( c−λ

a
)[

1 + ( c−λ
a

)2
]m . (A.1)

A.1.1 Zeroth Moment

Taking the zeroth raw moment (µ0) with area under the non-normalized distribution

curve (α),

αµ0 =

∞∫
−∞

e−ν tan−1( c−λ
a

)[
1 + ( c−λ

a
)2
]mdc (A.2)

and letting

c̃ =
c− λ
a

⇔ c = ac̃+ λ

dc̃ =
1

a
dc ⇔ dc = a dc̃ (A.3)

and substituting into the zeroth moment yields

αµ0 = a

∞∫
−∞

e−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃. (A.4)
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De�ning the one dimensional normalization constant (k) as,

k =

∞∫
−∞

e−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃. (A.5)

By de�nition, the area under the curve of the zeroth moment of a normalized distri-

bution function is 1 (i.e.µ0 = 1). Dividing by the area of the non-normalized function

(α) gives a normalized distribution function as stated in [2, 6].

f (P1) =
1

a k

e−ν tan−1( c−λ
a

)[
1 + ( c−λ

a
)2
]m . (A.6)

A.1.2 First Moment

The �rst moment is a raw moment of the distribution function and de�nes the average

or bulk velocity v

v =
1

a k

∞∫
−∞

c
e−ν tan−1( c−λ

a
)[

1 + ( c−λ
a

)2
]mdc. (A.7)

Substituting Eq.A.3 as before,

v =
1

a k

∞∫
−∞

(ac̃+ λ)
e−ν tan−1(c̃)

[1 + (c̃)2]m
adc̃ (A.8)

=
1

a k

∞∫
−∞

(
a2c̃
) e−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃+

1

a k

∞∫
−∞

(aλ)
e−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃

=
a

k

∞∫
−∞

c̃
e−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃+ λ

1

��k
��

�
��

�
��
�∞∫

−∞

e−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃

= λ+
a

k

∞∫
−∞

c̃
e−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃,
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and letting

x = tan−1 (c̃) ⇔ c̃ = tanx (A.9)

dx =
1

1 + c̃2
dc̃

and changing the limits of integration such that x = tan−1(∞) = π
2
and x =

tan−1(−∞) = −π
2
,

v = λ+
a

k

π/2∫
−π/2

tan(x)
e−νx

[1 + tan2(x)]
m

1

cos2(x)
dx. (A.10)

Using the trigonometry identity 1
1+tan2 x

= cos2 x,

v = λ+
a

k

π/2∫
−π/2

sin(x) cos2(m−1)−1(x)

eνx
dx (A.11)

= λ+
a

k

π/2∫
−π/2

sin(x) cos2(m−1)−1(x)

eνx
dx,

where cos2(m−1)−1(x) = [cos (x)]2(m−1)−1. Integrating by parts
∫
u dv = uv −

∫
v du

and letting

u = e−νx and dv = sin(x) cos2(m−1)−1(x)dx (A.12)

du = −νe−νx v =
cos2(m−1)(x)

2(m− 1)

gives the expression

v = λ+
a

k


�
��

�
��

�
��

cos2(m−1)(x)

eνx2(m− 1)

∣∣∣∣∣
π
2

−π
2

+
ν

2(m− 1)

π/2∫
−π/2

cos2(m−1)(x)

eνx
dx

 . (A.13)
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Transforming back into velocity space results in

v = λ+
a

k

 ν

2(m− 1)

∞∫
−∞

(1 + tan2 (c̃))

(1 + tan2 (c̃))
m · e−ν tan−1(c̃) · 1

(1 + tan2 (c̃))
dc̃

(A.14)
= λ+

a

k

ν

2(m− 1)

∞∫
−∞

e−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃ = λ+

a

��k

ν

2(m− 1)
��k.

Therefore, the average or bulk velocity is equal to

v = λ+
a ν

2(m− 1)
. (A.15)

A.1.3 General Moments

The remaining nth moments are central moments taken about the average velocity v

αµn(c) =

∞∫
−∞

(c− v)n
e−ν tan−1( c−λ

a
)[

1 + ( c−λ
a

)2
]mdc. (A.16)

Substituting for v and letting

c̃ =
c− λ
a

⇔ c = ac̃+ λ (A.17)

dc̃ =
1

a
dc ⇔ dc = a dc̃,

αµn(c̃) =

∞∫
−∞

(a c̃+��λ−��λ+
a ν

2(m− 1)
)n
e−ν tan−1(c̃)

[1 + (c̃)2]m
a dc̃ (A.18)

= an+1

∞∫
−∞

(c̃− ṽ)n
e−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃.
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With ṽ = − ν
2(m−1)

, it is easy to see the beginnings of the recursion relationship

∞∫
−∞

(c̃− ṽ)n−1 e
−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃ =

αµn−1

an
, (A.19)

∞∫
−∞

(c̃− ṽ)n−2 e
−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃ =

αµn−2

an−1
.

Continuing from before,

αµn(c̃) = an+1

∞∫
−∞

(c̃− ṽ)n
e−ν tan−1(c̃)

[1 + (c̃)2]m
a dc̃ (A.20)

= an+1

∞∫
−∞

(c̃− ṽ)(c̃− ṽ)n−1 e
−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃

= an+1

∞∫
−∞

c̃(c̃− ṽ)n−1 e
−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃

︸ ︷︷ ︸
a©

− an+1ṽ

∞∫
−∞

(c̃− ṽ)n−1 e
−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃

︸ ︷︷ ︸
b©

,

where the equations are broken into integrals that are handled individually, e.g.

a© =

∞∫
−∞

c̃(c̃− ṽ)n−1 e
−ν tan−1(c̃)

[1 + (c̃)2]m
dc̃. (A.21)

Letting

θ = tan−1 (c̃) ⇔ c̃ = tan θ (A.22)

dθ =
1

1 + c̃2
dc̃ ⇔ dc̃ =

1

cos2 θ
dθ
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and changing the limits of integration such that θ = tan−1(∞) = π
2
and θ =

tan−1(−∞) = −π
2
, integral a© becomes

a© =

π/2∫
−π/2

tan θ(tan θ − ṽ)n−1 e−νθ

[1 + tan2 θ]
m

1

cos2 θ
dθ (A.23)

=

π/2∫
−π/2

sin θ

cos θ

(sin θ − ṽ)n−1

cosn−1 θ

cos2(m−1) θ

eνθ
dθ

=

π/2∫
−π/2

sin θ cosr−n θ
(sin θ − ṽ cos θ)n−1

eνθ
dθ,

with r = 2(m− 1) and integrating by parts
∫
u dv =

∮
uv −

∫
v du ,

u = e−νθ (A.24)

dv = sin(θ) cosr−n(θ)dθ.

To �nd the di�erential element du it is necessary to use the product rule:

(f g)′ = f ′g + g′f = du, (A.25)

f = (sin θ − ṽ cos θ)n−1,

f ′ = (n− 1)(sin θ − ṽ cos θ)n−1(sin θ + ṽ cos θ),

g = e−νθ,

g′ = −νe−νθ.
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Substituting gives the remaining terms for integration by parts

du =
[
(n− 1)(sin θ − ṽ cos θ)n−1(sin θ + ṽ cos θ)e−νθ (A.26)

− νe−νθ(sin θ − ṽ cos θ)n−1
]
dθ,

v =

∫
sin(θ) cosr−n(θ)dθ.

Integrating v requires substitution, with

u = cosr−n+1(θ) ⇔ du = − sin θdθ (A.27)

giving

v = −
∫
ur−ndu = − ur−n+1

r − n+ 1
. (A.28)

⇒ v =
cosr−n+1(θ)

n− r − 1
.

Substituting and continuing from before,

c© =

∫
cosr−n+1(θ)

n− r − 1

[
(n− 1)(sin θ − ṽ cos θ)n−1(cos θ + ṽ sin θ)e−νθ

]
dθ,(A.29)

d© =

∫
cosr−n+1(θ)

n− r − 1

[
νe−νθ(sin θ − ṽ cos θ)n−1

]
dθ, (A.30)

a© =
(sin θ − ṽ cos θ)n−1

eνθ
cosr−n+1(θ)

n− r − 1

∣∣∣∣∣
π
2

−π
2

− c©+ d©, (A.31)

d© = ν

∫ π/2

−π/2

cosr−n+1(θ)

n− r − 1
e−νθ cosn−1 θ(tan θ − ṽ)n−1dθ. (A.32)
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Using the substitutions

θ = tan−1 (c̃) ⇔ c̃ = tan θ (A.33)

dθ =
1

1 + c̃2
dc̃ ⇔ dc̃ =

1

cos2 θ
dθ

cosn =
1

(1 + c̃2)n/2

d© =
ν

n− r − 1

∫ ∞
−∞

e−ν tan−1(c̃)(c̃− ṽ)n−1

(1 + c̃2)m
dθ (A.34)

=
ν

n− r − 1

αµn−1

an
,

c© =

∫ π/2

−π/2

cosr−n+1(θ)

n− r − 1
(n− 1)(sin θ − ṽ cos θ)n−1(cos θ + ṽ sin θ)e−νθdθ(A.35)

= e©+ f©,

e© =

∫ π/2

−π/2

cosr−n+1(θ)

n− r − 1
(n− 1)(sin θ − ṽ cos θ)n−1 cos θe−νθdθ (A.36)

=

∫ π/2

−π/2

(n− 1)

n− r − 1
cosr(θ)(tan θ − ṽ)n−2e−νθdθ,

f© =

∫ π/2

−π/2

cosr−n+1(θ)

n− r − 1
(n− 1)(sin θ − ṽ cos θ)n−1ṽ sin θe−νθdθ (A.37)

=

∫ π/2

−π/2

ṽ(n− 1)

n− r − 1
tan θ cosr(θ)(tan θ − ṽ)n−2e−νθdθ.

Using,

θ = tan−1 (c̃) ⇔ c̃ = tan θ (A.38)

dθ =
1

1 + c̃2
dc̃ ⇔ dc̃ =

1

cos2 θ
dθ

cosn (θ) =
1

(1 + c̃2)n/2
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e© =
(n− 1)

n− r − 1

∫ ∞
−∞

(c̃− ṽ)n−2 e
−ν tan−1(c̃)

(1 + c̃2)m
dc̃ =

(n− 1)

n− r − 1

αµn−2

an−1
, (A.39)

f© =
ṽ(n− 1)

n− r − 1

∫ ∞
−∞

c̃(c̃− ṽ)n−2 e
−ν tan−1(c̃)

(1 + c̃2)m
dc̃ (A.40)

=
ṽ(n− 1)

n− r − 1

∫ ∞
−∞

{
(c̃− ṽ)(c̃− ṽ)n−2 e

−ν tan−1(c̃)

(1 + c̃2)m
dc̃+ ṽ(c̃− ṽ)n−2 e

−ν tan−1(c̃)

(1 + c̃2)m
dc̃

}

=
ṽ(n− 1)

n− r − 1

∫ ∞
−∞

(c̃− ṽ)n−1 e
−ν tan−1(c̃)

(1 + c̃2)m
dc̃+

ṽ2(n− 1)

n− r − 1

∫ ∞
−∞

(c̃− ṽ)n−2 e
−ν tan−1(c̃)

(1 + c̃2)m
dc̃

f© = ṽ
(n− 1)

n− r − 1

αµn−1

an
+ ṽ2 (n− 1)

n− r − 1

αµn−2

an−1

Recombining,

αµn = an+1 [− ( e©+ f©) + d©]− B© (A.41)

�αµn = an+1

[
−
(

(n− 1)

n− r − 1

�αµn−2

an−1
+ ṽ

(n− 1)

n− r − 1

�αµn−1

an
+ ṽ2 (n− 1)

n− r − 1

�αµn−2

an−1

)
+

ν

n− r − 1

�αµn−1

an

]
− aṽ�αµn−1

µn =
an

(r + 1− n)

[
(n− 1)

(µn−2

an−2
+ ṽ

µn−1

an−1
+ ṽ2µn−2

an−2

)
− ν µn−1

an−1

]
− ṽaµn−1.(A.42)

With ṽ = − ν
2(m−1)

= −ν
r
,

µn =
an

(r + 1− n)

[
(n− 1)

(
µn−2

an−2
− ν

r

µn−1

an−1
+
(ν
r

)2 µn−2

an−2

)
− ν µn−1

an−1

]
(A.43)

+
ν

r
aµn−1.

Simplifying yields the �nal recursion relationship for the general one dimensional

moments

µn =
a (n− 1)

(r + 1− n)

{[
1 +

(ν
r

)2
]
aµn−2 − 2

ν

r
µn−1

}
. (A.44)

This relationship holds for the all moments with the initial starting conditions µ0 = 1

and µ1 = 0.
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A.1.4 Using Mathematica to Generate Reduced Third and Fourth Moments

The computer algebra system Mathematica was used to carry out the Gaussian elim-

inations for these derivations. Sample code is included here for completeness.

• Solving for r, ν, λ, and a using the recursion relationship for the generalized

moment equations: µn = a(n−1)
r−(n−1)

((
1 +

(
ν
r
)2
)
aµn−2 − 2ν

r
µn−1

)
Remove["Global`*"]

µ0 = 1

µ1 = 0

µ2 = FullSimplify
[
a(n−1)
r−(n−1)

((
1 +

(
ν
r

)2
)
aµn−2 − 2ν

r
µn−1

)
/.{n→ 2}

]
µ3 = FullSimplify

[
a(n−1)
r−(n−1)

((
1 +

(
ν
r

)2
)
aµn−2 − 2ν

r
µn−1

)
/.{n→ 3}

]
µ4 = FullSimplify

[
a(n−1)
r−(n−1)

((
1 +

(
ν
r

)2
)
aµn−2 − 2ν

r
µn−1

)
/.{n→ 4}

]
que = FullSimplify

[
µ3

µ
3/2
2

]
dee = FullSimplify

[
µ4
µ22

]
• Use Gaussian elimination to solve for r

ans = Eliminate [θ == µ2&&q == que&&d == dee, {a, ν, θ}] ;

Solve[ans, r]

• Use Gaussian elimination to solve for ν

ans = Eliminate [θ == µ2&&q == que&&d == dee, {a, d, θ}] ;

ans = FullSimplify[Solve[ans, ν]];

ans = Part[ans, 1](* Only concerned with real values of ν*)

• Use Gaussian elimination to solve for a

ans = Eliminate [θ == µ2&&q == que&&d == dee, {ν, d}] ;

ans = FullSimplify[Solve[ans, a]];

ans = Part[ans, 2] (* only positive values of a *)
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A.2 In Three Dimensions

The non-normalized three dimensional distribution function then becomes,

fnn−3D =
e−ν tan−1(nTA−1(c−λ))[

1 + (c− λ)T A−2 (c− λ)
]m . (A.45)

A.2.1 Zeroth Moment

Taking the zeroth, raw moment

αµ0 =

∫∫∫
R3

e−ν tan−1(nTA−1(c−λ))[
1 + (c− λ)T A−2 (c− λ)

]md~c, (A.46)

and letting

c̃ = A−1(~c− ~λ) ⇔ ~c = Ac̃+ λ (A.47)

d~c = d(Ac̃)

= det(A)dc̃,

and substituting yields

αµ0 = det(A)

∫∫∫
R3

e−ν tan−1(nT c̃)

[1 + c̃T c̃]m
dc̃. (A.48)

Using the de�nition that µ0 = 1, the normalization constant in three dimensions (K)

is de�ned as

K ≡
∫∫∫

e−ν tan−1(nT c̃)

[1 + c̃T c̃]m
dc̃ (A.49)

=
1

det(A)

∫∫∫
R3

e−ν tan−1(nTA−1(c−λ))[
1 + (c− λ)T A−2 (c− λ)

]mdc.



99

The normalized distribution function is

f (P3) =
1

det(A)K

e−ν tan−1(nTA−1(c−λ))[
1 + (c− λ)T A−2 (c− λ)

]m . (A.50)

A.2.2 Factorization of normalization constant K

The normalization constant can be factored into multiples of the one dimensional

normalization constant by choosing a c̃1 = nT c , c̃2,3 orthogonal to n, and c̃T c̃ =

c̃2
1 + c̃2

2 + c̃2
3. Applying the substitutions

ĉ3 =
c̃3

1 + c̃2
1c̃

2
2

, ĉ2 =
c̃2√

1 + c̃2
1

, ĉ1 = c̃1, (A.51)

K =

∫∫∫
e−ν tan−1(nT ĉ1)

[1 + c̃2
1 + c̃2

2 + c̃2
3]
mdc̃ (A.52)

=

∫∫∫
e−ν tan−1(nT ĉ1) 1

(1 + c̃2
1 + c̃2

2)
m

1(
1 +

c̃23
1+c̃21+c̃22

)mdc̃1dc̃2dc̃3

=

∫
R

e−ν tan−1(nT ĉ1)

(1 + ĉ2
1)
m−1 dĉ1

∫
R

1

(1 + ĉ2
2)
m− 1

2

dĉ2

∫
R

1

(1 + ĉ2
3)
mdĉ3

K = K1(m, ν)K2(m)K3(m) (A.53)

= k(m− 1, ν)k(m− 1

2
, 0)k(m, 0),

where lower case k represents normalization constant in one dimension. This step is

important conceptually, as [2] explains that it allows the three-dimensional moment

equations to be represented as extensions of the one-dimensional equations.
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A.2.3 Velocity, First Raw Moment

v =

∫∫∫
R3

cf (P3)dc (A.54)

=
1

det(A)K

∫∫∫
R3

c
e−ν tan−1(nTA−1(c−λ))[

1 + (c− λ)T A−2 (c− λ)
]mdc

and letting

c̃ = A−1(c− λ) ⇔ c = Ac̃+ λ (A.55)

dc = d(Ac̃)

= det(A)dc̃

and substituting gives

v =
1

��
��det(A)K

∫∫∫
R3

(Ac̃+ λ)
e−ν tan−1(nT c̃)

[1 + c̃T c̃]m
���

�det(A)dc̃ (A.56)

=
A

K

∫∫∫
R3

c̃
e−ν tan−1(nT c̃)

[1 + c̃T c̃]m
dc̃+

λ

K

∫∫∫
R3

c̃
e−ν tan−1(nT c̃)

[1 + c̃T c̃]m
dc̃.

From [2], a coordinate frame is chosen such that c1 = nT c.

Ml =

∫∫∫
R3

nl (c̃l − ṽl) f (P3)dc̃ (A.57)

= nl

∫∫∫
R3

(c̃l − ṽl) f (P3)dc̃

= αnl.

∴ α~n =

∫∫∫
R3

(c̃l − ṽl)
e−ν tan−1(nT c̃)

[1 + c̃T c̃]m
dc̃ (A.58)
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so,

α =
1

K

∫∫∫
nT c̃

e−ν tan−1(nT c̃)

[1 + c̃T c̃]m
dc̃ (A.59)

=
1

K1�
�K2�
�K3

∫
R
ĉ1
e−ν tan−1(nT ĉ1)

(1 + ĉ2
1)
m−1 dĉ1

���
���

���
�

∫
R

1

(1 + ĉ2
2)
m− 1

2

dĉ2
���

���
���

∫
R

1

(1 + ĉ2
3)
mdĉ3

=
1

K1

∫ ∞
−∞

ĉ1
e−ν tan−1(nT ĉ1)

(1 + ĉ2
1)
m−1 dĉ1

and letting

x = tan−1 (ĉ) ⇔ ĉ = tanx (A.60)

dx =
1

1 + c̃2
dĉ

and changing the limits of integration such that x = tan−1(∞) = π
2
and x =

tan−1(−∞) = −π
2
gives

α =
1

K1

∫ π/2

−π/2
tanx

e−ν tan−1 x

(1 + tan2 x)
m−1

dx

cos2 x
(A.61)

=
1

K1

∫ π/2

−π/2

sinx cos2(m−1)−3 x

eνx
dx.

Integrating by parts
∫
u dv =

∮
uv −

∫
v du, letting

u = e−νx and dv = sin(x) cos2(m−2)(x)dx (A.62)

du = −νe−νx v = −cos2(m−2)(x)

2(m− 2)
,
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and substituting gives

α =
1

K1


��

�
��

�
��

��

−cos2(m−2)(x)

eνx2(m− 2)

∣∣∣∣∣
π
2

−π
2

+
ν

2(m− 2)

π/2∫
−π/2

cos2(m−1)(x)

eνx
dx

 (A.63)

= − ν

2(m− 2)

1

K1

∫ ∞
−∞

e−ν tan−1(nT ĉ1)

(1 + ĉ2
1)
m−1 dĉ1 = − ν

2(m− 2)
.

Substituting gives

v = λ− νA~n

2(m− 2)
. (A.64)

With the simpli�cation that r = 2(m− 2), the expression becomes

v = λ− ν

r
A~n. (A.65)

A.2.4 Second to Fourth Moments

Second Moment

Beginning with the second moment of the Pearson-IV in 3D,

Mij = AikAjl

∫∫∫
R3

(c̃k − ν̃k)(c̃l − ν̃l)f (P3)dc̃, (A.66)

assume the equation is normalized and rotate the coordinate frame such that c1 = nT c̃

M̃kl =

∫∫∫
R3

nknl(c̃k − ν̃k)(c̃l − ν̃l)f (P3)dc̃ (A.67)

=

∫∫∫
R3

nknlc̃kc̃lf
(P3)dc̃−

���
���

���
���

�

2nknlṽk

∫∫∫
R3

c̃lf
(P3)dc̃+

∫∫∫
R3

nknlṽkṽlf
(P3)dc̃

= αnknl + βδkl.
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Multiply both sides by nknl,∫∫∫
R3

nknl(c̃k − ν̃k)(c̃l − ν̃l)f (P3)dc̃ = αnknlnknl + βnknlδkl. (A.68)

Making the summation explicit, on the left side we have

∫∫∫
R3

3∑
k=1

3∑
l=1

nknl(c̃k − ν̃k)(c̃l − ν̃l)f (P3)dc̃ = (A.69)

n2
1 (c1 − v1) 2 + 2n1n2 (c1 − v1) (c2 − v2) + n2

2 (c2 − v2) 2 + 2n1n3 (c1 − v1) (c3 − v3) . . .

+2n2n3 (c2 − v2) (c3 − v3) + n2
3 (c3 − v3) 2.

Here, the coordinate system is rotated such that the skewness unit vector is purely in

the direction of n1 and consequently n2 and n3 are zero. The random velocities are

chosen such that c1 is in the direction of n1 and that c1, c2 and c3 are orthogonal to

each other. Thus, the average velocity components ν2 and ν3 are zero.∫∫∫
R3

n2
1(c̃1 − ν̃1)2f (P3)dc̃. (A.70)

From Eq. 2.18 we have the generalization of moments to three dimensions:

µp,qn =
1

K

∫∫∫
R3

(c̃1 − ν̃1)nc̃p2c̃
q
3

exp(−ν arctan(c̃1))

(1 + c̃2
1 + c̃2

2 + c̃2
3)
dc̃. (A.71)

From here it is easy to see the expression is identical to µ0,0
2 . On the right hand side

of the equation, with explicit summation, the resulting expression is

α

3∑
k=1

3∑
l=1

nknlnknl +β

3∑
k=1

3∑
l=1

nknlδkl = α
(
n2

1 + n2
2 + n2

3

)
2 +β(n2

1 +n2
2 +n2

3) = α+β.

(A.72)
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With n being a unit vector, combining the right and left hand sides yields

µ0,0
2 = α + β. (A.73)

Multiplying the normalized second moment by δkl yields

∫∫∫
R3

3∑
k=1

3∑
l=1

δkl(c̃k− ν̃k)(c̃l− ν̃l)f (P3)dc̃ = α
3∑

k=1

3∑
l=1

δklnknl+β
3∑

k=1

3∑
l=1

δklδkl, (A.74)

with explicit summation. Evaluating yields

∫∫∫
R3

[
(c̃1 − ṽ1) 2 + (c̃2 − ṽ2) 2 + (c̃3 − ṽ3) 2

]
f (P3)dc̃ = α(n2

1+n2
2+n2

3)+β(3). (A.75)

It is easy to see that this can be expressed in terms of the generalized moments in

three dimensions

µ0,0
2 + µ2,0

0 + µ0,2
0 = α + 3β. (A.76)

Further, µ0,0
2 = µ2,0

0 , so that

3µ0,0
2 = α + 3β. (A.77)

Solving for α and β yields α = 0 and β = µ0,0
2 . Substituting into the second moment

gives

Mij = Θij = µ0,0
2 A2 =

1 +
(
ν
r

)2

r − 1
A2. (A.78)

Third Moment

Beginning with the third moment of the Pearson-IV in 3D,

Mijk = AilAjpAkq

∫∫∫
R3

(c̃l − ν̃l)(c̃p − ν̃p)(c̃q − ν̃q)f (P3)dc̃, (A.79)
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assume the equation is normalized and rotate the coordinate frame such that c1 = nT c̃,

M̃lpq =

∫∫∫
R3

nlnpnq(c̃l − ν̃l)(c̃p − ν̃p)(c̃q − ν̃q)f (P3)dc̃ (A.80)

=

∫∫∫
R3

nlnpnq [c̃lc̃pc̃q − ṽlṽpṽq] f (P3)dc̃−
∫∫∫

R3

n(lnpnqṽlc̃pc̃q)f
(P3)dc̃

= αnlnpnq + β n(lδpq).

For convenience, n(lδpq) uses the same notation as the symmetrization of a tensor

[7, 8],

T(i1i2...ir) =
1

r!

∑
Permutations

T(i1i2...ir,ir...i2i1,etc...), (A.81)

where the i's represent the indices of a tensor up to order r. This notation allows the

ordered permutations of terms to be grouped together, as can be seen in the expansion

of

3n(lδpq) = (nlδpq + nqδlp + npδql) . (A.82)

After making the summation explicit, multiplying both sides by nlnpnq yields a left

hand side equal to

∫∫∫
R3

3∑
l=1

3∑
p=1

3∑
q=1

nlnpnq(c̃l − ν̃l)(c̃p − ν̃p)(c̃q − ν̃q)f (P3)dc̃. (A.83)

Here, the coordinate system is rotated such that the skewness unit vector is purely

in the direction of n1 and consequently n2 and n3 are zero. The random velocities

are chosen such that c1 is in the direction of n1 and that c1, c2 and c3 are orthogonal

to each other. Thus, the average velocity components ν2 and ν3 are zero. From the

generalized moment equation in three dimensions,

µp,qn =
1

K

∫∫∫
R3

(c̃1 − ν̃1)nc̃p2c̃
q
3

exp(−ν arctan(c̃1))

(1 + c̃2
1 + c̃2

2 + c̃2
3)
dc̃, (A.84)
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it is obvious that, with n1 = 1,

∫∫∫
R3

n3
1(c̃1 − ν̃1)3f (P3)dc̃ = µ0,0

3 . (A.85)

The right hand side of the equation with explicit summation is equal to

α
3∑
l=1

3∑
p=1

3∑
q=1

nlnpnqnlnpnq + β

3∑
l=1

3∑
p=1

3∑
q=1

nlnpnqn(lδpq) (A.86)

= α
(
n2

1 + n2
2 + n2

3

)
3 + β

(
n2

1 + n2
2 + n2

3

)
2.

The combined equation becomes

µ0,0
3 = α + β. (A.87)

Multiplying the normalized third moment by nlδpq yields a left hand side

∫∫∫
R3

3∑
l=1

3∑
p=1

3∑
q=1

nlδpq(c̃l − ν̃l)(c̃p − ν̃p)(c̃q − ν̃q)f (P3)dc̃. (A.88)

As before, setting ν2, ν3, n2 and n3 to zero,

∫∫∫
R3

[c2
2n1 (c1 − v1) + c2

3n1 (c1 − v1) + n1 (c1 − v1) 3]f (P3)dc̃. (A.89)

it is easy to see from the general moment equation that this is equivalent to

µ0,0
3 + µ2,0

1 + µ0,2
1 . (A.90)

The right hand side with explicit summation is equal to

α

3∑
l=1

3∑
p=1

3∑
q=1

nlδpqnlnpnq + β

3∑
l=1

3∑
p=1

3∑
q=1

nlδpqn(lδpq) (A.91)
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= α
(
n2

1 + n2
2 + n2

3

)
2 +

5

3
β(n2

1 + n2
2 + n2

3).

Combining these equations yields

µ0,0
3 + µ2,0

1 + µ0,2
1 = α +

5

3
β. (A.92)

To solve for the constants α and β, it is necessary to relate the moments µ0,0
3 and µ2,0

1

using the recursion relationship

µ̃n =
1

1− n− p− q + r

(
(n− 1)

(
1 +

(ν
r

)
2
)
µ̃p,qn−2 − (2(n− 1) + p+ q)

ν

r
µ̃p,qn−1

)
,

(A.93)

where

µ̃p,q−1 = 0, (A.94)

µ̃p,q0 = (p− 1)!!(q − 1)!!

p+q
2∏

k=1

1 + ν2

(2−2k+r)2

1− 2k + r
. (A.95)

After evaluating, the moments are found to be

µ2,0
1 = − 2v (r2 + v2)

(−2 + r)(−1 + r)r3
(A.96)

and

µ0,0
3 = −

4v
(

1 + v2

r2

)
(−2 + r)(−1 + r)r

. (A.97)

It is easy to see from these expressions that µ2,0
1 = µ0,2

1 = 1
2
µ0,0

3 . Using these relation-

ships, the system of equations for the third moment becomes

µ0,0
3 = α + β, (A.98)

2µ0,0
3 = α +

5

3
β. (A.99)
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Solving these equations for α and β gives α = −1
2
µ0,0

3 and β = 3
2
µ0,0

3 . Substituting

back in, the third moment is

Mijk = µ0,0
3 AilAjpAkq

(
−1

2
nlnpnq +

3

2
n(lδpq)

)
. (A.100)

Fourth Moment

Beginning with the fourth moment of the Pearson-IV in 3D,

Mijkl = AilAjpAkqAls

∫∫∫
R3

(c̃l − ṽl)(c̃p − ṽp)(c̃q − ṽq)(c̃s − ṽs)f (P3)dc̃, (A.101)

assume the equation is normalized and rotate the coordinate frame such that c1 = nT c̃,

M̃ijkl =

∫∫∫
R3

(c̃l − ṽl)(c̃p − ṽp)(c̃q − ṽq)(c̃s − ṽs)f (P3)dc̃ (A.102)

=

∫∫∫
R3

nlnpnqns(c̃l − ṽl)(c̃p − ṽp)(c̃q − ṽq)(c̃s − ṽs)f (P3)dc̃

=

∫∫∫
R3

nlnpnqns [c̃lc̃pc̃q c̃s + ṽlṽpṽqṽs] f
(P3)dc̃

+

∫∫∫
R3

n(lnpnqnsc̃lc̃pc̃qṽs)f
(P3)dc̃−

∫∫∫
R3

n(lnpnqnsc̃lc̃pṽqṽs)f
(P3)dc̃

= αnlnpnqns + β n(lnpδqs) + γ δ(lpδqs).

Again for convenience, n(lnpδqs) and δ(lpδqs) use the same notation as the symmetriza-

tion of a tensor

T(i1i2...ir) =
1

r!

∑
Permutations

T(i1i2...ir,ir...i2i1,etc...). (A.103)

After multiplying both sides of the moment equation by nlnpnqns and making the

summation explicit, the left hand side is equal to

3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

nlnpnqns (cl − vl) (cp − vp) (cq − vq) (cs − vs) f (P3)dc̃. (A.104)
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Here, the coordinate system is rotated such that the skewness unit vector is purely

in the direction of n1 and consequently n2 and n3 are zero. The random velocities

are chosen such that c1 is in the direction of n1 and that c1, c2 and c3 are orthogonal

to each other. Thus, the average velocity components ν2 and ν3 are zero. From the

generalized moment equation in three dimensions,

µp,qn =
1

K

∫∫∫
R3

(c̃1 − ν̃1)nc̃p2c̃
q
3

exp(−ν arctan(c̃1))

(1 + c̃2
1 + c̃2

2 + c̃2
3)
dc̃, (A.105)

it can be seen that ∫∫∫
R3

n4
1(c̃1 − ν̃1)4f (P3)dc̃ = µ0,0

4 . (A.106)

The right hand side of the equation with explicit summation is equal to

=
3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

nlnpnqnsαnlnpnqns (A.107)

+
3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

nlnpnqnsβn(lnpδqs)

+
3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

nlnpnqnsγδ(lpδqs)

= α + β + γ. (A.108)

The combined equation becomes

µ0,0
4 = α + β + γ. (A.109)

Multiplying the normalized fourth moment by nlnpδqs yields a left hand side

3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

nlnpδqs (cl − vl) (cp − vp) (cq − vq) (cs − vs) f (P3)dc̃. (A.110)
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As before, setting ν2, ν3, n2 and n3 to zero yields

∫∫∫
R3

[
c2

2 (c1 − v1) 2 + c2
3 (c1 − v1) 2 + (c1 − v1) 4

]
f (P3)dc̃. (A.111)

From the generalized moment equation, this is equivalent to

µ2,0
2 + µ0,2

2 + µ0,0
4 . (A.112)

The right hand side with explicit summation is equal to

=
3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

nlnpδqsαnlnpnqns (A.113)

+
3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

nlnpδqsβn(lnpδqs) (A.114)

+
3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

nlnpδqsγδ(lpδqs)

= α +
4β

3
+

5γ

3
.

Combining these equations leads to

µ2,0
2 + µ0,2

2 + µ0,0
4 = α +

4β

3
+

5γ

3
. (A.115)

Multiplying the equation by δ(lpδqs) yields a left hand side equal to

3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

δ(lpδqs) (cl − vl) (cp − vp) (cq − vq) (cs − vs) f (P3)dc̃. (A.116)



111

As before, setting ν2, ν3, n2 and n3 to zero

3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

[
c4

2 + 2c2
2c

2
3 + c4

3 + 2c2
2 (c1 − v1) 2 + 2c2

3 (c1 − v1) 2 + (c1 − v1) 4
]
f (P3)dc̃.

(A.117)

Simplifying from the expression for general moments gives

µ4,0
0 + 2µ2,2

0 + µ0,4
0 + 2µ2,0

2 + 2µ0,2
2 + µ0,0

4 . (A.118)

The right hand side with explicit summation is equal to

=
3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

δlpδqsαnlnpnqns +
3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

δlpδqsβn(lnpδqs) (A.119)

+
3∑
l=1

3∑
p=1

3∑
q=1

3∑
s=1

δlpδqsγδ(lpδqs)

= α +
5β

3
+ 5γ.

Combining these equations gives

µ4,0
0 + 2µ2,2

0 + µ0,4
0 + 2µ2,0

2 + 2µ0,2
2 + µ0,0

4 = α +
5β

3
+ 5γ. (A.120)

To solve for the unknowns it is �rst necessary to relate as many moments as possible

using the recursion relationship

µ̃n =
1

1− n− p− q + r

(
(n− 1)

(
1 +

(ν
r

)
2
)
µ̃p,qn−2 − (2(n− 1) + p+ q)

ν

r
µ̃p,qn−1

)
,

(A.121)

where

µ̃p,q−1 = 0, (A.122)

µ̃p,q0 = (p− 1)!!(q − 1)!!

p+q
2∏

k=1

1 + ν2

(2−2k+r)2

1− 2k + r
. (A.123)
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Evaluation shows the moments to be

µ0,0
4 =

3 (r2 + v2) ((−2 + r)r2 + (6 + r)v2)

(−3 + r)(−2 + r)(−1 + r)r4
, (A.124)

µ0,2
2 = µ2,0

2 =
(−2 + r)r4 + 2r2(2 + r)v2 + (6 + r)v4

(−3 + r)(−2 + r)(−1 + r)r4
, (A.125)

µ2,2
0 =

((−2 + r)2 + v2) (r2 + v2)

(−3 + r)(−2 + r)2(−1 + r)r2
, (A.126)

µ4,0
4 =

3 ((−2 + r)2 + v2) (r2 + v2)

(−3 + r)(−2 + r)2(−1 + r)r2
. (A.127)

The relationship between moments is therefore shown to be

µ0,0
4 = 3µ0,2

2 = 3µ2,0
2 , (A.128)

µ4,04 = µ0,4
4 = 3µ2,2

0 . (A.129)

Using these expressions, the full system of equations for the fourth moment is shown

to be

µ0,0
4 = α + β + γ, (A.130)

1

3
µ0,0

4 +
1

3
µ0,0

4 + µ0,0
4 = α +

4β

3
+

5γ

3
, (A.131)

µ4,0
0 + 2

1

3
µ4,0

4 + µ0,4
0 + 2

1

3
µ0,0

4 + 2
1

3
µ0,0

4 + µ0,0
4 = α +

5β

3
+ 5γ. (A.132)

Solving these equations for the constants α, β, and γ yields

α = µ4,0
0 − µ

0,0
4 , (A.133)

β = −2
(
µ4,0

0 − µ
0,0
4

)
, (A.134)

γ = µ4,0
0 . (A.135)
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Substituting back into the original moment equation yields

Mijkl = AilAjpAkqAls
[(
µ4,0

0 − µ
0,0
4

)
nlnpnqns − 2

(
µ4,0

0 − µ
0,0
4

)
n(lnpδqs) + µ4,0

0 δ(lpδqs)
]
.

(A.136)

A.2.5 Using Mathematica to Solve the 4th Moment of the 3-D Pearson-IV function

Mathematica is used to carry through the indicial notation for this derivation. An

example for the source code used in the derivation of the fourth moment is presented

here for completeness.
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" 4th Moment of the Pearson−IV 3D Equation";

"Starting with the equation:";

"Mlpqs=α nlnpnqns + β nHlnpδqsL + γ δHlpδqsL";

" ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ";

" Build Symmetric Part of 4th Rank Tensor ";

"All Possible Combinations:";

P = Permutations@8l, p, q, s<D;
Symm1 = 0; H∗ nHlnpδqsL ∗L
For@index = 1, index < 25,

8
i = P@@index, 1DD;
j = P@@index, 2DD;
k = P@@index, 3DD;
h = P@@index, 4DD;
dummy = ni nh KroneckerDelta@j, kD;
Symm1 = Symm1 + dummy;

< index++D;
Symm1 = Symm1 ê H4!L; H∗ nHlnpδqsL ∗L

Symm2 = 0; H∗ δHlpδqsL ∗L
For@index = 1, index < 25,

8
i = P@@index, 1DD;
j = P@@index, 2DD;
k = P@@index, 3DD;
h = P@@index, 4DD;
dummy = KroneckerDelta@i, hD KroneckerDelta@j, kD;
Symm2 = Symm2 + dummy;

< index++D;
Symm2 = Symm2 ê H4!L; H∗ δHlpδqsL ∗L
" ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ";

"Multiply both sides by nlnpnqns";

" NOTE: This is inside the integrand ";

"Explicit Summation";

A = ‚
l=1

3

‚
p=1

3

‚
q=1

3

‚
s=1

3

nl np nq ns Hcl − vlL Icp − vpM Icq − vqM Hcs − vsL

n1
4 Hc1 − v1L4 + 4 n1

3 n2 Hc1 − v1L3 Hc2 − v2L + 6 n1
2 n2

2 Hc1 − v1L2 Hc2 − v2L2 + 4 n1 n2
3 Hc1 − v1L Hc2 − v2L3 + n2

4 Hc2 − v2L4 +
4 n1

3 n3 Hc1 − v1L3 Hc3 − v3L + 12 n1
2 n2 n3 Hc1 − v1L2 Hc2 − v2L Hc3 − v3L + 12 n1 n2

2 n3 Hc1 − v1L Hc2 − v2L2 Hc3 − v3L +

4 n2
3 n3 Hc2 − v2L3 Hc3 − v3L + 6 n1

2 n3
2 Hc1 − v1L2 Hc3 − v3L2 + 12 n1 n2 n32 Hc1 − v1L Hc2 − v2L Hc3 − v3L2 +

6 n2
2 n3

2 Hc2 − v2L2 Hc3 − v3L2 + 4 n1 n33 Hc1 − v1L Hc3 − v3L3 + 4 n2 n33 Hc2 − v2L Hc3 − v3L3 + n34 Hc3 − v3L4

"Simplification Step 1: ν2 and ν3 are both zero.";

B = A ê. 8v2 → 0, v3 → 0<
c2
4 n2

4 + 4 c2
3 c3 n2

3 n3 + 6 c2
2 c3

2 n2
2 n3

2 + 4 c2 c3
3 n2 n3

3 + c3
4 n3

4 + 4 c2
3 n1 n2

3 Hc1 − v1L +

12 c2
2 c3 n1 n2

2 n3 Hc1 − v1L + 12 c2 c3
2 n1 n2 n3

2 Hc1 − v1L + 4 c3
3 n1 n3

3 Hc1 − v1L + 6 c2
2 n1

2 n2
2 Hc1 − v1L2 +

12 c2 c3 n1
2 n2 n3 Hc1 − v1L2 + 6 c32 n12 n32 Hc1 − v1L2 + 4 c2 n13 n2 Hc1 − v1L3 + 4 c3 n13 n3 Hc1 − v1L3 + n14 Hc1 − v1L4

"Simplification Step 2: n2 and n3 are both zero.";

F = B ê. 8n2 → 0, n3 → 0<
n1
4 Hc1 − v1L4

"From this it is clear that the left side of the eq. is µ4
0,0

";

"nlnpnqnsα nlnpnqns Explicit Summation:";

A = ‚
l=1

3

‚
p=1

3

‚
q=1

3

‚
s=1

3

nl np nq ns α nl np nq ns

α n1
8 + 4 α n1

6 n2
2 + 6 α n1

4 n2
4 + 4 α n1

2 n2
6 + α n2

8 + 4 α n1
6 n3

2 + 12 α n1
4 n2

2 n3
2 +

12 α n1
2 n2

4 n3
2 + 4 α n2

6 n3
2 + 6 α n1

4 n3
4 + 12 α n1

2 n2
2 n3

4 + 6 α n2
4 n3

4 + 4 α n1
2 n3

6 + 4 α n2
2 n3

6 + α n3
8
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B = Factor@AD
α In1

2 + n2
2 + n3

2M4

B ê. 9n12 + n22 + n32 → 1= H∗ n is a unit vector ∗L
α

"nlnpnqnsβ nHlnpδqsL Explicit Summation:";

A = ‚
l=1

3

‚
p=1

3

‚
q=1

3

‚
s=1

3

nl np nq ns β Symm1

β n1
6 + 2 β n1

4 n2
2 + 2 β n1

2 n2
4 + β n2

6 +
1

4
β n1

2 n2
2 I4 n1

2 + 4 n2
2M + 2 β n1

4 n3
2 + 6 β n1

2 n2
2 n3

2 +

2 β n2
4 n3

2 + 2 β n1
2 n3

4 + 2 β n2
2 n3

4 + β n3
6 +

1

4
β n1

2 n3
2 I4 n1

2 + 4 n3
2M +

1

4
β n2

2 n3
2 I4 n2

2 + 4 n3
2M

B = Factor@AD
β In12 + n22 + n32M

3

B ê. 9n12 + n22 + n32 → 1= H∗ n is a unit vector ∗L
β

"nlnpnqnsγ δHlpδqsL Explicit Summation:";

A = ‚
l=1

3

‚
p=1

3

‚
q=1

3

‚
s=1

3

nl np nq ns γ Symm2

γ n1
4 + 2 γ n1

2 n2
2 + γ n2

4 + 2 γ n1
2 n3

2 + 2 γ n2
2 n3

2 + γ n3
4

B = Factor@AD
γ In12 + n22 + n32M

2

B ê. 9n12 + n22 + n32 → 1=
γ

"Combining these equations yields:";

"µ4
0,0

= α + β + γ";

"∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗";

"Multiply the Equation by nlnpδqs";

" NOTE: This is inside the integrand ";

"Explicit Summation";

A = ‚
l=1

3

‚
p=1

3

‚
q=1

3

‚
s=1

3

nl np KroneckerDelta@q, sD Hcl − vlL Icp − vpM Icq − vqM Hcs − vsL

n1
2 Hc1 − v1L4 + 2 n1 n2 Hc1 − v1L3 Hc2 − v2L + n1

2 Hc1 − v1L2 Hc2 − v2L2 + n22 Hc1 − v1L2 Hc2 − v2L2 + 2 n1 n2 Hc1 − v1L Hc2 − v2L3 +
n2
2 Hc2 − v2L4 + 2 n1 n3 Hc1 − v1L3 Hc3 − v3L + 2 n2 n3 Hc1 − v1L2 Hc2 − v2L Hc3 − v3L + 2 n1 n3 Hc1 − v1L Hc2 − v2L2 Hc3 − v3L +

2 n2 n3 Hc2 − v2L3 Hc3 − v3L + n1
2 Hc1 − v1L2 Hc3 − v3L2 + n3

2 Hc1 − v1L2 Hc3 − v3L2 + 2 n1 n2 Hc1 − v1L Hc2 − v2L Hc3 − v3L2 +
n2
2 Hc2 − v2L2 Hc3 − v3L2 + n3

2 Hc2 − v2L2 Hc3 − v3L2 + 2 n1 n3 Hc1 − v1L Hc3 − v3L3 + 2 n2 n3 Hc2 − v2L Hc3 − v3L3 + n3
2 Hc3 − v3L4

"Simplification Step 1: ν2 and ν3 are both zero.";
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B = A ê. 8v2 → 0, v3 → 0<
c2
4 n2

2 + c2
2 c3

2 n2
2 + 2 c2

3 c3 n2 n3 + 2 c2 c3
3 n2 n3 + c2

2 c3
2 n3

2 + c3
4 n3

2 + 2 c2
3 n1 n2 Hc1 − v1L + 2 c2 c3

2 n1 n2 Hc1 − v1L +

2 c2
2 c3 n1 n3 Hc1 − v1L + 2 c3

3 n1 n3 Hc1 − v1L + c2
2 n1

2 Hc1 − v1L2 + c32 n12 Hc1 − v1L2 + c22 n22 Hc1 − v1L2 +
2 c2 c3 n2 n3 Hc1 − v1L2 + c32 n32 Hc1 − v1L2 + 2 c2 n1 n2 Hc1 − v1L3 + 2 c3 n1 n3 Hc1 − v1L3 + n12 Hc1 − v1L4

"Simplification Step 2: n2 and n3 are both zero.";

F = B ê. 8n2 → 0, n3 → 0<
"Simplification Step 3: n is a unit vector"

c2
2 n1

2 Hc1 − v1L2 + c32 n12 Hc1 − v1L2 + n12 Hc1 − v1L4 ê. 9n12 → 1=
c2
2 Hc1 − v1L2 + c32 Hc1 − v1L2 + Hc1 − v1L4

" This is clearly equal to: µ2
2,0

+ µ2
0,2

+ µ4
0,0

";

"nlnpδqsα nlnpnqns Explicit Summation:";

A = ‚
l=1

3

‚
p=1

3

‚
q=1

3

‚
s=1

3

nl np KroneckerDelta@q, sD α nl np nq ns

α n1
6 + 3 α n1

4 n2
2 + 3 α n1

2 n2
4 + α n2

6 + 3 α n1
4 n3

2 + 6 α n1
2 n2

2 n3
2 + 3 α n2

4 n3
2 + 3 α n1

2 n3
4 + 3 α n2

2 n3
4 + α n3

6

B = Factor@AD
α In12 + n22 + n32M

3

B ê. 9n12 + n22 + n32 → 1=
α

"nlnpδqsβ nHlnpδqsL Explicit Summation:";

A = ‚
l=1

3

‚
p=1

3

‚
q=1

3

‚
s=1

3

nl np KroneckerDelta@q, sD β Symm1

β n1
4 +

7

3
β n1

2 n2
2 + β n2

4 +
1

24
β n1

2 I4 n1
2 + 4 n2

2M +
1

24
β n2

2 I4 n1
2 + 4 n2

2M +
7

3
β n1

2 n3
2 +

7

3
β n2

2 n3
2 +

β n3
4 +

1

24
β n1

2 I4 n1
2 + 4 n3

2M +
1

24
β n3

2 I4 n1
2 + 4 n3

2M +
1

24
β n2

2 I4 n2
2 + 4 n3

2M +
1

24
β n3

2 I4 n2
2 + 4 n3

2M

B = Factor@AD
4

3
β In12 + n22 + n32M

2

B ê. 9n12 + n22 + n32 → 1=
4 β

3

"nlnpδqsγ δHlpδqsL Explicit Summation:";

A = ‚
l=1

3

‚
p=1

3

‚
q=1

3

‚
s=1

3

nl np KroneckerDelta@q, sD γ Symm2

5 γ n1
2

3
+
5 γ n2

2

3
+
5 γ n3

2

3

B = Factor@AD
5

3
γ In12 + n22 + n32M
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B ê. 9n12 + n22 + n32 → 1=
5 γ

3

"Combining these equations yields:";

"µ2
2,0

+ µ2
0,2

+ µ4
0,0

= α +
4 β

3
+

5 γ

3
";

"∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗";

"Multiply the Equation by δlpδqs";

" NOTE: This is inside the integrand ";

"Explicit Summation";

A = ‚
l=1

3

‚
p=1

3

‚
q=1

3

‚
s=1

3

KroneckerDelta@l, pD KroneckerDelta@q, sD Hcl − vlL Icp − vpM Icq − vqM Hcs − vsL

Hc1 − v1L4 + 2 Hc1 − v1L2 Hc2 − v2L2 + Hc2 − v2L4 + 2 Hc1 − v1L2 Hc3 − v3L2 + 2 Hc2 − v2L2 Hc3 − v3L2 + Hc3 − v3L4

"Simplification Step 1: ν2 and ν3 are both zero.";

B = A ê. 8v2 → 0, v3 → 0<
c2
4 + 2 c2

2 c3
2 + c3

4 + 2 c2
2 Hc1 − v1L2 + 2 c3

2 Hc1 − v1L2 + Hc1 − v1L4

" This is clearly equal to: µ0
4,0

+ 2µ0
2,2

+ µ0
0,4

+ 2µ2
2,0

+ 2µ2
0,2

+ µ4
0,0

";

"δlpδqsα nlnpnqns Explicit Summation:";

A = ‚
l=1

3

‚
p=1

3

‚
q=1

3

‚
s=1

3

KroneckerDelta@l, pD KroneckerDelta@q, sD α nl np nq ns

α n1
4 + 2 α n1

2 n2
2 + α n2

4 + 2 α n1
2 n3

2 + 2 α n2
2 n3

2 + α n3
4

B = Factor@AD
α In12 + n22 + n32M

2

B ê. 9n12 + n22 + n32 → 1=
α

"δlpδqsβ nHlnpδqsL Explicit Summation:";

A = Symm1 ∗ KroneckerDelta@l, pD ∗ KroneckerDelta@q, sD;
B = Expand@AD
1

6
KroneckerDelta@l, pD KroneckerDelta@q, sD2 nl np +

1

6
KroneckerDelta@l, pD KroneckerDelta@p, sD KroneckerDelta@q, sD nl nq +

1

6
KroneckerDelta@l, pD KroneckerDelta@l, sD KroneckerDelta@q, sD np nq +

1

6
KroneckerDelta@l, pD KroneckerDelta@p, qD KroneckerDelta@q, sD nl ns +

1

6
KroneckerDelta@l, pD KroneckerDelta@l, qD KroneckerDelta@q, sD np ns +

1

6
KroneckerDelta@l, pD2 KroneckerDelta@q, sD nq ns
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A = ‚
l=1

3

‚
p=1

3

‚
q=1

3

‚
s=1

3

β B

β n1
2 + β n2

2 + 2 β
n1
2

6
+
n2
2

6
+ β n3

2 + 2 β
n1
2

6
+
n3
2

6
+ 2 β

n2
2

6
+
n3
2

6

B = Factor@AD
5

3
β In1

2 + n2
2 + n3

2M

B ê. 9n12 + n22 + n32 → 1=
5 β

3
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"δlpδqsγ δHlpδqsL Explicit Summation:";

A = ‚
l=1

3

‚
p=1

3

‚
q=1

3

‚
s=1

3

KroneckerDelta@l, pD KroneckerDelta@q, sD γ Symm2

5 γ

"Combining these equations yields:";

"µ0
4,0

+ 2µ0
2,2

+ µ0
0,4

+ 2µ2
2,0

+ 2µ2
0,2

+ µ4
0,0

= α +
5 β

3
+ 5 γ";

"∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗";

"The combined system of equations is:"

"µ4
0,0

= α + β + γ";

"µ2
2,0

+ µ2
0,2

+ µ4
0,0

= α +
4 β

3
+

5 γ

3
";

"µ0
4,0

+ 2µ0
2,2

+ µ0
0,4

+ 2µ2
2,0

+ 2µ2
0,2

+ µ4
0,0

= α +
5 β

3
+ 5 γ";

"∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗";

"Using the Recursion Relation, Find an Expression for µ4
0,0

"

µ−1 = 0;

µ0 = FullSimplifyBHp − 1L!! Hq − 1L!! ‰
k=1

p+q

2
1 +

v2

H2−2 k+rL2

1 − 2 k + r
ê. 8p → 0, q → 0<F;

µ1 =
1

1 − n − p − q + r
Hn − 1L 1 +

v

r
^2 µn−2 − H2 Hn − 1L + p + qL v

r
µn−1 ê. 8q → 0, p → 0, n → 1<;

µ2 =
1

1 − n − p − q + r
Hn − 1L 1 +

v

r
^2 µn−2 − H2 Hn − 1L + p + qL v

r
µn−1 ê. 8q → 0, p → 0, n → 2<;

µ3 =
1

1 − n − p − q + r
Hn − 1L 1 +

v

r
^2 µn−2 − H2 Hn − 1L + p + qL v

r
µn−1 ê. 8q → 0, p → 0, n → 3<;

µ4 =
1

1 − n − p − q + r
Hn − 1L 1 +

v

r
^2 µn−2 − H2 Hn − 1L + p + qL v

r
µn−1 ê. 8q → 0, p → 0, n → 4<;

FullSimplify@µ4D
3 Ir2 + v2M IH−2 + rL r2 + H6 + rL v2M

H−3 + rL H−2 + rL H−1 + rL r4 ;

" µ4
0,0

=
3 Ir2 + v2M IH−2 + rL r2 + H6 + rL v2M

H−3 + rL H−2 + rL H−1 + rL r4 ";

"Using the Recursion Relation, Find an Expression for µ2
0,2

";

µ−1 = 0;

µ0 = FullSimplifyBHp − 1L!! Hq − 1L!! ‰
k=1

p+q

2 1 +
v2

H2−2 k+rL2

1 − 2 k + r
ê. 8p → 0, q → 2<F;

µ1 =
1

1 − n − p − q + r
Hn − 1L 1 +

v

r
^2 µn−2 − H2 Hn − 1L + p + qL v

r
µn−1 ê. 8q → 2, p → 0, n → 1<;

µ2 =
1

1 − n − p − q + r
Hn − 1L 1 +

v

r
^2 µn−2 − H2 Hn − 1L + p + qL v

r
µn−1 ê. 8q → 2, p → 0, n → 2<;
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FullSimplify@µ2D
H−2 + rL r4 + 2 r2 H2 + rL v2 + H6 + rL v4

H−3 + rL H−2 + rL H−1 + rL r4

" µ2
0,2

= µ2
2,0

=
H−2 + rL r4 + 2 r2 H2 + rL v2 + H6 + rL v4

H−3 + rL H−2 + rL H−1 + rL r4 "

"Using the Recursion Relation, Find an Expression for µ0
2,2

";

µ−1 = 0;

µ0 = FullSimplifyBHp − 1L!! Hq − 1L!! ‰
k=1

p+q

2 1 +
v2

H2−2 k+rL2

1 − 2 k + r
ê. 8p → 2, q → 2<F;

FullSimplify@µ0D
IH−2 + rL2 + v2M Ir2 + v2M

H−3 + rL H−2 + rL2 H−1 + rL r2

" µ0
2,2

=
IH−2 + rL2 + v2M Ir2 + v2M

H−3 + rL H−2 + rL2 H−1 + rL r2
"

"Using the Recursion Relation, Find an Expression for µ0
4,0

"

µ−1 = 0;

µ0 = FullSimplifyBHp − 1L!! Hq − 1L!! ‰
k=1

p+q

2
1 +

v2

H2−2 k+rL2

1 − 2 k + r
ê. 8p → 4, q → 0<F;

FullSimplify@µ0D
3 IH−2 + rL2 + v2M Ir2 + v2M

H−3 + rL H−2 + rL2 H−1 + rL r2

" µ4
4, 0

=
3 IH−2 + rL2 + v2M Ir2 + v2M

H−3 + rL H−2 + rL2 H−1 + rL r2
"

"∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗"

"List of All Moments:"

" µ4
4, 0

= µ4
0, 4

=
3 IH−2 + rL2 + v2M Ir2 + v2M

H−3 + rL H−2 + rL2 H−1 + rL r2
"

" µ0
2,2

=
IH−2 + rL2 + v2M Ir2 + v2M

H−3 + rL H−2 + rL2 H−1 + rL r2
"

" µ2
0,2

= µ2
2,0

=
H−2 + rL r4 + 2 r2 H2 + rL v2 + H6 + rL v4

H−3 + rL H−2 + rL H−1 + rL r4 "

" µ4
0,0

=
3 Ir2 + v2M IH−2 + rL r2 + H6 + rL v2M

H−3 + rL H−2 + rL H−1 + rL r4 ";
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FullSimplifyB 3 Ir2 + v2M IH−2 + rL r2 + H6 + rL v2M
H−3 + rL H−2 + rL H−1 + rL r4 ì H−2 + rL r4 + 2 r2 H2 + rL v2 + H6 + rL v4

H−3 + rL H−2 + rL H−1 + rL r4 F

3

"∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗" ;

"Relations Between Moments:"

" µ4
0,0

= 3µ2
0,2

= 3µ2
2,0

"

" µ4
4, 0

= µ4
0, 4

= 3µ0
2,2

"

"∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗" ;

"The combined system of equations is:"

"µ4
0,0

= α + β + γ";

"
1

3
µ4
0,0

+
1

3
µ4
0,0

+ µ4
0,0

= α +
4 β

3
+

5 γ

3
";

"µ0
4,0

+ 2
1

3
µ4
4, 0

+ µ0
0,4

+ 2
1

3
µ4
0,0

+ 2
1

3
µ4
0,0

+ µ4
0,0

= α +
5 β

3
+ 5 γ";

"∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗";

" Solving this system of equations : ";

" x = µ4
0,0

, y = µ0
4,0

"

ans = SolveB
x == α + β + γ &&

H1 ê 3L x + H1 ê 3L x + x == α +
4

3
β +

5

3
γ &&

y + 2 H1 ê 3L y + y + 2 H1 ê 3L x + 2 H1 ê 3L x + x == α +
5

3
β + 5 γ

, 8α, β, γ<F;
x = µ4

0,0
, y = µ0

4,0

FullSimplify@ansD
88α → −x + y, β → 2 Hx − yL, γ → y<<

" This gives: ";

" α = µ0
4,0

− µ4
0,0

";

" β = −2Hµ04,0− µ4
0,0L";

" γ = µ0
4,0

";
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Appendix B

DETAILS OF THE SOLUTION TO HYPERBOLIC

EQUATIONS IN 3D

B.1 Converting to Primitive Equations (Mathematica)

Mathematica is used to convert from conservative to primitive equations in indicial

notation. The source code used is presented here.
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Derivation of Primitive Equations : 

1 st Equation :

As a conservative equation :

(1)∂tρ + ∂xiHvi ρL = 0

cEq1 = ∂tρ@t, xD + ∂xHρ@t, xD vi@t, xDL � 0;

pEq1 = cEq1 ê. 9
vi@t, xD → vi,

ρH0,1L@t, xD → ρH0,1L,

ρ@t, xD → ρ,

HviLH0,1L@t, xD → HviLH0,1L,

ρH1,0L@t, xD → ρH1,0L

=

vi ρH0,1L + ρ HviLH0,1L + ρH1,0L � 0

Giving the primitive equation :

(2)∂tρ + ρ ∂xi HviL + vi ∂xi ρ = 0

2 nd Equation :

As a conservative equation :

(3)∂tHρviL + ∂xj IPi,j + ρvi vjM = λi

Substitute ρ Θij = Pij

cEq2L = ∂tHρ@t, xD vi@t, xDL + ∂xIρ@t, xD Θi,j@t, xD + ρ@t, xD vi@t, xD vj@t, xDM;
cEq2R = λi;

pEq2Step1 = cEq2L ê. 9
vi@t, xD → vi,

ρH0,1L@t, xD → ρH0,1L,

ρ@t, xD → ρ,

HviLH0,1L@t, xD → HviLH0,1L,

ρH1,0L@t, xD → ρH1,0L,

Θi,j@t, xD → Θi,j,

HviLH1,0L@t, xD → HviLH1,0L,

IvjM
H0,1L@t, xD → IvjM

H0,1L
,

vj@t, xD → vj,

IΘi,jM
H0,1L@t, xD → IΘi,jM

H0,1L

=

pEq2Step2 = Collect@pEq2Step1, viD ê. 9vj ρH0,1L + ρ IvjM
H0,1L

+ ρH1,0L → 0=;
pE32Step3 = pEq2Step2 == cEq2R

pEq2 = Expand@pEq2Step2 ê ρD � cEq2R ê ρ

vi vj ρH0,1L + Θi,j ρH0,1L + ρ vj HviLH0,1L + ρ vi IvjM
H0,1L

+ ρ IΘi,jM
H0,1L

+ vi ρH1,0L + ρ HviLH1,0L

Θi,j ρH0,1L + ρ vj HviLH0,1L + ρ IΘi,jM
H0,1L

+ ρ HviLH1,0L � λi

Θi,j ρH0,1L

ρ
+ vj HviLH0,1L + IΘi,jM

H0,1L
+ HviLH1,0L �

λi

ρ

Giving the primitive equation (dividing by r) :



124

(4)
Θij

ρ
∂xj ρ + vj ∂xj HviL + ∂xj IΘi,jM + ∂tHviL �

λi

ρ

3 rd Equation :

As a conservative equation :

(5)∂tIPij + ρvi vjM + ∂xk Iρvi vj vk + 3 vHi PjkLM = ψij − ∇ ⋅ hijk

Substitute ρ Θij = Pij

cEq3L = ∂tIρ@t, xD Θi,j@t, xD + ρ@t, xD vi@t, xD vj@t, xDM + ∂xIρ @t, xD vi@t, xD vj@t, xD vk@t, xD +

vi@t, xD ρ@t, xD Θj,k@t, xD + vj@t, xD ρ@t, xD Θi,k@t, xD + vk@t, xD ρ@t, xD Θi,j@t, xDM;
cEq3R =

ψi,j −

IhijkM
H0,1L

;

pEq3Step1 = cEq3L ê. 9
vi@t, xD → vi,

ρH0,1L@t, xD → ρH0,1L,

ρ@t, xD → ρ,

HviLH0,1L@t, xD → HviLH0,1L,

ρH1,0L@t, xD → ρH1,0L,

Θi,j@t, xD → Θi,j,

HviLH1,0L@t, xD → HviLH1,0L,

IvjM
H0,1L@t, xD → IvjM

H0,1L
,

vj@t, xD → vj,

IΘi,jM
H0,1L@t, xD → IΘi,jM

H0,1L
,

vk@t, xD → vk,

HvkLH0,1L@t, xD → HvkLH0,1L,

Θi,k@t, xD → Θi,k,

IΘi,jM
H1,0L@t, xD → IΘi,jM

H1,0L
,

IvjM
H1,0L@t, xD −> IvjM

H1,0L
,

HΘi,kLH0,1L@t, xD → HΘi,kLH0,1L,

Θj,k@t, xD → Θj,k,

IΘj,kM
H0,1L@t, xD → IΘj,kM

H0,1L

=;
pEq3Step2 = CollectApEq3Step1, Θi,jE ê. 9vk ρH0,1L + ρ HvkLH0,1L + ρH1,0L → 0=;
pEq3Step3 = CollectApEq3Step2, vi vjE ê. 9vk ρH0,1L + ρ HvkLH0,1L + ρH1,0L → 0=;
pEq3Step4 = CollectApEq3Step3 , vjE ê. 9Θi,k ρH0,1L + ρ vk HviLH0,1L + ρ HΘi,kLH0,1L + ρ HviLH1,0L → λi=;

pEq3Step5 = Collect@pEq3Step4, vi D ê. 9Θj,k ρH0,1L + ρ vk IvjM
H0,1L

+ ρ IΘj,kM
H0,1L

+ ρ IvjM
H1,0L

→ λj=;
pEq3Step6 = pEq3Step5 − Ivj λi + vi λjM � cEq3R − Ivj λi + vi λjM

ρ Θj,k HviLH0,1L + ρ Θi,k IvjM
H0,1L

+ ρ vk IΘi,jM
H0,1L

+ ρ IΘi,jM
H1,0L

� −vj λi − vi λj + ψi,j − IhijkM
H0,1L

pEq3 = ExpandAIpEq3Step5 − Ivj λi + vi λjMM ë ρE � IcEq3R − Ivj λi + vi λjMM ë ρ

Θj,k HviLH0,1L + Θi,k IvjM
H0,1L

+ vk IΘi,jM
H0,1L

+ IΘi,jM
H1,0L

�
−vj λi − vi λj + ψi,j − IhijkM

H0,1L

ρ

Giving the primitive equation (dividing by r) :

(6)Θjk ∂xk HviL + Θik ∂xk IvjM + vk ∂xk IΘijM + ∂t∂xk IΘijM =
ψi,j − vj λi − vi λj − ∂xk IhijkM

ρ

4 th Equation :

As a conservative equation (with the source term containing  “ ÿ IDijkmM , hkmi “ ÿ Iv jM and hmij “ ÿ H vkLM :

2   PrimitveDerivation.nb
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∂tIρ vi vj vk + 3 vHi PjkL + hijkM + ∂xm Iρ vi vj vk vm + 6 vHi vj PkmL + 4 vHi hjkmLM − hkmi ∇ ⋅ IvjM − hmij ∇ ⋅ H vkL =

γijk − ∇ ⋅ I∆ijkmM − hkmi ∇ ⋅ IvjM − hmij ∇ ⋅ H vkL

cEq4L = ∂tIρ@t, xD vi@t, xD vj@t, xD vk@t, xD +

Iρ@t, xD vi@t, xD Θj,k@t, xD + ρ@t, xD vk@t, xD Θi,j@t, xD + ρ@t, xD vj@t, xD Θk,i@t, xDM + hijk@t, xDM +

∂xIρ@t, xD vi@t, xD vj@t, xD vk@t, xD vm@t, xD + Iρ@t, xD vi@t, xD vj@t, xD Θk,m@t, xD +

ρ@t, xD vi@t, xD vk@t, xD Θj,m@t, xD + ρ@t, xD vk@t, xD vj@t, xD Θi,m@t, xD + ρ@t, xD vi@t, xD vm@t, xD Θj,k@t, xD +

ρ@t, xD vm@t, xD vj@t, xD Θk,i@t, xD + ρ@t, xD vk@t, xD vm@t, xD Θi,j@t, xDM +

Ivi@t, xD hjkm@t, xD + vm@t, xD hijk@t, xD + vk@t, xD hmij@t, xD + vj@t, xD hkmi@t, xDMM −

hkmi@t, xD ∂xIvj@t, xDM − hmij@t, xD ∂xHvk@t, xDL;
cEq4R = γijk − hkmi@t, xD ∂xIvj@t, xDM − hmij@t, xD ∂xHvk@t, xDL − ∂xI∆ijkm@t, xDM ê. 9hmij@t, xD → hmij,

hkmi@t, xD → hkmi, HvkLH0,1L@t, xD → HvkLH0,1L, IvjM
H0,1L@t, xD → IvjM

H0,1L
, I∆ijkmM

H0,1L@t, xD → I∆ijkmM
H0,1L=;

pEq4Step1 = cEq4L ê. 9
vi@t, xD → vi,

ρH0,1L@t, xD → ρH0,1L,

ρ@t, xD → ρ,

HviLH0,1L@t, xD → HviLH0,1L,

ρH1,0L@t, xD → ρH1,0L,

Θi,j@t, xD → Θi,j,

HviLH1,0L@t, xD → HviLH1,0L,

IvjM
H0,1L@t, xD → IvjM

H0,1L
,

vj@t, xD → vj,

IΘi,jM
H0,1L@t, xD → IΘi,jM

H0,1L
,

vk@t, xD → vk,

HvkLH0,1L@t, xD → HvkLH0,1L,

Θi,k@t, xD → Θi,k,

IΘi,jM
H1,0L@t, xD → IΘi,jM

H1,0L
,

IvjM
H1,0L@t, xD −> IvjM

H1,0L
,

HΘi,kLH0,1L@t, xD → HΘi,kLH0,1L,

Θj,k@t, xD → Θj,k,

IΘj,kM
H0,1L@t, xD → IΘj,kM

H0,1L
,

hjkm@t, xD → hjkm,

vm@t, xD → vm,

Θi,m@t, xD → Θi,m,

Θj,m@t, xD → Θj,m,

Θk,m@t, xD → Θk,m,

Θk,i@t, xD → Θk,i,

HvkLH1,0L@t, xD → HvkLH1,0L,

HvmLH0,1L@t, xD → HvmLH0,1L,

HΘk,mLH0,1L@t, xD → HΘk,mLH0,1L,

hijk@t, xD → hijk,

IhijkM
H0,1L@t, xD → IhijkM

H0,1L
,

HΘk,iLH0,1L@t, xD → HΘk,iLH0,1L,

HΘk,iLH1,0L@t, xD → HΘk,iLH1,0L,

IΘj,kM
H1,0L@t, xD → IΘj,kM

H1,0L
,

IhijkM
H1,0L@t, xD → IhijkM

H1,0L
,

HhkmiLH0,1L@t, xD → HhkmiLH0,1L,

HΘi,mLH0,1L@t, xD → HΘi,mLH0,1L,
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HΘi,mL @t, xD → HΘi,mL ,

IhmijM
H0,1L@t, xD → IhmijM

H0,1L
,

IΘj,mM
H0,1L@t, xD → IΘj,mM

H0,1L
,

IhjkmM
H0,1L@t, xD → IhjkmM

H0,1L

=;
pEq4Step2 = CollectApEq4Step1, vi vj vkE ê. 9vm ρH0,1L + ρ HvmLH0,1L + ρH1,0L → 0=;
pEq4Step3 = CollectApEq4Step2, vk Θi,jE ê. 9vm ρH0,1L + ρ HvmLH0,1L + ρH1,0L → 0=;
pEq4Step4 = CollectApEq4Step3, vi Θj,kE ê. 9vm ρH0,1L + ρ HvmLH0,1L + ρH1,0L → 0=;
pEq4Step5 = CollectApEq4Step4, vj Θk,iE ê. 9vm ρH0,1L + ρ HvmLH0,1L + ρH1,0L → 0=;
pEq4Step6 = CollectApEq4Step5, vj vkE ê. 9Θi,m ρH0,1L + ρ vm HviLH0,1L + ρ HΘi,mLH0,1L + ρ HviLH1,0L → λi=;

pEq4Step7 = Collect@pEq4Step6, vi vkD ê. 9Θj,m ρH0,1L + ρ vm IvjM
H0,1L

+ ρ IΘj,mM
H0,1L

+ ρ IvjM
H1,0L

→ λj=;

pEq4Step8 = CollectApEq4Step7, vi vjE ê. 9Θk,m ρH0,1L + ρ vm HvkLH0,1L + ρ HΘk,mLH0,1L + ρ HvkLH1,0L → λk=;
pEq4Step9 = Collect@pEq4Step8, vkD ê.

9IhmijM
H0,1L

+ ρ Θj,m HviLH0,1L + ρ Θi,m IvjM
H0,1L

+ ρ vm IΘi,jM
H0,1L

+ ρ IΘi,jM
H1,0L

→ −vj λi − vi λj + ψi,j=;
pEq4Step10 = Collect@pEq4Step9, viD ê.

9IhjkmM
H0,1L

+ ρ Θk,m IvjM
H0,1L

+ ρ Θj,m HvkLH0,1L + ρ vm IΘj,kM
H0,1L

+ ρ IΘj,kM
H1,0L

→ −vj λk − vk λj + ψk,j=;
pEq4Step11 = CollectApEq4Step10, vj E ê.

9HhkmiLH0,1L + ρ Θk,m HviLH0,1L + ρ Θi,m HvkLH0,1L + ρ vm HΘk,iLH0,1L + ρ HΘk,iLH1,0L → −vk λi − vi λk + ψi,k=;
pEq4Step12 = CollectApEq4Step11, Θj,kE ê. 9ρ vm HviLH0,1L + ρ HviLH1,0L → λi − Θi,m ρH0,1L − ρ HΘi,mLH0,1L=;

pEq4Step13 = Collect@pEq4Step12, Θk,iD ê. 9ρ vm IvjM
H0,1L

+ ρ IvjM
H1,0L

→ λj − Θj,m ρH0,1L − ρ IΘj,mM
H0,1L=;

pEq4Step14 = CollectApEq4Step13, Θi,jE ê. 9ρ vm HvkLH0,1L + ρ HvkLH1,0L → λk − Θk,m ρH0,1L − ρ HΘk,mLH0,1L=;
pEqStep15 = ExpandApEq4Step14 − I−vj vk λi − vi vk λj − vi vj λk + λk Θi,j + λi Θj,k + λj Θk,i + vk ψi,j + vj ψi,k + vi ψk,jM ==

cEq4R − I−vj vk λi − vi vk λj − vi vj λk + λk Θi,j + λi Θj,k + λj Θk,i + vk ψi,j + vj ψi,k + vi ψk,jME

−Θi,m Θj,k ρH0,1L − Θj,m Θk,i ρH0,1L − Θi,j Θk,m ρH0,1L + vm IhijkM
H0,1L

+

hjkm HviLH0,1L + hijk HvmLH0,1L − ρ Θj,k HΘi,mLH0,1L − ρ Θk,i IΘj,mM
H0,1L

− ρ Θi,j HΘk,mLH0,1L + IhijkM
H1,0L

�

γijk + vj vk λi + vi vk λj + vi vj λk − λk Θi,j − λi Θj,k − λj Θk,i − vk ψi,j − vj ψi,k − vi ψk,j − hkmi IvjM
H0,1L

− hmij HvkLH0,1L − I∆ijkmM
H0,1L

Which gives a primitive equation of :

(8)

−Θi,m Θj,k ∂xm ρ − Θj,m Θk,i ∂xm ρ − Θi,j Θk,m ∂xm ρ + vm ∂xm IhijkM + hjkm ∂xm HviL + hijk ∂xm HvmL −

ρ Θj,k ∂xm HΘi,mL − ρ Θk,i ∂xm IΘj,mM − ρ Θi,j ∂xm HΘk,mL + ∂tIhijkM � γijk + vj vk λi + vi vk λj + vi vj λk −

λk Θi,j − λi Θj,k − λj Θk,i − vk ψi,j − vj ψi,k − vi ψk,j − hkmi ∂xm IvjM − hmij ∂xm HvkL − ∂xm I∆ijkmM

Now, the trace of the 4 th equation must be taken :

j → k and m → j

pEq4Step16 = ExpandApEq4Step14 − I−vj vk λi − vi vk λj − vi vj λk + λk Θi,j + λi Θj,k + λj Θk,i + vk ψi,j + vj ψi,k + vi ψk,jME ê.
9j → k, hijk → hikk, hjkm → hkkm= ê. 9m → j, hkkm → 2 qj, hikk → 2 qi=;

pEq4Step17 = ExpandAcEq4R − I−vj vk λi − vi vk λj − vi vj λk + λk Θi,j + λi Θj,k + λj Θk,i + vk ψi,j + vj ψi,k + vi ψk,jME ê.
9j → k, hijk → hikk, hjkm → hkkm, hmij → hkmi, ∆ijkm → ∆ikkm, γijk → γikk= ê. 9m → j, hkmi → hijk, ∆ikkm → Rij =;

pEq4 = Expand@pEq4Step16 ê 2 � pEq4Step17 ê 2D ê. 8Θi,k → Θk,i<

−Θk,i Θk,j ρH0,1L −
1

2
Θi,j Θk,k ρH0,1L +

1

2
vj H2 qiLH0,1L + qj HviLH0,1L + qi IvjM

H0,1L
−
1

2
ρ Θk,k IΘi,jM

H0,1L
− ρ Θk,i IΘk,jM

H0,1L
+

1

2
H2 qiLH1,0L �

γikk

2
+
1

2
vk
2 λi + vi vk λk − λk Θk,i −

1

2
λi Θk,k − vk ψi,k −

1

2
vi ψk,k −

1

2
IRijM

H0,1L
− hijk HvkLH0,1L

Giving the final primitive equation : 

(9)

−Θki Θkj ∂xj ρ −
1

2
Θij Θkk ∂xj ρ + vj ∂xj H qiL + qj ∂xj HviL + qi ∂xj IvjM −

1

2
ρ Θkk ∂xj IΘijM − ρ Θki ∂xj IΘkjM +

∂tHqiL �
γikk

2
+
1

2
vk
2 λi + vi vk λk − λk Θki −

1

2
λi Θkk − vk ψik −

1

2
vi ψkk −

1

2
∂xj IRijM − hijk ∂xj HvkL

4   PrimitveDerivation.nb
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B.2 Derivation of Eigensystem and Jacobian Matrices (Mathematica)

Derivation of Ap Matrix : 

Remove@"Global`∗"D;
LHS = List@D;
RHS = List@D;
Remove::rmnsm : There are no symbols matching "Global`*".à

Primitive Equation 1 :

vi ∂tρ + ρ ∂xi HviL + ∂xi ρ = 0

Eq1L1 = vi ρH0,iL + ρ HviLH0,iL + ρH1,0L;
Eq1R = 0;

Sum on i : 

Eq1L = ExpandAEq1L1 ê. 9
vi ρH0,iL → Ivx ρH0,xL + vy ρH0,yL + vz ρH0,zLM,
HviLH0,iL → IHvxLH0,xL + IvyMH0,yL

+ HvzLH0,zLM
=E;

Eq1 = Eq1L � Eq1R

vx ρH0,xL + ρ HvxLH0,xL + vy ρH0,yL + ρ IvyMH0,yL
+ vz ρH0,zL + ρ HvzLH0,zL + ρH1,0L � 0

LHS = Append@LHS, Eq1LD;
RHS = Append@RHS, Eq1RD;

Primitive Equations 2 - 4 :

Θij

ρ
∂xj ρ + vj ∂xj HviL + ∂xj IΘi,jM + ∂tHviL �

λi

ρ

Eq2L1 =
Θi,j ρH0,jL

ρ
+ vj HviLH0,jL + IΘi,jMH0,jL

+ HviLH1,0L;

Eq2R2 =
λi

ρ
;

First, sum on j :

Eq2L2 = ExpandAEq2L1 ê. 9
Θi,j ρH0,jL → IΘi,x ρH0,xL + Θi,y ρH0,yL + Θi,z ρH0,zLM,
vj HviLH0,jL → Ivx HviLH0,xL + vy HviLH0,yL + vz HviLH0,zLM,
IΘi,jMH0,jL

→ IHΘi,xLH0,xL + IΘi,yMH0,yL
+ HΘi,zLH0,zLM

=E
Θi,x ρH0,xL

ρ
+ vx HviLH0,xL + HΘi,xLH0,xL +

Θi,y ρH0,yL

ρ
+ vy HviLH0,yL + IΘi,yMH0,yL

+
Θi,z ρH0,zL

ρ
+ vz HviLH0,zL + HΘi,zLH0,zL + HviLH1,0L

Now, sum on i (for 3 separate equations) :
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ü Primitive Equation 2 with ( i = x ) :

xEq2L = Eq2L2 ê. 8i → x< ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=
xEq2R = Eq2R2 ê. 8i → x<
Θx,x ρH0,xL

ρ
+ vx HvxLH0,xL + HΘx,xLH0,xL +

Θx,y ρH0,yL

ρ
+ vy HvxLH0,yL + IΘx,yMH0,yL

+
Θz,x ρH0,zL

ρ
+ vz HvxLH0,zL + HΘz,xLH0,zL + HvxLH1,0L

λx

ρ

LHS = Append@LHS, xEq2LD;
RHS = Append@RHS, xEq2RD;

ü Primitive Equation 3 with ( i = y ) :

yEq3L = Eq2L2 ê. 8i → y< ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=
yEq3R = Eq2R2 ê. 8i → y<
Θx,y ρH0,xL

ρ
+ vx IvyMH0,xL

+ IΘx,yMH0,xL
+

Θy,y ρH0,yL

ρ
+ vy IvyMH0,yL

+ IΘy,yMH0,yL
+

Θy,z ρH0,zL

ρ
+ vz IvyMH0,zL

+ IΘy,zMH0,zL
+ IvyMH1,0L

λy

ρ

LHS = Append@LHS, yEq3LD;
RHS = Append@RHS, yEq3RD;

ü Primitive Equation 4 with ( i = z ) :

zEq4L = Eq2L2 ê. 8i → z< ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=
zEq4R = Eq2R2 ê. 8i → z<
Θz,x ρH0,xL

ρ
+ vx HvzLH0,xL + HΘz,xLH0,xL +

Θy,z ρH0,yL

ρ
+ vy HvzLH0,yL + IΘy,zMH0,yL

+
Θz,z ρH0,zL

ρ
+ vz HvzLH0,zL + HΘz,zLH0,zL + HvzLH1,0L

λz

ρ

LHS = Append@LHS, zEq4LD;
RHS = Append@RHS, zEq4RD;

Primitive Equations 5 - 10 :

Θjk ∂xk HviL + Θik ∂xk IvjM + vk ∂xk IΘijM + ∂t∂xk IΘijM =
ψi,j − vj λi − vi λj − ∂xk IhijkM

ρ

Eq3L1 = Θj,k HviLH0,kL + Θi,k IvjMH0,kL
+ vk IΘi,jMH0,kL

+ IΘi,jMH1,0L
;

Eq3R1 =
−vj λi − vi λj + ψi,j − IhijkMH0,kL

ρ
;

First sum on k :
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Eq3L2 = ExpandAEq3L1 ê. 9
Θj,k HviLH0,kL → IΘj,x HviLH0,xL + Θj,y HviLH0,yL + Θj,z HviLH0,zLM,
Θi,k IvjMH0,kL

→ IΘi,x IvjMH0,xL
+ Θi,y IvjMH0,yL

+ Θi,z IvjMH0,zLM,
vk IΘi,jMH0,kL

→ Ivx IΘi,jMH0,xL
+ vy IΘi,jMH0,yL

+ vz IΘi,jMH0,zLM
=E ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=

Eq3R2 = ExpandAEq3R1 ê. 9
IhijkMH0,kL

→ IIhijxMH0,xL
+ IhijyMH0,yL

+ IhijzMH0,zLM
=E ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=

Θj,x HviLH0,xL + Θi,x IvjMH0,xL
+ vx IΘi,jMH0,xL

+ Θj,y HviLH0,yL +

Θi,y IvjMH0,yL
+ vy IΘi,jMH0,yL

+ Θj,z HviLH0,zL + Θi,z IvjMH0,zL
+ vz IΘi,jMH0,zL

+ IΘi,jMH1,0L

−
vj λi

ρ
−
vi λj

ρ
+

ψi,j

ρ
−

IhijxMH0,xL

ρ
−

IhijyMH0,yL

ρ
−

IhijzMH0,zL

ρ

Now, sum on i and j (for 6 equations) :

ü Primitive Equation 5 with ( i = x, j = x ) :

xxEq5L = Eq3L2 ê. 8i → x, j → x< ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=
xxEq5R = Eq3R2 ê. 9i → x, j → x, hijx → hxxx, hijy → hxxy, hijz → hxxz =
2 Θx,x HvxLH0,xL + vx HΘx,xLH0,xL + 2 Θx,y HvxLH0,yL + vy HΘx,xLH0,yL + 2 Θz,x HvxLH0,zL + vz HΘx,xLH0,zL + HΘx,xLH1,0L

−
2 vx λx

ρ
+

ψx,x

ρ
−

HhxxxLH0,xL

ρ
−

IhxxyMH0,yL

ρ
−

HhxxzLH0,zL

ρ

LHS = Append@LHS, xxEq5LD;
RHS = Append@RHS, xxEq5RD;

ü Primitive Equation 6 with ( i = x, j = y ) :

xyEq6L = Eq3L2 ê. 8i → x, j → y< ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=
xyEq6R = Eq3R2 ê. 9i → x, j → y, hijx → hxyx, hijy → hxyy, hijz → hxyz =
Θx,y HvxLH0,xL + Θx,x IvyMH0,xL

+ vx IΘx,yMH0,xL
+ Θy,y HvxLH0,yL +

Θx,y IvyMH0,yL
+ vy IΘx,yMH0,yL

+ Θy,z HvxLH0,zL + Θz,x IvyMH0,zL
+ vz IΘx,yMH0,zL

+ IΘx,yMH1,0L

−
vy λx

ρ
−
vx λy

ρ
+

ψx,y

ρ
−

IhxyxMH0,xL

ρ
−

IhxyyMH0,yL

ρ
−

IhxyzMH0,zL

ρ

LHS = Append@LHS, xyEq6LD;
RHS = Append@RHS, xyEq6RD;

ü Primitive Equation 7 with ( i = y, j = y ) :

yyEq7L = Eq3L2 ê. 8i → y, j → y< ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=
yyEq7R = Eq3R2 ê. 9i → y, j → y, hijx → hyyx, hijy → hyyy, hijz → hyyz =
2 Θx,y IvyMH0,xL

+ vx IΘy,yMH0,xL
+ 2 Θy,y IvyMH0,yL

+ vy IΘy,yMH0,yL
+ 2 Θy,z IvyMH0,zL

+ vz IΘy,yMH0,zL
+ IΘy,yMH1,0L

−
2 vy λy

ρ
+

ψy,y

ρ
−

IhyyxMH0,xL

ρ
−

IhyyyMH0,yL

ρ
−

IhyyzMH0,zL

ρ

LHS = Append@LHS, yyEq7LD;
RHS = Append@RHS, yyEq7RD;
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ü Primitive Equation 8 with ( i = y, j = z ) :

yzEq8L = Eq3L2 ê. 8i → y, j → z< ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=
yzEq8R = Eq3R2 ê. 9i → y, j → z, hijx → hyzx, hijy → hyzy, hijz → hyzz =
Θz,x IvyMH0,xL

+ Θx,y HvzLH0,xL + vx IΘy,zMH0,xL
+ Θy,z IvyMH0,yL

+

Θy,y HvzLH0,yL + vy IΘy,zMH0,yL
+ Θz,z IvyMH0,zL

+ Θy,z HvzLH0,zL + vz IΘy,zMH0,zL
+ IΘy,zMH1,0L

−
vz λy

ρ
−
vy λz

ρ
+

ψy,z

ρ
−

IhyzxMH0,xL

ρ
−

IhyzyMH0,yL

ρ
−

IhyzzMH0,zL

ρ

LHS = Append@LHS, yzEq8LD;
RHS = Append@RHS, yzEq8RD;

ü Primitive Equation 9 with ( i = z, j = z ) :

zzEq9L = Eq3L2 ê. 8i → z, j → z< ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=
zzEq9R = Eq3R2 ê. 9i → z, j → z, hijx → hzzx, hijy → hzzy, hijz → hzzz =
2 Θz,x HvzLH0,xL + vx HΘz,zLH0,xL + 2 Θy,z HvzLH0,yL + vy HΘz,zLH0,yL + 2 Θz,z HvzLH0,zL + vz HΘz,zLH0,zL + HΘz,zLH1,0L

−
2 vz λz

ρ
+

ψz,z

ρ
−

HhzzxLH0,xL

ρ
−

IhzzyMH0,yL

ρ
−

HhzzzLH0,zL

ρ

LHS = Append@LHS, zzEq9LD;
RHS = Append@RHS, zzEq9RD;

ü Primitive Equation 10 with ( i = z, j = x ) :

zxEq9L = Eq3L2 ê. 8i → z, j → x< ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=
zxEq9R = Eq3R2 ê. 9i → z, j → x, hijx → hzxx, hijy → hzxy, hijz → hzxz =
Θz,x HvxLH0,xL + Θx,x HvzLH0,xL + vx HΘz,xLH0,xL + Θy,z HvxLH0,yL +

Θx,y HvzLH0,yL + vy HΘz,xLH0,yL + Θz,z HvxLH0,zL + Θz,x HvzLH0,zL + vz HΘz,xLH0,zL + HΘz,xLH1,0L

−
vz λx

ρ
−
vx λz

ρ
+

ψz,x

ρ
−

HhzxxLH0,xL

ρ
−

IhzxyMH0,yL

ρ
−

HhzxzLH0,zL

ρ

LHS = Append@LHS, zxEq9LD;
RHS = Append@RHS, zxEq9RD;

Primitive Equations 11 - 13 :

−Θki Θkj ∂xj ρ −
1

2
Θij Θkk ∂xj ρ + vj ∂xj H qiL + qj ∂xj HviL + qi ∂xj IvjM −

1

2
ρ Θkk ∂xj IΘijM − ρ Θki ∂xj IΘkjM + ∂tHqiL �

γikk

2
+
1

2
vk
2 λi + vi vk λk − λk Θki −

1

2
λi Θkk − vk ψik −

1

2
vi ψkk −

1

2
∂xj IRijM − hijk ∂xj HvkL

Eq4L1 =

−Θk,i Θk,j ρH0,jL −
1

2
Θi,j Θk,k ρH0,jL + vj HqiLH0,jL + qj HviLH0,jL + qi IvjMH0,jL

−
1

2
ρ Θk,k IΘi,jMH0,jL

− ρ Θk,i IΘk,jMH0,jL
+ H qiLH1,0L;

Eq4R1 =
γikk

2
+
1

2
vk
2 λi + vi vk λk − λk Θk,i −

1

2
λi Θk,k − vk ψi,k −

1

2
vi ψk,k −

1

2
IRijMH0,jL

− hijk HvkLH0,jL;

First, sum on k :
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Eq4L2 = ExpandAEq4L1 ê. 9
Θk,i Θk,j → IΘx,i Θx,j + Θy,i Θy,j + Θz,i Θz,jM,
Θk,k → IΘx,x + Θy,y + Θz,zM,
Θk,i IΘk,jMH0,jL

→ IΘx,i IΘx,jMH0,jL
+ Θy,i IΘy,jMH0,jL

+ Θz,i IΘz,jMH0,jLM
=E;

Eq4R2 = ExpandAEq4R1 ê. 9
γikk → Iγixx + γiyy + γizzM,
vk
2 → Ivx2 + vy2 + vz2M,

Θk,k → IΘx,x + Θy,y + Θz,zM,
ψk,k → Iψx,x + ψy,y + ψz,zM,
vi vk λk → Ivi vx λx + vi vy λy + vi vz λzM,
vk ψi,k → Ivx ψi,x + vy ψi,y + vz ψi,zM,
hijk HvkLH0,jL → Ihijx HvxLH0,jL + hijy IvyMH0,jL

+ hijz HvzLH0,jLM
=E

γixx

2
+

γiyy

2
+

γizz

2
+
1

2
vx
2 λi +

1

2
vy
2 λi +

1

2
vz
2 λi + vi vx λx + vi vy λy + vi vz λz − λk Θk,i −

1

2
λi Θx,x −

1

2
λi Θy,y −

1

2
λi Θz,z −

vx ψi,x − vy ψi,y − vz ψi,z −
1

2
vi ψx,x −

1

2
vi ψy,y −

1

2
vi ψz,z −

1

2
IRijMH0,jL

− hijx HvxLH0,jL − hijy IvyMH0,jL
− hijz HvzLH0,jL

Now, sum on j : 

Eq4L3 = Eq4L2 ê. 9
Θx,j ρH0,jL → IΘx,x ρH0,xL + Θx,y ρH0,yL + Θx,z ρH0,zLM,
Θi,j Θx,x ρH0,jL → IΘi,x Θx,x ρH0,xL + Θi,y Θx,x ρH0,yL + Θi,z Θx,x ρH0,zLM,
Θy,j ρH0,jL → IΘy,x ρH0,xL + Θy,y ρH0,yL + Θy,z ρH0,zLM,
Θi,j Θy,y ρH0,jL → IΘi,x Θy,y ρH0,xL + Θi,y Θy,y ρH0,yL + Θi,z Θy,y ρH0,zLM,
Θz,j ρH0,jL → IΘz,x ρH0,xL + Θz,y ρH0,yL + Θz,z ρH0,zLM,
Θi,j Θz,z ρH0,jL → IΘi,x Θz,z ρH0,xL + Θi,y Θz,z ρH0,yL + Θi,z Θz,z ρH0,zLM,
vj HqiLH0,jL → Ivx HqiLH0,xL + vy HqiLH0,yL + vz HqiLH0,zLM,
qj HviLH0,jL → Iqx HviLH0,xL + qy HviLH0,yL + qz HviLH0,zLM,
IvjMH0,jL

→ IHvxLH0,xL + IvyMH0,yL
+ HvzLH0,zLM,

IΘi,jMH0,jL
→ IHΘi,xLH0,xL + IΘi,yMH0,yL

+ HΘi,zLH0,zLM,
IΘx,jMH0,jL

→ IHΘx,xLH0,xL + IΘx,yMH0,yL
+ HΘx,zLH0,zLM,

IΘy,jMH0,jL
→ IIΘy,xMH0,xL

+ IΘy,yMH0,yL
+ IΘy,zMH0,zLM,

IΘz,jMH0,jL
→ IHΘz,xLH0,xL + IΘz,yMH0,yL

+ HΘz,zLH0,zLM
=;

Eq4R3 = Eq4R2 ê. 9
IRijMH0,jL

→ IHRixLH0,xL + IRiyMH0,yL
+ HRizLH0,zLM,

hijx HvxLH0,jL → Ihixx HvxLH0,xL + hiyx HvxLH0,yL + hizx HvxLH0,zLM,
hijy IvyMH0,jL

→ Ihixy IvyMH0,xL
+ hiyy IvyMH0,yL

+ hizy IvyMH0,zLM,
hijz HvzLH0,jL → Ihixz HvzLH0,xL + hiyz HvzLH0,yL + hizz HvzLH0,zLM

=;
Now, sum on i (for 3 Equations) :
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ü Primitive Equation 11 with ( i = x ) :

xEq11L1 = ExpandAEq4L3 ê. 8i → x< ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=E;
xEq11R1 = Eq4R3 ê. 9i → x, Rix → Rxx, Riy → Rxy, Riz → Rxz , hixx → hxxx,

hixy → hxxy, hixz → hxxz, hiyx → hxyx, hiyy → hxyy, hiyz → hxyz, hizx → hxzx, hizy → hxzy, hizz → hxzz=;
xEq11L = CollectAxEq11L1, 9

ρH0,xL, HvxLH0,xL, IvyMH0,xL
, HvzLH0,xL, HΘx,xLH0,xL, IΘx,yMH0,xL

,

IΘy,yMH0,xL
, IΘy,zMH0,xL

, HΘz,zLH0,xL, HΘz,xLH0,xL, HqxLH0,xL, IqyMH0,xL
, HqzLH0,xL,

ρH0,yL, HvxLH0,yL, IvyMH0,yL
, HvzLH0,yL, HΘx,xLH0,yL, IΘx,yMH0,yL

, IΘy,yMH0,yL
,

IΘy,zMH0,yL
, HΘz,zLH0,yL, HΘz,xLH0,yL, HqxLH0,yL, IqyMH0,yL

, HqzLH0,yL,
ρH0,zL, HvxLH0,zL, IvyMH0,zL

, HvzLH0,zL, HΘx,xLH0,zL, IΘx,yMH0,zL
, IΘy,yMH0,zL

,

IΘy,zMH0,zL
, HΘz,zLH0,zL, HΘz,xLH0,zL, HqxLH0,zL, IqyMH0,zL

, HqzLH0,zL=E
xEq11R = FullSimplify@xEq11R1D ê. 9γixx + γiyy + γizz → γxxx + γxyy + γxzz=

−
3

2
Θx,x
2 − Θx,y

2 −
1

2
Θx,x Θy,y − Θz,x

2 −
1

2
Θx,x Θz,z ρH0,xL + vx HqxLH0,xL + 2 qx HvxLH0,xL + −

3

2
ρ Θx,x −

1

2
ρ Θy,y −

1

2
ρ Θz,z HΘx,xLH0,xL −

ρ Θx,y IΘx,yMH0,xL
− ρ Θz,x HΘz,xLH0,xL + −

3

2
Θx,x Θx,y −

3

2
Θx,y Θy,y − Θy,z Θz,x −

1

2
Θx,y Θz,z ρH0,yL +

vy HqxLH0,yL + qy HvxLH0,yL + qx IvyMH0,yL
+ −

3

2
ρ Θx,x −

1

2
ρ Θy,y −

1

2
ρ Θz,z IΘx,yMH0,yL

− ρ Θx,y IΘy,yMH0,yL
−

ρ Θz,x IΘy,zMH0,yL
+ −Θx,y Θy,z −

3

2
Θx,x Θz,x −

1

2
Θy,y Θz,x −

3

2
Θz,x Θz,z ρH0,zL + vz HqxLH0,zL + qz HvxLH0,zL +

qx HvzLH0,zL − ρ Θx,y IΘy,zMH0,zL
+ −

3

2
ρ Θx,x −

1

2
ρ Θy,y −

1

2
ρ Θz,z HΘz,xLH0,zL − ρ Θz,x HΘz,zLH0,zL + HqxLH1,0L

1

2
Iγxxx + γxyy + γxzz + 3 vx

2 λx + vy
2 λx − 2 λk Θk,x + λx Ivz2 − Θx,x − Θy,y − Θz,zM − 2 vy ψx,y − 2 vz ψx,z +

vx I2 vy λy + 2 vz λz − 3 ψx,x − ψy,y − ψz,zM − HRxxLH0,xL − 2 hxxx HvxLH0,xL − 2 hxxy IvyMH0,xL
− 2 hxxz HvzLH0,xL − IRxyMH0,yL

−

2 hxyx HvxLH0,yL − 2 hxyy IvyMH0,yL
− 2 hxyz HvzLH0,yL − HRxzLH0,zL − 2 hxzx HvxLH0,zL − 2 hxzy IvyMH0,zL

− 2 hxzz HvzLH0,zLM

LHS = Append@LHS, xEq11LD;
RHS = Append@RHS, xEq11RD;
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ü Primitive Equation 12 with ( i = y ) :

yEq12L1 = ExpandAEq4L3 ê. 8i → y< ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=E;
yEq12R1 = Eq4R3 ê. 9i → y, Rix → Ryx, Riy → Ryy, Riz → Ryz , hixx → hyxx,

hixy → hyxy, hixz → hyxz, hiyx → hyyx, hiyy → hyyy, hiyz → hyyz, hizx → hyzx, hizy → hyzy, hizz → hyzz=;
yEq12L = CollectAyEq12L1, 9

ρH0,xL, HvxLH0,xL, IvyMH0,xL
, HvzLH0,xL, HΘx,xLH0,xL, IΘx,yMH0,xL

,

IΘy,yMH0,xL
, IΘy,zMH0,xL

, HΘz,zLH0,xL, HΘz,xLH0,xL, IΘx,yMH0,xL
, HqxLH0,xL, IqyMH0,xL

, HqzLH0,xL,
ρH0,yL, HvxLH0,yL, IvyMH0,yL

, HvzLH0,yL, HΘx,xLH0,yL, IΘx,yMH0,yL
, IΘy,yMH0,yL

, IΘy,zMH0,yL
,

HΘz,zLH0,yL, HΘz,xLH0,yL, IΘx,yMH0,yL
, HqxLH0,yL, IqyMH0,yL

, HqzLH0,yL,
ρH0,zL, HvxLH0,zL, IvyMH0,zL

, HvzLH0,zL, HΘx,xLH0,zL, IΘx,yMH0,zL
, IΘy,yMH0,zL

, IΘy,zMH0,zL
,

HΘz,zLH0,zL, HΘz,xLH0,zL, IΘx,yMH0,zL
, HqxLH0,zL, IqyMH0,zL

, HqzLH0,zL=E
yEq12R = FullSimplify@yEq12R1D ê. 9γixx + γiyy + γizz → γyxx + γyyy + γyzz=

−
3

2
Θx,x Θx,y −

3

2
Θx,y Θy,y − Θy,z Θz,x −

1

2
Θx,y Θz,z ρH0,xL + vx IqyMH0,xL

+ qy HvxLH0,xL + qx IvyMH0,xL
− ρ Θx,y HΘx,xLH0,xL +

−
1

2
ρ Θx,x −

3

2
ρ Θy,y −

1

2
ρ Θz,z IΘx,yMH0,xL

− ρ Θy,z HΘz,xLH0,xL + −Θx,y
2 −

1

2
Θx,x Θy,y −

3 Θy,y
2

2
− Θy,z

2 −
1

2
Θy,y Θz,z ρH0,yL +

vy IqyMH0,yL
+ 2 qy IvyMH0,yL

− ρ Θx,y IΘx,yMH0,yL
+ −

1

2
ρ Θx,x −

3

2
ρ Θy,y −

1

2
ρ Θz,z IΘy,yMH0,yL

−

ρ Θy,z IΘy,zMH0,yL
+ −

1

2
Θx,x Θy,z −

3

2
Θy,y Θy,z − Θx,y Θz,x −

3

2
Θy,z Θz,z ρH0,zL + vz IqyMH0,zL

+ qz IvyMH0,zL
+

qy HvzLH0,zL + −
1

2
ρ Θx,x −

3

2
ρ Θy,y −

1

2
ρ Θz,z IΘy,zMH0,zL

− ρ Θx,y HΘz,xLH0,zL − ρ Θy,z HΘz,zLH0,zL + IqyMH1,0L

1

2
Iγyxx + γyyy + γyzz + vx

2 λy + 3 vy
2 λy − 2 λk Θk,y + λy Ivz2 − Θx,x − Θy,y − Θz,zM + 2 vx Ivy λx − ψy,xM − 2 vz ψy,z +

vy I2 vz λz − ψx,x − 3 ψy,y − ψz,zM − IRyxMH0,xL
− 2 hyxx HvxLH0,xL − 2 hyxy IvyMH0,xL

− 2 hyxz HvzLH0,xL − IRyyMH0,yL
−

2 hyyx HvxLH0,yL − 2 hyyy IvyMH0,yL
− 2 hyyz HvzLH0,yL − IRyzMH0,zL

− 2 hyzx HvxLH0,zL − 2 hyzy IvyMH0,zL
− 2 hyzz HvzLH0,zLM

LHS = Append@LHS, yEq12LD;
RHS = Append@RHS, yEq12RD;
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ü Primitive Equation 13 with ( i = z ) :

zEq13L1 = ExpandAEq4L3 ê. 8i → z< ê. 9Θy,x → Θx,y, Θx,z → Θz,x, Θz,y → Θy,z=E;
zEq13R1 = Eq4R3 ê. 9i → z, Rix → Rzx, Riy → Rzy, Riz → Rzz , hixx → hzxx,

hixy → hzxy, hixz → hzxz, hiyx → hzyx, hiyy → hzyy, hiyz → hzyz, hizx → hzzx, hizy → hzzy, hizz → hzzz=;
zEq13L = CollectAzEq13L1, 9

ρH0,xL, HvxLH0,xL, IvyMH0,xL
, HvzLH0,xL, HΘx,xLH0,xL, IΘx,yMH0,xL

,

IΘy,yMH0,xL
, IΘy,zMH0,xL

, HΘz,zLH0,xL, HΘz,xLH0,xL, IΘx,yMH0,xL
, HqxLH0,xL, IqyMH0,xL

, HqzLH0,xL,
ρH0,yL, HvxLH0,yL, IvyMH0,yL

, HvzLH0,yL, HΘx,xLH0,yL, IΘx,yMH0,yL
, IΘy,yMH0,yL

, IΘy,zMH0,yL
,

HΘz,zLH0,yL, HΘz,xLH0,yL, IΘx,yMH0,yL
, HqxLH0,yL, IqyMH0,yL

, HqzLH0,yL,
ρH0,zL, HvxLH0,zL, IvyMH0,zL

, HvzLH0,zL, HΘx,xLH0,zL, IΘx,yMH0,zL
, IΘy,yMH0,zL

, IΘy,zMH0,zL
,

HΘz,zLH0,zL, HΘz,xLH0,zL, IΘx,yMH0,zL
, HqxLH0,zL, IqyMH0,zL

, HqzLH0,zL=E
zEq13R = FullSimplify@zEq13R1D ê. 9γixx + γiyy + γizz → γzxx + γzyy + γzzz=

−Θx,y Θy,z −
3

2
Θx,x Θz,x −

1

2
Θy,y Θz,x −

3

2
Θz,x Θz,z ρH0,xL + vx HqzLH0,xL + qz HvxLH0,xL +

qx HvzLH0,xL − ρ Θz,x HΘx,xLH0,xL − ρ Θy,z IΘx,yMH0,xL
+ −

1

2
ρ Θx,x −

1

2
ρ Θy,y −

3

2
ρ Θz,z HΘz,xLH0,xL +

−
1

2
Θx,x Θy,z −

3

2
Θy,y Θy,z − Θx,y Θz,x −

3

2
Θy,z Θz,z ρH0,yL + vy HqzLH0,yL + qz IvyMH0,yL

+ qy HvzLH0,yL − ρ Θz,x IΘx,yMH0,yL
−

ρ Θy,z IΘy,yMH0,yL
+ −

1

2
ρ Θx,x −

1

2
ρ Θy,y −

3

2
ρ Θz,z IΘy,zMH0,yL

+ −Θy,z
2 − Θz,x

2 −
1

2
Θx,x Θz,z −

1

2
Θy,y Θz,z −

3 Θz,z
2

2
ρH0,zL +

vz HqzLH0,zL + 2 qz HvzLH0,zL − ρ Θy,z IΘy,zMH0,zL
− ρ Θz,x HΘz,xLH0,zL + −

1

2
ρ Θx,x −

1

2
ρ Θy,y −

3

2
ρ Θz,z HΘz,zLH0,zL + HqzLH1,0L

1

2
Iγzxx + γzyy + γzzz + vx

2 λz + vy
2 λz + 3 vz

2 λz − 2 λk Θk,z − λz Θx,x − λz Θy,y − λz Θz,z − vz ψx,x − vz ψy,y + 2 vx Hvz λx − ψz,xL +

2 vy Ivz λy − ψz,yM − 3 vz ψz,z − HRzxLH0,xL − 2 hzxx HvxLH0,xL − 2 hzxy IvyMH0,xL
− 2 hzxz HvzLH0,xL − IRzyMH0,yL

−

2 hzyx HvxLH0,yL − 2 hzyy IvyMH0,yL
− 2 hzyz HvzLH0,yL − HRzzLH0,zL − 2 hzzx HvxLH0,zL − 2 hzzy IvyMH0,zL

− 2 hzzz HvzLH0,zLM

LHS = Append@LHS, zEq13L D;
RHS = Append@RHS, zEq13RD;



135

Sorting of Equations into Matricies :
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EquationList = LHS;

VariableList = ListA ρH0,xL, HvxLH0,xL, IvyMH0,xL
, HvzLH0,xL, HΘx,xLH0,xL, IΘx,yMH0,xL

,

IΘy,yMH0,xL
, IΘy,zMH0,xL

, HΘz,zLH0,xL, HΘz,xLH0,xL, IΘx,yMH0,xL
, HqxLH0,xL, IqyMH0,xL

, HqzLH0,xL,
ρH0,yL, HvxLH0,yL, IvyMH0,yL

, HvzLH0,yL, HΘx,xLH0,yL, IΘx,yMH0,yL
, IΘy,yMH0,yL

, IΘy,zMH0,yL
,

HΘz,zLH0,yL, HΘz,xLH0,yL, IΘx,yMH0,yL
, HqxLH0,yL, IqyMH0,yL

, HqzLH0,yL,
ρH0,zL, HvxLH0,zL, IvyMH0,zL

, HvzLH0,zL, HΘx,xLH0,zL, IΘx,yMH0,zL
, IΘy,yMH0,zL

, IΘy,zMH0,zL
,

HΘz,zLH0,zL, HΘz,xLH0,zL, IΘx,yMH0,zL
, HqxLH0,zL, IqyMH0,zL

, HqzLH0,zLE;
xDerivativeVariableList = ListA

ρH0,xL, HvxLH0,xL, IvyMH0,xL
, HvzLH0,xL, HΘx,xLH0,xL, IΘx,yMH0,xL

,

IΘy,yMH0,xL
, IΘy,zMH0,xL

, HΘz,zLH0,xL, HΘz,xLH0,xL, HqxLH0,xL, IqyMH0,xL
, HqzLH0,xLE;

yDerivativeVariableList = ListA
ρH0,yL, HvxLH0,yL, IvyMH0,yL

, HvzLH0,yL, HΘx,xLH0,yL, IΘx,yMH0,yL
,

IΘy,yMH0,yL
, IΘy,zMH0,yL

, HΘz,zLH0,yL, HΘz,xLH0,yL, HqxLH0,yL, IqyMH0,yL
, HqzLH0,yLE;

zDerivativeVariableList = ListA
ρH0,zL, HvxLH0,zL, IvyMH0,zL

, HvzLH0,zL, HΘx,xLH0,zL, IΘx,yMH0,zL
,

IΘy,yMH0,zL
, IΘy,zMH0,zL

, HΘz,zLH0,zL, HΘz,xLH0,zL, HqxLH0,zL, IqyMH0,zL
, HqzLH0,zLE;

DerivativeVariableList = List@xDerivativeVariableList, yDerivativeVariableList, zDerivativeVariableListD ;

vl = DerivativeVariableList;

vl êê MatrixForm;

el = EquationList;

len = Length@elD;

Ap = ConstantArray@0, 8len, 13<D;
Bp = Ap;

Cp = Ap;

rawAp = Ap;

rawBp = Ap;

rawCp = Ap;

H∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗L
H∗ REMOVES DERIVATIVES FROM MATRICIES ∗L
Der = List@D;
For@kVAR = 1, kVAR ≤ 3, 8

For@jVAR = 1, jVAR ≤ 13, 8
Der = Append@Der, Part@vl, kVAR, jVARD → 1D;

<; jVAR++D;
<; kVAR++D;

H∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗LH∗ MATRICIES ∗L
For@kVAR = 1, kVAR ≤ 3, 8

mOUT = ConstantArray@0, 8len, 13<D;
For@iVAR = 1, iVAR ≤ len, 8

tempEq = Part@el, iVARD;
EqLen = Length@tempEqD;
For@jVAR = 1, jVAR ≤ EqLen, 8

term = Part@tempEq, jVARD;
For@hVAR = 1, hVAR ≤ 13, 8

If@Length@Position@term, Part@vl, kVAR, hVARDDD > 0, 8
col = hVAR;

mOUT@@iVAR, colDD = term<D;
<; hVAR++D;

<; jVAR++D;
<; iVAR++D;

If@kVAR == 1, 8rawAp = mOUT<D;
If@kVAR � 2, 8rawBp = mOUT<D;
If@kVAR � 3, 8rawCp = mOUT<D;

<; kVAR++D;

Ap = FullSimplify@rawApD ê. Der;

Bp = FullSimplify@rawBpD ê. Der;

Cp = FullSimplify@rawCpD ê. Der;

H∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗L
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Ap ê. :
1

2
I−2 IΘx,y2 + Θz,x

2 M − Θx,x I3 Θx,x + Θy,y + Θz,zMM → µ1,

1

2
I−2 Θy,z Θz,x − Θx,y I3 IΘx,x + Θy,yM + Θz,zMM → µ2,

1

2
I−2 Θx,y Θy,z − Θz,x I3 Θx,x + Θy,y + 3 Θz,zMM → µ3,

−
1

2
ρ I3 Θx,x + Θy,y + Θz,zM →

ρ H2 Θx,x + θL
−2

,

−
1

2
ρ IΘx,x + 3 Θy,y + Θz,zM →

ρ I2 Θy,y + θM
−2

,

−
1

2
ρ IΘx,x + Θy,y + 3 Θz,zM →

ρ H2 Θz,z + θL
−2

> êê MatrixForm

vx ρ 0 0 0 0 0 0 0 0 0 0 0

Θx,x

ρ
vx 0 0 1 0 0 0 0 0 0 0 0

Θx,y

ρ
0 vx 0 0 1 0 0 0 0 0 0 0

Θz,x

ρ
0 0 vx 0 0 0 0 0 1 0 0 0

0 2 Θx,x 0 0 vx 0 0 0 0 0 0 0 0

0 Θx,y Θx,x 0 0 vx 0 0 0 0 0 0 0

0 0 2 Θx,y 0 0 0 vx 0 0 0 0 0 0

0 0 Θz,x Θx,y 0 0 0 vx 0 0 0 0 0

0 0 0 2 Θz,x 0 0 0 0 vx 0 0 0 0

0 Θz,x 0 Θx,x 0 0 0 0 0 vx 0 0 0

µ1 2 qx 0 0 −
1

2
ρ Hθ + 2 Θx,xL −ρ Θx,y 0 0 0 −ρ Θz,x vx 0 0

µ2 qy qx 0 −ρ Θx,y −
1

2
ρ Iθ + 2 Θy,yM 0 0 0 −ρ Θy,z 0 vx 0

µ3 qz 0 qx −ρ Θz,x −ρ Θy,z 0 0 0 −
1

2
ρ Hθ + 2 Θz,zL 0 0 vx
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Bp ê. :
1

2
I−2 Θx,y

2 − 2 Θy,z
2 − Θy,y IΘx,x + 3 Θy,y + Θz,zMM → µ4,

1

2
I−2 Θy,z Θz,x − Θx,y I3 IΘx,x + Θy,yM + Θz,zMM → µ2,

1

2
I−2 Θx,y Θz,x − Θy,z IΘx,x + 3 IΘy,y + Θz,zMMM → µ5,

−
1

2
ρ I3 Θx,x + Θy,y + Θz,zM →

ρ H2 Θx,x + θL
−2

,

−
1

2
ρ IΘx,x + 3 Θy,y + Θz,zM →

ρ I2 Θy,y + θM
−2

,

−
1

2
ρ IΘx,x + Θy,y + 3 Θz,zM →

ρ H2 Θz,z + θL
−2

> êê MatrixForm

vy 0 ρ 0 0 0 0 0 0 0 0 0 0

Θx,y

ρ
vy 0 0 0 1 0 0 0 0 0 0 0

Θy,y

ρ
0 vy 0 0 0 1 0 0 0 0 0 0

Θy,z

ρ
0 0 vy 0 0 0 1 0 0 0 0 0

0 2 Θx,y 0 0 vy 0 0 0 0 0 0 0 0

0 Θy,y Θx,y 0 0 vy 0 0 0 0 0 0 0

0 0 2 Θy,y 0 0 0 vy 0 0 0 0 0 0

0 0 Θy,z Θy,y 0 0 0 vy 0 0 0 0 0

0 0 0 2 Θy,z 0 0 0 0 vy 0 0 0 0

0 Θy,z 0 Θx,y 0 0 0 0 0 vy 0 0 0

µ2 qy qx 0 0 −
1

2
ρ Hθ + 2 Θx,xL −ρ Θx,y −ρ Θz,x 0 0 vy 0 0

µ4 0 2 qy 0 0 −ρ Θx,y −
1

2
ρ Iθ + 2 Θy,yM −ρ Θy,z 0 0 0 vy 0

µ5 0 qz qy 0 −ρ Θz,x −ρ Θy,z −
1

2
ρ Hθ + 2 Θz,zL 0 0 0 0 vy
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Cp ê. :
1

2
I−2 Θy,z

2 − 2 Θz,x
2 − Θz,z IΘx,x + Θy,y + 3 Θz,zMM → µ6,

1

2
I−2 Θx,y Θy,z − Θz,x I3 Θx,x + Θy,y + 3 Θz,zMM → µ3,

1

2
I−2 Θx,y Θz,x − Θy,z IΘx,x + 3 IΘy,y + Θz,zMMM → µ5,

−
1

2
ρ I3 Θx,x + Θy,y + Θz,zM →

ρ H2 Θx,x + θL
−2

,

−
1

2
ρ IΘx,x + 3 Θy,y + Θz,zM →

ρ I2 Θy,y + θM
−2

,

−
1

2
ρ IΘx,x + Θy,y + 3 Θz,zM →

ρ H2 Θz,z + θL
−2

> êê MatrixForm

vz 0 0 ρ 0 0 0 0 0 0 0 0 0

Θz,x

ρ
vz 0 0 0 0 0 0 0 1 0 0 0

Θy,z

ρ
0 vz 0 0 0 0 1 0 0 0 0 0

Θz,z

ρ
0 0 vz 0 0 0 0 1 0 0 0 0

0 2 Θz,x 0 0 vz 0 0 0 0 0 0 0 0

0 Θy,z Θz,x 0 0 vz 0 0 0 0 0 0 0

0 0 2 Θy,z 0 0 0 vz 0 0 0 0 0 0

0 0 Θz,z Θy,z 0 0 0 vz 0 0 0 0 0

0 0 0 2 Θz,z 0 0 0 0 vz 0 0 0 0

0 Θz,z 0 Θz,x 0 0 0 0 0 vz 0 0 0

µ3 qz 0 qx 0 0 0 −ρ Θx,y −ρ Θz,x −
1

2
ρ Hθ + 2 Θx,xL vz 0 0

µ5 0 qz qy 0 0 0 −
1

2
ρ Iθ + 2 Θy,yM −ρ Θy,z −ρ Θx,y 0 vz 0

µ6 0 0 2 qz 0 0 0 −ρ Θy,z −
1

2
ρ Hθ + 2 Θz,zL −ρ Θz,x 0 0 vz

Eigensystem Analysis :

ü Eigenvalues : 

ApEigVals = FullSimplify@Eigenvalues@ApDD;
ApEigVals êê MatrixForm

vx

vx

vx

vx

vx

vx

vx

vx − Θx,x

vx − Θx,x

vx + Θx,x

vx + Θx,x

vx − 3 Θx,x

vx + 3 Θx,x
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BpEigVals = FullSimplify@Eigenvalues@BpDD;
BpEigVals êê MatrixForm

vy

vy

vy

vy

vy

vy

vy

vy − Θy,y

vy − Θy,y

vy + Θy,y

vy + Θy,y

vy − 3 Θy,y

vy + 3 Θy,y

CpEigVals = FullSimplify@Eigenvalues@CpDD;
CpEigVals êê MatrixForm

vz

vz

vz

vz

vz

vz

vz

vz − Θz,z

vz − Θz,z

vz + Θz,z

vz + Θz,z

vz − 3 Θz,z

vz + 3 Θz,z

ü Matrix Coefficient Function :

In these matricies, certain terms share certain similarities. These are simplified by use of a coefficient function Q.

Qeˆ Hc1, c2, c3, c4L = 2 qeˆ + c1 ∗ ρ Θeˆ,eˆ Ic2 Θx,x + c3 Θy,y + c4 Θz,zM

For example :

β = Qx@1, 1, 3, 1D = 2 qx + ρ Θx,x IΘx,x + 3 Θy,y + Θz,zM
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ü Ap Eigenvectors : 

ApEigVecs = FullSimplify@Eigenvectors@ApDD;
ApEigVecs êê MatrixForm

0 0

0 0

0 0

−
ρ

Θz,x
0

0 0

0 0

0 0

0 0
4 qx

2+4 ρ qx Θx,x HΘx,x+

0 0

−
2 qx

Θx,x

0 0
4 qx

2−4 ρ qx Θx,x HΘx,x+

0 0
2 qx

Θx,x

2 3 ρ Θx,x

2 3 qz Θx,x+2 3 qx Θz,x+3 ρ Θx,x H2 Θx,y Θy,z+Θz,x H3 Θx,x+Θy,y+3 Θz,zLL
−

6 Θx,x
3ê2

2 3 qz Θx,x+2 3 qx Θz,x+3 ρ Θx,x H2 Θx,y Θy,z+Θz,x H3 Θx,x+Θy,y+3 Θz,zLL
−

2 3 qz Θx,x+2

2 3 ρ Θx,x

2 3 qz Θx,x+2 3 qx Θz,x−3 ρ Θx,x H2 Θx,y Θy,z+Θz,x H3 Θx,x+Θy,y+3 Θz,zLL
−

6 Θx,x
3ê2

−2 3 qz Θx,x−2 3 qx Θz,x+3 ρ Θx,x H2 Θx,y Θy,z+Θz,x H3 Θx,x+Θy,y+3 Θz,zLL
−

−2 3 qz Θx,x−

ApR1 = Take@ApEigVecs, 81, 1<D;
ApR2 = Take@ApEigVecs, 82, 2<D;
ApR3 = Take@ApEigVecs, 83, 3<D;
ApR4 = Take@ApEigVecs, 84, 4<D;
ApR5 = Take@ApEigVecs, 85, 5<D;
ApR6 = Take@ApEigVecs, 86, 6<D;
ApR7 = Take@ApEigVecs, 87, 7<D;
ApR8 = Take@ApEigVecs, 88, 8<D;
ApR9 = Take@ApEigVecs, 89, 9<D;
ApR10 = Take@ApEigVecs, 810, 10<D;
ApR11 = Take@ApEigVecs, 811, 11<D;
ApR12 = Take@ApEigVecs, 812, 12<D;
ApR13 = Take@ApEigVecs, 813, 13<D;
ApR1

880, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1<<

ApR2

880, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0<<

ApR3

880, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0<<

ApR4

::−
ρ

Θz,x
, 0, 0, 0,

Θx,x

Θz,x
,

Θx,y

Θz,x
, 0, 0, 0, 1, 0, 0, 0>>

ApR5

880, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0<<

ApR6

880, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0<<
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ApR7

880, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0<<

FullSimplifyBTranspose@ApR8D ∗

K4 qx2 + 4 ρ qx Θx,x IΘx,x + 2 IΘy,y + Θz,zMM + ρ2 Θx,x I−4 Θy,z
2 + IΘx,x + 3 Θy,y + Θz,zM IΘx,x + Θy,y + 3 Θz,zMMOF ê. :

2 qx + ρ Θx,x IΘx,x + 3 Θy,y + Θz,zM → β,

2 qx Θx,x + ρ Θx,x IΘx,x + 3 Θy,y + Θz,zM → β Θx,x ,

2 qx Θx,y + ρ Θx,x I−2 Θy,z Θz,x + Θx,y IΘx,x + 3 Θy,y + Θz,zMM → β Θx,y − 2 ρ Θx,x Θy,z Θz,x,

2 ρ qx Θx,x Θz,x + ρ2 Θx,x
2 Θz,x + ρ2 Θx,x I−2 Θx,y Θy,z + Θz,x I3 Θy,y + Θz,zMM → β ρ Θx,x Θz,x − 2 ρ2 Θx,x Θx,y Θy,z,

4 qx
2 + 4 ρ qx Θx,x IΘx,x + 2 IΘy,y + Θz,zMM + ρ2 Θx,x I−4 Θy,z

2 + IΘx,x + 3 Θy,y + Θz,zM IΘx,x + Θy,y + 3 Θz,zMM →

β2 − 4 ρ2 Θx,x Θy,z
2 + 2 ρ Θx,x β IΘz,z − Θy,yM

> êê
MatrixForm

0

0

4 ρ Θx,x Θy,z

−2 β Θx,x

0

−4 ρ Θx,x
3ê2 Θy,z

−8 ρ Θx,x Θx,y Θy,z

2 Jβ Θx,y − 2 ρ Θx,x Θy,z Θz,xN
4 β Θz,x

2 β Θx,x

2 J−2 ρ2 Θx,x Θx,y Θy,z + β ρ Θx,x Θz,xN
0

β2 − 4 ρ2 Θx,x Θy,z
2 + 2 β ρ Θx,x I−Θy,y + Θz,zM
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FullSimplifyBTranspose@ApR9D ∗

K4 qx2 + 4 ρ qx Θx,x IΘx,x + 2 IΘy,y + Θz,zMM + ρ2 Θx,x I−4 Θy,z
2 + IΘx,x + 3 Θy,y + Θz,zM IΘx,x + Θy,y + 3 Θz,zMMOF ê. :

4 qx
2 + 4 ρ qx Θx,x IΘx,x + 2 IΘy,y + Θz,zMM + ρ2 Θx,x I−4 Θy,z

2 + IΘx,x + 3 Θy,y + Θz,zM IΘx,x + Θy,y + 3 Θz,zMM →

β2 − 4 ρ2 Θx,x Θy,z
2 + 2 ρ Θx,x β IΘz,z − Θy,yM,

2 qx + ρ Θx,x IΘx,x + Θy,y + 3 Θz,zM → α,

2 qx Θx,x + ρ Θx,x IΘx,x + Θy,y + 3 Θz,zM → α Θx,x ,

2 qx Θz,x + ρ Θx,x I−2 Θx,y Θy,z + Θz,x IΘx,x + Θy,y + 3 Θz,zMM → α Θz,x − 2 ρ Θx,x Θx,y Θy,z,

2 ρ qx Θx,x Θx,y + ρ2 Θx,x I−2 Θy,z Θz,x + Θx,y IΘx,x + Θy,y + 3 Θz,zMM → α Kρ Θx,x Θx,yO − 2 ρ2 Θx,x Θy,z Θz,x

> êê MatrixForm

0

0

−2 α Θx,x

4 ρ Θx,x Θy,z

0

2 α Θx,x

4 α Θx,y

2 J−2 ρ Θx,x Θx,y Θy,z + α Θz,xN

−8 ρ Θx,x Θy,z Θz,x

−4 ρ Θx,x
3ê2 Θy,z

2 Jα ρ Θx,x Θx,y − 2 ρ2 Θx,x Θy,z Θz,xN

β2 − 4 ρ2 Θx,x Θy,z
2 + 2 β ρ Θx,x I−Θy,y + Θz,zM

0
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FullSimplifyBTranspose@ApR10D ∗

K4 qx2 − 4 ρ qx Θx,x IΘx,x + 2 IΘy,y + Θz,zMM + ρ2 Θx,x I−4 Θy,z
2 + IΘx,x + 3 Θy,y + Θz,zM IΘx,x + Θy,y + 3 Θz,zMMOF ê. :

2 qx − ρ Θx,x IΘx,x + 3 Θy,y + Θz,zM → χ,

4 qx Θx,x − 2 ρ Θx,x IΘx,x + 3 Θy,y + Θz,zM → 2 χ K Θx,x O,
4 qx Θx,y − 2 ρ Θx,x I−2 Θy,z Θz,x + Θx,y IΘx,x + 3 Θy,y + Θz,zMM → 2 χ IΘx,yM + 4 ρ Θx,x Θy,z Θz,x,

−2 Θx,x K−2 qx + ρ Θx,x IΘx,x + 3 Θy,y + Θz,zMO → H2 Θx,xL χ,

2 K−2 ρ qx Θx,x Θz,x + ρ2 Θx,x
2 Θz,x + ρ2 Θx,x I−2 Θx,y Θy,z + Θz,x I3 Θy,y + Θz,zMMO → χ K−2 ρ Θx,x Θz,xO − 4 ρ2 Θx,x Θx,y Θy,z,

4 qx
2 − 4 ρ qx Θx,x IΘx,x + 2 IΘy,y + Θz,zMM + ρ2 Θx,x I−4 Θy,z

2 + IΘx,x + 3 Θy,y + Θz,zM IΘx,x + Θy,y + 3 Θz,zMM →

χ2 + 2 χ ρ Θx,x IΘy,y − Θz,zM − 4 ρ2 Θx,x Θy,z
2

> êê
MatrixForm

0

0

4 ρ Θx,x Θy,z

2 χ Θx,x

0

4 ρ Θx,x
3ê2 Θy,z

8 ρ Θx,x Θx,y Θy,z

2 χ Θx,y + 4 ρ Θx,x Θy,z Θz,x

4 χ Θz,x

2 χ Θx,x

−4 ρ2 Θx,x Θx,y Θy,z − 2 ρ χ Θx,x Θz,x

0

χ2 − 4 ρ2 Θx,x Θy,z
2 + 2 ρ χ Θx,x IΘy,y − Θz,zM
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FullSimplifyBTranspose@ApR11D ∗

K4 qx2 − 4 ρ qx Θx,x IΘx,x + 2 IΘy,y + Θz,zMM + ρ2 Θx,x I−4 Θy,z
2 + IΘx,x + 3 Θy,y + Θz,zM IΘx,x + Θy,y + 3 Θz,zMMOF ê. :

2 qx − ρ Θx,x IΘx,x + Θy,y + 3 Θz,zM → σ,

4 qx Θx,x − 2 ρ Θx,x IΘx,x + Θy,y + 3 Θz,zM → K2 Θx,x O σ,

−2 Θx,x K−2 qx + ρ Θx,x IΘx,x + Θy,y + 3 Θz,zMO → σ H2 Θx,xL,

−2 K−2 qx Θz,x + ρ Θx,x I−2 Θx,y Θy,z + Θz,x IΘx,x + Θy,y + 3 Θz,zMMO → σ H2 Θz,xL + 4 ρ Θx,x Θx,y Θy,z,

2 K−2 ρ qx Θx,x Θx,y + ρ2 Θx,x I−2 Θy,z Θz,x + Θx,y IΘx,x + Θy,y + 3 Θz,zMMO → σ K−2 ρ Θx,x Θx,yO − 4 ρ2 Θx,x Θy,z Θz,x,

4 qx
2 − 4 ρ qx Θx,x IΘx,x + 2 IΘy,y + Θz,zMM + ρ2 Θx,x I−4 Θy,z

2 + IΘx,x + 3 Θy,y + Θz,zM IΘx,x + Θy,y + 3 Θz,zMM →

σ2 + 2 ρ Θx,x σ IΘz,z − Θy,yM − 4 ρ2 Θx,x Θy,z
2

> êê
MatrixForm

0

0

2 σ Θx,x

4 ρ Θx,x Θy,z

0

2 σ Θx,x

4 σ Θx,y

4 ρ Θx,x Θx,y Θy,z + 2 σ Θz,x

8 ρ Θx,x Θy,z Θz,x

4 ρ Θx,x
3ê2 Θy,z

−2 ρ σ Θx,x Θx,y − 4 ρ2 Θx,x Θy,z Θz,x

σ2 − 4 ρ2 Θx,x Θy,z
2 + 2 ρ σ Θx,x I−Θy,y + Θz,zM

0
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FullSimplifyBTranspose@ApR12D ∗ K2 3 qz Θx,x + 2 3 qx Θz,x + 3 ρ Θx,x I2 Θx,y Θy,z + Θz,x I3 Θx,x + Θy,y + 3 Θz,zMMO ê. :

Θx,x K4 3 qx Θx,x + 3 ρ I2 IΘx,y2 + Θz,x
2 M + Θx,x I3 Θx,x + Θy,y + Θz,zMMO →

2 3 Θx,x QxB
3

2 3

, 3, 1, 1F + 6 ρ Θx,x IΘx,y2 + Θz,x
2 M,

2 3 qy Θx,x + 2 3 qx Θx,y + 3 ρ Θx,x I2 Θy,z Θz,x + Θx,y I3 IΘx,x + Θy,yM + Θz,zMM →

QxB
3

3

, 3, 3, 1F ∗ 3 Θx,y + 2 3 qy Θx,x + 6 ρ Θx,x Θy,z Θz,x,

2 3 qz Θx,x + 2 3 qx Θz,x + 3 ρ Θx,x I2 Θx,y Θy,z + Θz,x I3 Θx,x + Θy,y + 3 Θz,zMM →

QxB
3

3

, 3, 1, 3F ∗ 3 Θz,x + 2 3 qz Θx,x + 6 ρ Θx,x Θx,y Θy,z>F êê MatrixForm

2 3 ρ Θx,x

−6 Θx,x
3ê2

−6 Θx,x Θx,y

−6 Θx,x Θz,x

4 3 Θx,x
2

4 3 Θx,x Θx,y

4 3 Θx,y
2

4 3 Θx,y Θz,x

4 3 Θz,x
2

4 3 Θx,x Θz,x

6 ρ Θx,x IΘx,y2 + Θz,x
2 M + 2 3 Θx,x QxB 3

2
, 3, 1, 1F

2 3 qy Θx,x + 6 ρ Θx,x Θy,z Θz,x + 3 Θx,y QxB 3 , 3, 3, 1F

2 3 qz Θx,x + 6 ρ Θx,x Θx,y Θy,z + 3 Θz,x QxB 3 , 3, 1, 3F
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FullSimplifyBTranspose@ApR13D ∗ K2 3 qz Θx,x + 2 3 qx Θz,x − 3 ρ Θx,x I2 Θx,y Θy,z + Θz,x I3 Θx,x + Θy,y + 3 Θz,zMMOF ê. :

Θx,x K4 3 qx Θx,x − 3 ρ I2 IΘx,y2 + Θz,x
2 M + Θx,x I3 Θx,x + Θy,y + Θz,zMMO →

QyB−
3

2 3

, 3, 1, 1F ∗ J2 3 Θx,xN − 6 ρ Θx,x IΘx,y2 + Θz,x
2 M,

2 3 qy Θx,x + 2 3 qx Θx,y − 3 ρ Θx,x I2 Θy,z Θz,x + Θx,y I3 IΘx,x + Θy,yM + Θz,zMM →

QyB−
3

3

, 3, 3, 1F ∗ J 3 Θx,yN + 2 3 qy Θx,x − 6 ρ Θx,x Θy,z Θz,x,

2 3 qz Θx,x + 2 3 qx Θz,x − 3 ρ Θx,x I2 Θx,y Θy,z + Θz,x I3 Θx,x + Θy,y + 3 Θz,zMM →

QyB−
3

3

, 3, 1, 3F ∗ J 3 Θz,xN + 2 3 qz Θx,x − 6 ρ Θx,x Θx,y Θy,z

> êê
MatrixForm

2 3 ρ Θx,x

6 Θx,x
3ê2

6 Θx,x Θx,y

6 Θx,x Θz,x

4 3 Θx,x
2

4 3 Θx,x Θx,y

4 3 Θx,y
2

4 3 Θx,y Θz,x

4 3 Θz,x
2

4 3 Θx,x Θz,x

−6 ρ Θx,x IΘx,y2 + Θz,x
2 M + 2 3 Θx,x QyB− 3

2
, 3, 1, 1F

2 3 qy Θx,x − 6 ρ Θx,x Θy,z Θz,x + 3 Θx,y QyB− 3 , 3, 3, 1F

2 3 qz Θx,x − 6 ρ Θx,x Θx,y Θy,z + 3 Θz,x QyB− 3 , 3, 1, 3F
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ü Bp Eigenvectors : 

BpEigVecs = FullSimplify@Eigenvectors@BpDD;
BpEigVecs êê MatrixForm

0 0

0 0

0 0

0 0

0 0

−
ρ

Θy,z
0

0 0

0
2 Θy,y Θy,z

2 qy Θx,y+ρ Θy,y H−2 Θy,z Θz,x+Θx,y HΘx,x+Θy,y+3 Θz,zLL

0
1

ρ −Θx,y+
2 ρ Θy,y Θy,z Θz,x

2 qy+ρ Θy,y IΘx,x+Θy,y+3 Θz,zM

0
2 Θy,y Θy,z

−2 qy Θx,y+ρ Θy,y H−2 Θy,z Θz,x+Θx,y HΘx,x+Θy,y+3 Θz,zLL

0
1

ρ −Θx,y+
2 ρ Θy,y Θy,z Θz,x

−2 qy+ρ Θy,y IΘx,x+Θy,y+3 Θz,zM

2 3 ρ Θy,y

2 3 qz Θy,y+2 3 qy Θy,z+3 ρ Θy,y H2 Θx,y Θz,x+Θy,z HΘx,x+3 HΘy,y+Θz,zLLL
−

6 Θx,y Θy,y

2 3 qz Θy,y+2 3 qy Θy,z+3 ρ Θy,y H2 Θx,y Θz,x+Θy,z HΘx,x+3 HΘy,y+Θz,zLLL
−

2 3 qz Θy,y+2 3

2 3 ρ Θy,y

2 3 qz Θy,y+2 3 qy Θy,z−3 ρ Θy,y H2 Θx,y Θz,x+Θy,z HΘx,x+3 HΘy,y+Θz,zLLL
−

6 Θx,y Θy,y

−2 3 qz Θy,y−2 3 qy Θy,z+3 ρ Θy,y H2 Θx,y Θz,x+Θy,z HΘx,x+3 HΘy,y+Θz,zLLL
−

−2 3 qz Θy,y−2 3

BpR1 = Take@BpEigVecs, 81, 1<D;
BpR2 = Take@BpEigVecs, 82, 2<D;
BpR3 = Take@BpEigVecs, 83, 3<D;
BpR4 = Take@BpEigVecs, 84, 4<D;
BpR5 = Take@BpEigVecs, 85, 5<D;
BpR6 = Take@BpEigVecs, 86, 6<D;
BpR7 = Take@BpEigVecs, 87, 7<D;
BpR8 = Take@BpEigVecs, 88, 8<D;
BpR9 = Take@BpEigVecs, 89, 9<D;
BpR10 = Take@BpEigVecs, 810, 10<D;
BpR11 = Take@BpEigVecs, 811, 11<D;
BpR12 = Take@BpEigVecs, 812, 12<D;
BpR13 = Take@BpEigVecs, 813, 13<D;
BpR1

880, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1<<

BpR2

880, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0<<

BpR3

880, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0<<

BpR4

880, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0<<

BpR5

880, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0<<

BpR6

::−
ρ

Θy,z
, 0, 0, 0, 0,

Θx,y

Θy,z
,

Θy,y

Θy,z
, 1, 0, 0, 0, 0, 0>>
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BpR7

880, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0<<

FullSimplifyBTranspose@BpR8D ∗ J2 qy Θx,y + ρ Θy,y I−2 Θy,z Θz,x + Θx,y IΘx,x + Θy,y + 3 Θz,zMMNF ê. :
2 qy Θx,y + ρ Θy,y I−2 Θy,z Θz,x + Θx,y IΘx,x + Θy,y + 3 Θz,zMM → Qy@1, 1, 1, 3D ∗ Θx,y − 2 ρ Θy,y Θy,z Θz,x,

−2 qy Θy,z − ρ Θy,y I−2 Θx,y Θz,x + Θy,z I3 Θx,x + Θy,y + Θz,zMM → Qy@1, 3, 1, 1D ∗ I−Θy,zM + 2 ρ Θx,y Θy,y Θz,x

> êê MatrixForm

0

2 Θy,y Θy,z

0

−2 Θx,y Θy,y

−4 Θx,y Θy,z

−2 Θy,y Θy,z

0

2 Θx,y Θy,y

4 Θx,y Θy,z

2 IΘx,y2 − Θy,z
2 M

2 ρ Θx,y Θy,y Θz,x − Θy,z Qy@1, 3, 1, 1D
0

−2 ρ Θy,y Θy,z Θz,x + Θx,y Qy@1, 1, 1, 3D

FullSimplifyBTranspose@BpR9D ∗ J2 ρ qy Θx,y Θy,y + ρ2 Θy,y I−2 Θy,z Θz,x + Θx,y IΘx,x + Θy,y + 3 Θz,zMMNF ê. :
2 qy + ρ Θy,y IΘx,x + Θy,y + 3 Θz,zM → α,

−2 qy Θy,y − ρ Θy,y IΘx,x + Θy,y + 3 Θz,zM → α J−1 Θy,y N,
2 qy Θy,y + ρ Θy,y

3ê2 IΘx,x + Θy,y + 3 Θz,zM → α ∗ Θy,y,

2 qy Θy,z + ρ Θy,y I−2 Θx,y Θz,x + Θy,z IΘx,x + Θy,y + 3 Θz,zMM → α ∗ Θy,z − 2 ρ Θx,y Θy,y Θz,x,

1

2
J4 qy2 + 4 ρ qy Θy,y I2 Θx,x + Θy,y + 2 Θz,zM + ρ2 Θy,y I−4 Θz,x

2 + I3 Θx,x + Θy,y + Θz,zM IΘx,x + Θy,y + 3 Θz,zMMN →

1

2
HαL2 + HαL ∗ Jρ ∗ HΘx,x − Θz,zL Θy,y N − 2 ρ2 Θy,y Θz,x

2 ,

2 ρ qy Θx,y Θy,y + ρ2 Θy,y I−2 Θy,z Θz,x + Θx,y IΘx,x + Θy,y + 3 Θz,zMM → HαL ∗ Jρ Θx,y Θy,y N − 2 ρ2 Θy,y Θy,z Θz,x

> êê MatrixForm

0

−α Θy,y

0

2 ρ Θy,y Θz,x

2 α Θx,y

α Θy,y

0

−2 ρ Θy,y
3ê2 Θz,x

−4 ρ Θy,y Θy,z Θz,x

α Θy,z − 2 ρ Θx,y Θy,y Θz,x

α2

2
− 2 ρ2 Θy,y Θz,x

2 + α ρ Θy,y HΘx,x − Θz,zL

α ρ Θx,y Θy,y − 2 ρ2 Θy,y Θy,z Θz,x

0
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FullSimplifyBJTranspose@BpR10D ∗ J2 qy Θx,y − ρ Θy,y I−2 Θy,z Θz,x + Θx,y IΘx,x + Θy,y + 3 Θz,zMMNNF ê. :
2 qy Θx,y − ρ Θy,y I−2 Θy,z Θz,x + Θx,y IΘx,x + Θy,y + 3 Θz,zMM → Qy@−1, 1, 1, 3D Θx,y + 2 ρ Θy,y Θy,z Θz,x,

−2 qy Θy,z + ρ Θy,y I−2 Θx,y Θz,x + Θy,z I3 Θx,x + Θy,y + Θz,zMM → Qy@−1, 3, 1, 1D I−Θy,zM − 2 ρ Θx,y Θy,y Θz,x

> êê MatrixForm

0

−2 Θy,y Θy,z

0

2 Θx,y Θy,y

−4 Θx,y Θy,z

−2 Θy,y Θy,z

0

2 Θx,y Θy,y

4 Θx,y Θy,z

2 IΘx,y2 − Θy,z
2 M

−2 ρ Θx,y Θy,y Θz,x − Θy,z Qy@−1, 3, 1, 1D
0

2 ρ Θy,y Θy,z Θz,x + Θx,y Qy@−1, 1, 1, 3D

FullSimplifyBTranspose@BpR11D ∗ J2 J−2 ρ qy Θx,y Θy,y + ρ2 Θy,y I−2 Θy,z Θz,x + Θx,y IΘx,x + Θy,y + 3 Θz,zMMNNF ê. :
−4 Θx,y J−2 qy + ρ Θy,y IΘx,x + Θy,y + 3 Θz,zMN → β I4 Θx,yM,
−2 Θy,y J−2 qy + ρ Θy,y IΘx,x + Θy,y + 3 Θz,zMN → β I2 Θy,yM,
4 qy Θy,y − 2 ρ Θy,y IΘx,x + Θy,y + 3 Θz,zM → β J2 Θy,y N,
4 qy Θy,z − 2 ρ Θy,y I−2 Θx,y Θz,x + Θy,z IΘx,x + Θy,y + 3 Θz,zMM → β I2 Θy,zM + 4 ρ Θx,y Θy,y Θz,x,

4 qy
2 − 4 ρ qy Θy,y I2 Θx,x + Θy,y + 2 Θz,zM + ρ2 Θy,y I−4 Θz,x

2 + I3 Θx,x + Θy,y + Θz,zM IΘx,x + Θy,y + 3 Θz,zMM →

HβL2 + HβL ∗ J2 ρ H −Θx,x + Θz,zL Θy,y N − 4 ρ2 Θy,y Θz,x
2 ,

2 J−2 ρ qy Θx,y Θy,y + ρ2 Θy,y I−2 Θy,z Θz,x + Θx,y IΘx,x + Θy,y + 3 Θz,zMMN → HβL ∗ J−2 ρ Θx,y Θy,y N − 4 ρ2 Θy,y Θy,z Θz,x

> êê MatrixForm

0

2 β Θy,y

0

4 ρ Θy,y Θz,x

4 β Θx,y

2 β Θy,y

0

4 ρ Θy,y
3ê2 Θz,x

8 ρ Θy,y Θy,z Θz,x

2 β Θy,z + 4 ρ Θx,y Θy,y Θz,x

β2 − 4 ρ2 Θy,y Θz,x
2 + 2 β ρ Θy,y H−Θx,x + Θz,zL

−2 β ρ Θx,y Θy,y − 4 ρ2 Θy,y Θy,z Θz,x

0
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FullSimplifyBTranspose@BpR12D ∗ J2 3 qz Θy,y + 2 3 qy Θy,z + 3 ρ Θy,y I2 Θx,y Θz,x + Θy,z IΘx,x + 3 IΘy,y + Θz,zMMMNF êê
MatrixForm

2 3 ρ Θy,y

−6 Θx,y Θy,y

−6 Θy,y
3ê2

−6 Θy,y Θy,z

4 3 Θx,y
2

4 3 Θx,y Θy,y

4 3 Θy,y
2

4 3 Θy,y Θy,z

4 3 Θy,z
2

4 3 Θx,y Θy,z

2 3 qy Θx,y + 2 3 qx Θy,y + 3 ρ Θy,y I2 Θy,z Θz,x + Θx,y I3 IΘx,x + Θy,yM + Θz,zMM
Θy,y J4 3 qy Θy,y + 3 ρ I2 Θx,y

2 + 2 Θy,z
2 + Θy,y IΘx,x + 3 Θy,y + Θz,zMMN

2 3 qz Θy,y + 2 3 qy Θy,z + 3 ρ Θy,y I2 Θx,y Θz,x + Θy,z IΘx,x + 3 IΘy,y + Θz,zMMM

FullSimplifyBTranspose@BpR13D ∗ J2 3 qz Θy,y + 2 3 qy Θy,z − 3 ρ Θy,y I2 Θx,y Θz,x + Θy,z IΘx,x + 3 IΘy,y + Θz,zMMMNF êê
MatrixForm

2 3 ρ Θy,y

6 Θx,y Θy,y

6 Θy,y
3ê2

6 Θy,y Θy,z

4 3 Θx,y
2

4 3 Θx,y Θy,y

4 3 Θy,y
2

4 3 Θy,y Θy,z

4 3 Θy,z
2

4 3 Θx,y Θy,z

2 3 qy Θx,y + 2 3 qx Θy,y − 3 ρ Θy,y I2 Θy,z Θz,x + Θx,y I3 IΘx,x + Θy,yM + Θz,zMM

Θy,y J4 3 qy Θy,y − 3 ρ I2 Θx,y
2 + 2 Θy,z

2 + Θy,y IΘx,x + 3 Θy,y + Θz,zMMN

2 3 qz Θy,y + 2 3 qy Θy,z − 3 ρ Θy,y I2 Θx,y Θz,x + Θy,z IΘx,x + 3 IΘy,y + Θz,zMMM
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ü Cp Eigenvectors : 

CpEigVecs = FullSimplify@Eigenvectors@CpDD;
CpEigVecs êê MatrixForm

0 0 0

0 0 0

0 0 0

−
ρ

Θz,x
0 0

0 0 0

0 0 0

0 0 0

0
1

ρ −Θz,x+
2 ρ Θx,y Θy,z Θz,z

2 qz+ρ Θz,z IΘx,x+3 Θy,y+Θz,zM

2 Θx,y Θz,z

2 qz Θz,x+ρ Θz,z H−2 Θx,y Θy,z+Θz,x HΘx,x+3 Θy,y+Θz,zLL

0
2 Θy,z Θz,z

2 qz Θz,x+ρ Θz,z H−2 Θx,y Θy,z+Θz,x HΘx,x+3 Θy,y+Θz,zLL
−

2 Θz,x Θz,z

2 qz Θz,x+ρ Θz,z H−2 Θx,y Θy,z+Θz,x HΘx,x+3 Θy,y+Θz,zLL

0
1

ρ −Θz,x+
2 ρ Θx,y Θy,z Θz,z

−2 qz+ρ Θz,z IΘx,x+3 Θy,y+Θz,zM

−
2 Θx,y Θz,z

2 qz Θz,x−ρ Θz,z H−2 Θx,y Θy,z+Θz,x HΘx,x+3 Θy,y+Θz,zLL

0 −
2 Θy,z Θz,z

2 qz Θz,x−ρ Θz,z H−2 Θx,y Θy,z+Θz,x HΘx,x+3 Θy,y+Θz,zLL
−

2 Θz,x Θz,z

−2 qz Θz,x+ρ Θz,z H−2 Θx,y Θy,z+Θz,x HΘx,x+3 Θy,y+Θz,zLL

2 ρ Θz,z

4 qz Θz,z + 3 ρ I2 Θy,z
2 +2 Θz,x

2 +Θz,z HΘx,x+Θy,y+3 Θz,zLM
−

2 3 Θz,x

4 qz Θz,z + 3 ρ I2 Θy,z
2 +2 Θz,x

2 +Θz,z HΘx,x+Θy,y+3 Θz,zLM
−

2 3 Θy,z

4 qz Θz,z + 3 ρ I2 Θy,z
2 +2 Θz,x

2 +Θz,z HΘx,x+Θy,y+3 Θz,zLM

−
2 ρ Θz,z

−4 qz Θz,z + 3 ρ I2 Θy,z
2 +2 Θz,x

2 +Θz,z HΘx,x+Θy,y+3 Θz,zLM
−

2 3 Θz,x

−4 qz Θz,z + 3 ρ I2 Θy,z
2 +2 Θz,x

2 +Θz,z HΘx,x+Θy,y+3 Θz,zLM
−

2 3 Θy,z

−4 qz Θz,z + 3 ρ I2 Θy,z
2 +2 Θz,x

2 +Θz,z HΘx,x+Θy,y+3 Θz,zLM

CpR1 = Take@CpEigVecs, 81, 1<D;
CpR2 = Take@CpEigVecs, 82, 2<D;
CpR3 = Take@CpEigVecs, 83, 3<D;
CpR4 = Take@CpEigVecs, 84, 4<D;
CpR5 = Take@CpEigVecs, 85, 5<D;
CpR6 = Take@CpEigVecs, 86, 6<D;
CpR7 = Take@CpEigVecs, 87, 7<D;
CpR8 = Take@CpEigVecs, 88, 8<D;
CpR9 = Take@CpEigVecs, 89, 9<D;
CpR10 = Take@CpEigVecs, 810, 10<D;
CpR11 = Take@CpEigVecs, 811, 11<D;
CpR12 = Take@CpEigVecs, 812, 12<D;
CpR13 = Take@CpEigVecs, 813, 13<D;
CpR1

880, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1<<

CpR2

880, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0<<

CpR3

880, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0<<

CpR4

::−
ρ

Θz,x
, 0, 0, 0, 0, 0, 0,

Θy,z

Θz,x
,

Θz,z

Θz,x
, 1, 0, 0, 0>>

CpR5

880, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0<<

CpR6

880, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0<<
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CpR7

880, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0<<

FullSimplifyBTranspose@CpR8D ∗ K4 ρ qz Θz,x Θz,z + 2 ρ2 Θz,z I−2 Θx,y Θy,z + Θz,x IΘx,x + 3 Θy,y + Θz,zMMOF ê. :
2 qz + ρ Θz,z IΘx,x + 3 Θy,y + Θz,zM → β,

−2 K2 qz Θz,z + ρ Θz,z IΘx,x + 3 Θy,y + Θz,zMO → HβL ∗ K−2 Θz,z O,

2 K2 qz Θy,z + ρ Θz,z I−2 Θx,y Θz,x + Θy,z IΘx,x + 3 Θy,y + Θz,zMMO → HβL ∗ I2 Θy,zM − 4 ρ Θx,y Θz,x Θz,z ,

4 qz
2 + 4 ρ qz Θz,z I2 IΘx,x + Θy,yM + Θz,zM + ρ2 Θz,z I−4 Θx,y

2 + I3 Θx,x + Θy,y + Θz,zM IΘx,x + 3 Θy,y + Θz,zMM →

HβL2 ∗ H1L + HβL ∗ K2 ρ Θz,z IΘx,x − Θy,y MO − 4 ρ2 Θx,y
2 Θz,z,

4 ρ qz Θz,x Θz,z + 2 ρ2 Θz,z I−2 Θx,y Θy,z + Θz,x IΘx,x + 3 Θy,y + Θz,zMM → HβL ∗ K2 ρ Θz,x Θz,z O − 4 ρ2 Θx,y Θy,z Θz,z

> êê MatrixForm

0

−2 β Θz,z

4 ρ Θx,y Θz,z

0

4 β Θz,x

2 β Θy,z − 4 ρ Θx,y Θz,x Θz,z

−8 ρ Θx,y Θy,z Θz,z

−4 ρ Θx,y Θz,z
3ê2

0

2 β Θz,z

β2 + 2 β ρ IΘx,x − Θy,yM Θz,z − 4 ρ2 Θx,y
2 Θz,z

0

2 β ρ Θz,x Θz,z − 4 ρ2 Θx,y Θy,z Θz,z

FullSimplifyBTranspose@CpR9D ∗ K2 qz Θz,x + ρ Θz,z I−2 Θx,y Θy,z + Θz,x IΘx,x + 3 Θy,y + Θz,zMMOF ê. :
2 qz Θz,x + ρ Θz,z I−2 Θx,y Θy,z + Θz,x IΘx,x + 3 Θy,y + Θz,zMM → Qy@1, 1, 3, 1D ∗ HΘz,xL − 2 ρ Θx,y Θy,z Θz,z ,

−2 qz Θy,z − ρ Θz,z I−2 Θx,y Θz,x + Θy,z I3 Θx,x + Θy,y + Θz,zMM → Qy@1, 3, 1, 1D ∗ I− Θy,zM + 2 ρ Θx,y Θz,x Θz,z

> êê MatrixForm

0

2 Θy,z Θz,z

−2 Θz,x Θz,z

0

−4 Θy,z Θz,x

−2 Θy,z
2 + 2 Θz,x

2

4 Θy,z Θz,x

2 Θz,x Θz,z

0

−2 Θy,z Θz,z

2 ρ Θx,y Θz,x Θz,z − Θy,z Qy@1, 3, 1, 1D
−2 ρ Θx,y Θy,z Θz,z + Θz,x Qy@1, 1, 3, 1D

0
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FullSimplifyBTranspose@CpR10D ∗ K−4 ρ qz Θz,x Θz,z + 2 ρ2 Θz,z I−2 Θx,y Θy,z + Θz,x IΘx,x + 3 Θy,y + Θz,zMMOF ê. :

−4 Θz,x K−2 qz + ρ Θz,z IΘx,x + 3 Θy,y + Θz,zMO → HχL ∗ H 4 Θz,xL,

4 qz Θz,z − 2 ρ Θz,z IΘx,x + 3 Θy,y + Θz,zM → HχL ∗ K 2 Θz,z O,

4 qz Θy,z − 2 ρ Θz,z I−2 Θx,y Θz,x + Θy,z IΘx,x + 3 Θy,y + Θz,zMM → HχL ∗ K2 Θz,z O,

−2 Θz,z K−2 qz + ρ Θz,z IΘx,x + 3 Θy,y + Θz,zMO → HχL ∗ H2 Θz,zL,
4 qz

2 − 4 ρ qz Θz,z I2 IΘx,x + Θy,yM + Θz,zM + ρ2 Θz,z I−4 Θx,y
2 + I3 Θx,x + Θy,y + Θz,zM IΘx,x + 3 Θy,y + Θz,zMM →

HχL2 ∗ H1L + HχL ∗ 2 ρ Θz,z IΘy,y − Θx,x M − 4 ρ2 Θx,y
2 Θz,z,

−4 ρ qz Θz,x Θz,z + 2 ρ2 Θz,z I−2 Θx,y Θy,z + Θz,x IΘx,x + 3 Θy,y + Θz,zMM → HχL ∗ K−2 ρ Θz,x Θz,z O − 4 ρ2 Θx,y Θy,z Θz,z

> êê MatrixForm

0

2 χ Θz,z

4 ρ Θx,y Θz,z

0

4 χ Θz,x

2 χ Θz,z

8 ρ Θx,y Θy,z Θz,z

4 ρ Θx,y Θz,z
3ê2

0

2 χ Θz,z

χ2 + 2 ρ χ I−Θx,x + Θy,yM Θz,z − 4 ρ2 Θx,y
2 Θz,z

0

−2 ρ χ Θz,x Θz,z − 4 ρ2 Θx,y Θy,z Θz,z

FullSimplifyBTranspose@CpR11D ∗ K2 qz Θz,x − ρ Θz,z I−2 Θx,y Θy,z + Θz,x IΘx,x + 3 Θy,y + Θz,zMMOF ê. :
−2 qz Θy,z + ρ Θz,z I−2 Θx,y Θz,x + Θy,z I3 Θx,x + Θy,y + Θz,zMM → Qy@−1, 3, 1, 1D ∗ I− Θy,zM − 2 ρ Θx,y Θz,x Θz,z ,

2 qz Θz,x − ρ Θz,z I−2 Θx,y Θy,z + Θz,x IΘx,x + 3 Θy,y + Θz,zMM → Qy@−1, 1, 3, 1D ∗ HΘz,xL + 2 ρ Θx,y Θy,z Θz,z

> êê MatrixForm

0

−2 Θy,z Θz,z

2 Θz,x Θz,z

0

−4 Θy,z Θz,x

−2 Θy,z
2 + 2 Θz,x

2

4 Θy,z Θz,x

2 Θz,x Θz,z

0

−2 Θy,z Θz,z

−2 ρ Θx,y Θz,x Θz,z − Θy,z Qy@−1, 3, 1, 1D
2 ρ Θx,y Θy,z Θz,z + Θz,x Qy@−1, 1, 3, 1D

0
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FullSimplifyBTranspose@CpR12D ∗ K Θz,z K6 ρ Θy,z
2 + 6 ρ Θz,x

2 + 4 3 qz Θz,z + 3 ρ Θz,z IΘx,x + Θy,y + 3 Θz,zMOOF êê MatrixForm

2 3 ρ Θz,z

−6 Θz,x Θz,z

−6 Θy,z Θz,z

−6 Θz,z
3ê2

4 3 Θz,x
2

4 3 Θy,z Θz,x

4 3 Θy,z
2

4 3 Θy,z Θz,z

4 3 Θz,z
2

4 3 Θz,x Θz,z

2 3 qz Θz,x + 3 ρ I2 Θx,y Θy,z + I3 Θx,x + Θy,yM Θz,xM Θz,z + 2 3 qx Θz,z + 9 ρ Θz,x Θz,z
3ê2

2 3 qz Θy,z + 3 ρ IIΘx,x + 3 Θy,yM Θy,z + 2 Θx,y Θz,xM Θz,z + 2 3 qy Θz,z + 9 ρ Θy,z Θz,z
3ê2

Θz,z J6 ρ Θy,z
2 + 6 ρ Θz,x

2 + 4 3 qz Θz,z + 3 ρ Θz,z IΘx,x + Θy,y + 3 Θz,zMN

FullSimplifyBTranspose@CpR13D ∗ K Θz,z K6 ρ Θy,z
2 + 6 ρ Θz,x

2 − 4 3 qz Θz,z + 3 ρ Θz,z IΘx,x + Θy,y + 3 Θz,zMOOF êê MatrixForm

−2 3 ρ Θz,z

−6 Θz,x Θz,z

−6 Θy,z Θz,z

−6 Θz,z
3ê2

−4 3 Θz,x
2

−4 3 Θy,z Θz,x

−4 3 Θy,z
2

−4 3 Θy,z Θz,z

−4 3 Θz,z
2

−4 3 Θz,x Θz,z

−2 3 qz Θz,x + 3 ρ I2 Θx,y Θy,z + I3 Θx,x + Θy,yM Θz,xM Θz,z − 2 3 qx Θz,z + 9 ρ Θz,x Θz,z
3ê2

−2 3 qz Θy,z + 3 ρ IIΘx,x + 3 Θy,yM Θy,z + 2 Θx,y Θz,xM Θz,z − 2 3 qy Θz,z + 9 ρ Θy,z Θz,z
3ê2

Θz,z J6 ρ Θy,z
2 + 6 ρ Θz,x

2 − 4 3 qz Θz,z + 3 ρ Θz,z IΘx,x + Θy,y + 3 Θz,zMN

Transformation Matrix M :

The transformation matrix M is defined as the Jacobian

M =
∂U

∂V

Where V are the primitive variables and U are the conserved variables :



156

V =

ρ

vx
vy

vz
Θxx
Θxy

Θyy

Θyz

Θzz
Θzx
qx

qy

qz

;

U =

ρ

ρ ∗ vx
ρ ∗ vy

ρ ∗ vz
ρ ∗ Θxx + ρ ∗ vx ∗ vx
ρ ∗ Θxy + ρ ∗ vx ∗ vy

ρ ∗ Θyy + ρ ∗ vy ∗ vy

ρ ∗ Θyz + ρ ∗ vy ∗ vz

ρ ∗ Θzz + ρ ∗ vz ∗ vz
ρ ∗ Θzx + ρ ∗ vz ∗ vx

ρ ∗ vx ∗ Ivx2 + vy2 + vz
2M + ρ ∗ vx ∗ IΘxx + Θyy + ΘzzM + 2 ∗ ρ ∗ Ivx ∗ Θxx + vy ∗ Θxy + vz ∗ ΘxzM + 2 qx

ρ ∗ vy ∗ Ivx2 + vy2 + vz2M + ρ ∗ vy ∗ IΘxx + Θyy + ΘzzM + 2 ρ ∗ Ivx ∗ Θxy + vy ∗ Θyy + vz ∗ ΘyzM + 2 qy

ρ ∗ vz ∗ Ivx2 + vy2 + vz2M + ρ ∗ vz ∗ IΘxx + Θyy + ΘzzM + 2 ρ ∗ Ivx ∗ Θxz + vy ∗ Θyz + vz ∗ ΘzzM + 2 qz

;

M = ConstantArray@0, 813, 13<D;
ForAiVAR = 1, iVAR ≤ 13, 9

ForAjVAR = 1, jVAR ≤ 13, 9
term = ∂Part@V,jVAR,1DHPart@U, iVAR, 1DL;
M@@iVAR, jVARDD = term;

=; jVAR++E;
=; iVAR++E;

M ê. :vx2 + vy2 + vz2 → v2, Θxx + Θyy + Θzz →
θ

3
> ê. :

v2 vx +
θ vx

3
+ 2 Ivx Θxx + vy Θxy + vz ΘxzM → ζ@vxD,

v2 vy +
θ vy

3
+ 2 Ivx Θxy + vy Θyy + vz ΘyzM → ζAvyE,

v2 vz +
θ vz

3
+ 2 Ivx Θxz + vy Θyz + vz ΘzzM → ζ@vzD,

v2 ρ +
θ ρ

3
+ 2 ρ vx

2 + 2 ρ Θxx → η@xD,

v2 ρ +
θ ρ

3
+ 2 ρ vy

2 + 2 ρ Θyy → η@yD,

v2 ρ +
θ ρ

3
+ 2 ρ vz

2 + 2 ρ Θzz → η@zD,
2 ρ vx vy + 2 ρ Θxy → ∏1,

2 ρ vx vz + 2 ρ Θxz → ∏2,

2 ρ vy vz + 2 ρ Θyz → ∏3

> êê MatrixForm
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1 0 0 0 0 0 0 0 0 0 0 0 0

vx ρ 0 0 0 0 0 0 0 0 0 0 0

vy 0 ρ 0 0 0 0 0 0 0 0 0 0

vz 0 0 ρ 0 0 0 0 0 0 0 0 0

vx
2 + Θxx 2 ρ vx 0 0 ρ 0 0 0 0 0 0 0 0

vx vy + Θxy ρ vy ρ vx 0 0 ρ 0 0 0 0 0 0 0

vy
2 + Θyy 0 2 ρ vy 0 0 0 ρ 0 0 0 0 0 0

vy vz + Θyz 0 ρ vz ρ vy 0 0 0 ρ 0 0 0 0 0

vz
2 + Θzz 0 0 2 ρ vz 0 0 0 0 ρ 0 0 0 0

vx vz + Θzx ρ vz 0 ρ vx 0 0 0 0 0 ρ 0 0 0

ζ@vxD η@xD ∏1 ∏2 3 ρ vx 2 ρ vy ρ vx 0 ρ vx 0 2 0 0

ζAvyE ∏1 η@yD ∏3 ρ vy 2 ρ vx 3 ρ vy 2 ρ vz ρ vy 0 0 2 0

ζ@vzD ∏2 ∏3 η@zD ρ vz 0 ρ vz 2 ρ vy 3 ρ vz 0 0 0 2
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B.3 Bp and Cp Matrices and Eigenvectors

B.3.1 Bp Matrix

The Bp matrix is presented here with the following substitutions
Bp =



vy 0 ρ 0 0 0 0 0 0 0 0 0 0

Θxy
ρ

vy 0 0 0 1 0 0 0 0 0 0 0

Θyy
ρ

0 vy 0 0 0 1 0 0 0 0 0 0

Θyz
ρ

0 0 vy 0 0 0 1 0 0 0 0 0

0 2Θxy 0 0 vy 0 0 0 0 0 0 0 0

0 Θyy Θxy 0 0 vy 0 0 0 0 0 0 0

0 0 2Θyy 0 0 0 vy 0 0 0 0 0 0

0 0 Θyz Θyy 0 0 0 vy 0 0 0 0 0

0 0 0 2Θyz 0 0 0 0 vy 0 0 0 0

0 Θyz 0 Θxy 0 0 0 0 0 vy 0 0 0

µ2 qy qx 0 0 −1
2
ρ (θ + 2Θxx) −ρΘxy −ρΘzx 0 0 vy 0 0

µ4 0 2qy 0 0 −ρΘxy −1
2
ρ (θ + 2Θyy) −ρΘyz 0 0 0 vy 0

µ5 0 qz qy 0 −ρΘzx −ρΘyz −1
2
ρ (θ + 2Θzz) 0 0 0 0 vy



,

(B.1)

where,

µ2 =
1

2
(−2ΘyzΘzx −Θxy (3 (Θxx + Θyy) + Θzz)) (B.2)

µ4 =
1

2

(
−2Θ2

xy − 2Θ2
yz −Θyy (Θxx + 3Θyy + Θzz)

)
(B.3)

µ5 =
1

2
(−2ΘxyΘzx −Θyz (Θxx + 3 (Θyy + Θzz))) (B.4)

B.3.2 Cp Matrix

The Cp matrix is presented here with the following substitutions
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Cp =



vz 0 0 ρ 0 0 0 0 0 0 0 0 0

Θzx
ρ

vz 0 0 0 0 0 0 0 1 0 0 0

Θyz
ρ

0 vz 0 0 0 0 1 0 0 0 0 0

Θzz
ρ

0 0 vz 0 0 0 0 1 0 0 0 0

0 2Θzx 0 0 vz 0 0 0 0 0 0 0 0

0 Θyz Θzx 0 0 vz 0 0 0 0 0 0 0

0 0 2Θyz 0 0 0 vz 0 0 0 0 0 0

0 0 Θzz Θyz 0 0 0 vz 0 0 0 0 0

0 0 0 2Θzz 0 0 0 0 vz 0 0 0 0

0 Θzz 0 Θzx 0 0 0 0 0 vz 0 0 0

µ3 qz 0 qx 0 0 0 −ρΘxy −ρΘzx −1
2
ρ (θ + 2Θxx) vz 0 0

µ5 0 qz qy 0 0 0 −1
2
ρ (θ + 2Θyy) −ρΘyz −ρΘxy 0 vz 0

µ6 0 0 2qz 0 0 0 −ρΘyz −1
2
ρ (θ + 2Θzz) −ρΘzx 0 0 vz



,

(B.5)

where,

µ3 =
1

2
(−2ΘxyΘyz −Θzx (3Θxx + Θyy + 3Θzz)) (B.6)

µ5 =
1

2
(−2ΘxyΘzx −Θyz (Θxx + 3 (Θyy + Θzz))) (B.7)

µ6 =
1

2

(
−2Θ2

yz − 2Θ2
zx −Θzz (Θxx + Θyy + 3Θzz)

)
(B.8)

B.3.3 Bp Eigenvectors

The right eigenvectors for the Bp matrix are presented here with the following sim-

pli�cations

α = Q̄y[1, 1, 1, 3], β = Q̄y[−1, 1, 1, 3],

χ = Q̄y[−1, 1, 3, 1], σ = Q̄y[−1, 1, 1, 3].
(B.9)
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rB1 =



0

0

0

0

0

0

0

0

0

0

0

0

1



, rB2 =



0

0

0

0

0

0

0

0

0

0

0

1

0



, rB3 =



0

0

0

0

0

0

0

0

0

0

1

0

0



, rB4 =



0

0

0

0

0

0

0

0

0

1

0

0

0



, rB5 =



0

0

0

0

0

0

0

0

1

0

0

0

0



,

(B.10)

rB6 =



−ρ

0
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, rB7 =


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

, rB8 =
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

,

(B.11)
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rB9 =
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

, (B.12)

rB10 =


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

, (B.13)
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rB11 =


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, (B.14)

rB12 =
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

,

(B.15)
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and

rB13 =


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√
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√
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√
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√
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

.

(B.16)

B.3.4 Cp Eigenvectors

The right eigenvectors for the Cp matrix are presented here with the following sim-

pli�cations

β = Q̄z[1, 1, 3, 1], χ = Q̄z[−1, 1, 3, 1], (B.17)
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rC1 =


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, rC2 =
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, rC3 =
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,

(B.18)

rC6 =
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, rC7 =
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,

(B.19)
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rC9 =
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, (B.20)

rC10 =
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, (B.21)
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rC11 =
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, (B.22)
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(B.23)
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and

rC13 =
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.

(B.24)



168

Appendix C

FINITE VOLUME CODE IN MATLAB

C.1 13-Moment Electrostatic Simulation

C.1.1 main.m
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function main

% Name:

%   main  

% Description:

%   Simulation to solve Electro-Static two-fluid simulations in 1D. 2nd

%   Order Accurate Finite Volume Method is used. Heun's Method is used to

%   integrate in time and a FORCE flux method is used to calculate

%   intercell fluxes. Source terms are treated as UN-SPLIT and included in

%   the time integration. Finite Differencing is used to solve Poisson'e

%   equation and the Electric Field is the gradient of the potential. Code

%   works for both 13-Moment and standard 5-Moment two-fluid models with

%   small modifications - Code that is used in each model contains a tag at

%   the beginning specifying 13-Moment or 5-Moment. Switching these

%   functions switches models.

% Algorithms :

%   Gudonov Scheme - LeVeque, Toro

%   Huen's Method - Leader

%   Finite Differences - Kutz

% References :

%   [1] E. F. Toro, Riemann Solvers and Numerical Methods for Fluid 

%       Dynamics Third Edition, Springer, New York (2009).

%   [2] R. J. LeVeque, Finite Volume Methods for Hyperbolic Problems,

%       Cambridge University Press, New York (2002).

%   [3] J. J. Leader, Numerical Analysis and Scientific Computation,

%       Pearson Assison Wesley, Boston (2004).

%   [4] J. N. Kutz, AMATH 581 Practical Scientific Computing, Dept. of App.

%       Math., Version 1.1, (2005).

%   [5] U. Shumlak, Approximate Riemann solver for the two-fluid plasma

%       model, Journ. of Comp. Phys., 187 (2003), p. 620-638.

%   [6] J. Loverich, A Finite Volume Algorithm for the Two-Fluid Plasma

%       System, 16th AIAA Comp. Fluid Dyn. Conf., June 23-26 (2003).

%   [7] M. Torrilhon, Hyperbolic Moment Equations in Kinetic Gas Theory

%       Based on Multi-Variate Pearson-IV-Distributions, Commun. Comput. 

%       Phys., 7 (2010), p. 639-673.

%   [8] B. Srinivasan, Numerical Methods for 3-Dimensional Magnetic

%       Confinement Configurations using Two-Fluid Plasma Equations, 

%       Dissertation, University of Washington, (2010).

% Functions :

%   InitialConditions

%   BoundaryConditions

%   AdvanceToPoint - Incrementally advances solution up to a final time

%   Output - Saves variables to data files

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%   July 17, 2011 - Document Updated to Electro-Static Two-Fluid Model

%   Plots script graphs outputs.

%   Note:   A special thanks to Dr. Torrilhon (Aachen University) for

%           his help in troubleshooting this code. His original code

%           for the 13-Moment w/ Grad's Closure is the basis for much

%           of what's presented here. My graditude to him cannot be

%           overstated!

%

clc; clear all; close all;  % Housekeeping commands

 

    % ****************************************************************

    % ***                       SWITCHES                           ***

    % ****************************************************************
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    % Switches (Some Declared as Global Variables) :

        % Select Closure Scheme :

        global SetClosure;

            % 'sing' : Singular Closure Scheme (Default)

            % 'real' : Realizable Closure Scheme

            SetClosure = 'sing';

            

        % Select Simulation :

            % By default : two-fluid simulation

            %SetSimulation = 'TwoFluid';

            %SetSimulation = 'StrongShock';

            %SetSimulation = 'TestCase1';    % C1 = .1

            %SetSimulation = 'TestCase2';    % C1 = 1

            SetSimulation = 'TestCase3';    % C1 = 10

            

        % Clear Directory?

            % This flag being true will delete all the .dat files in the

            % SaveName directory,

            SetClearDirectory = true;

 

    % ****************************************************************

    % ***                    CONTROL VARIABLES                     ***

    % ****************************************************************

 

%     % Domain Variables       

        nc = 1000;  % Number of Cells

        xl = -0.5;    % Left Boundary x-coordinate

        xr = 0.5;     % Right Boundary x-coordinate

 

    % Time Step Control Variables

        dt = 1e-3;    % Initial Step Value (best guess)

        t = 0.0;        % Starting time

 

        CFLmax = 1.0;   % Maximum Allowable CFL number

        CFLset = .90;   % Target CFL number (~ Average CFL number)

 

        tfinal = 0.1;   % Simulation ending time

 

        % Vector of times to be saved to output

        tsaves = linspace(0,tfinal,10+1);

            % e.g. [0, 0.1, ... 0.7]

 

    % Output Control Variables

        % Usage : directory / fileprefix

        %   (If directory does not exist or some other error occurs,

        %   code keeps running and an error line is generated.)

        SaveName = 'saves/TwoFluid13_tc4_lo_';

        SaveNum = 0;

 

    % ****************************************************************

    % ***                    INITIAL CONDITIONS                    ***

    % ****************************************************************

 

    % Get Initial Conditions

        [IONS, ELEC, AppliedEx, xc, CON, outputStr] = ...

            InitialConditions(nc, xl, xr, SetSimulation);

        % Pull Constants

        first = CON(4);

        last = CON(5);
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    % Set Boundary Conditions

        IONS = BoundaryConditions(IONS, first, last);

        ELEC = BoundaryConditions(ELEC, first, last);

 

    % ****************************************************************

    % ***                      SIMULATION LOOP                     ***

    % ****************************************************************

    

    % Clear Files?

    if SetClearDirectory

        recycle on;

        delStr = strcat(SaveName, '*','.dat');

        fprintf( ' Deleting : %s\n',delStr);

        delete(delStr);

        recycle off;

    end

 

    % For each time in the list of saved times, advance to that point.

    for i = 1:length(tsaves)

        % Get Target Time

        tend = tsaves(i);

 

        % Advance Solution

        [t, IONS, ELEC, Ex] = AdvanceToPoint( IONS, ELEC, AppliedEx, ...

            xc, CON, dt, t, tend, CFLmax, CFLset, tfinal );

 

        % Output Solution

        Output(IONS, ELEC, Ex, xc, CON, t, ...

            CFLmax, CFLset, SaveName, SaveNum);

        SaveNum = SaveNum + 1;

    end

    beep;

end % End main function

% ----------------------------------------------------------------
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C.1.2 InitialConditions.m

% --------         13 - Moment        ------

 

% ****************************************************************

% ***                    INITIAL CONDITIONS                    ***

% ****************************************************************

 

function [IONS, ELEC, Ex, xc, CON, outputStr] = ...

    InitialConditions(nc, xl, xr, type)

% Name:

%   InitialConditions

% Description:

%   Sets the initial conditions based on the type passed.

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%   July 1st, 2011 - Updated for Two-Fluid Model

%

 

% Set Number of Ghost Cells (Don't change unless necessary.)

NumGhostCells = 2; % (On Each Side)

 

nc = nc + NumGhostCells*2;  % Updated Number of Cells

nf = nc+1;                  % Number of faces

xf = linspace(xl,xr,nf);% Vector of face x-positions

dx = mean(diff(xf));        % Spatial resolution

 

first = NumGhostCells + 1;  % Beginning of Domain

last = nc - NumGhostCells;  % End of Domain

 

% Vector of center positions

xc = xl+dx/2:dx:xr-dx/2;

outputStr = '';

% For each simulation type,

    switch lower(type)

        case 'strongshock'

            outputStr = 'Strong Shock Simulation';

            for i=1:60  fprintf('*'); end;  fprintf('\n');

            fprintf('%40s\n','Shock Tube Simulation');

            for i=1:60  fprintf('*'); end;  fprintf('\n');

            fprintf('\n\t**** CONSTANTS ****\n');

            % Ion and electron masses and charges

            qI = 1;

            qE = -1;

            mE = 1/1836;

            mI = 1;

            Ex = 0*ones(nc,1);  % Applied E-Field

            

            %Coefficiencts

            c1 = 1e-16;    % Plasma Size / Ion Larmor Radius

            c2 = 1e-16;   % Ion Larmor Radius / Debye Length

            

            fprintf('%20s:\t%g\n','Electron Mass',mE);

            fprintf('%20s:\t%g\n','Ion Mass',mI);

            fprintf('%20s:\t%g\n','Electron Charge',qE);

            fprintf('%20s:\t%g\n','Ion Charge',qI);

            fprintf('%40s:\t%g\n','Plasma Size / Ion Larmor Radius',c1);

            fprintf('%40s:\t%g\n','Ion Larmor Radius / Debye Length',c2);

  

            % **** IONS ****

            fprintf('\n\t**** IONS ****\n');
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            % Left State

            rhoL = 50;

            pL = 50;

            pxxL = 50;

            qL = 0;

            vL = 0;

            fprintf('\tLeft State:\n');

            fprintf('%20s:\t%g\n','Density',rhoL);

            fprintf('%20s:\t%g\n','Velocity',vL);

            fprintf('%20s:\t%g\n','Scalar Pressure',pL);

            fprintf('%20s:\t%g\n','x-Pressure',pxxL);

            fprintf('%20s:\t%g\n','x-Heat',qL);

            

            % Right State

            rhoR = 1;

            pR = 1;

            pxxR = 1;

            qR = 0;

            vR = 0;

            fprintf('\tRight State:\n');

            fprintf('%20s:\t%g\n','Density',rhoR);

            fprintf('%20s:\t%g\n','Velocity',vR);

            fprintf('%20s:\t%g\n','Scalar Pressure',pR);

            fprintf('%20s:\t%g\n','x-Pressure',pxxR);

            fprintf('%20s:\t%g\n','x-Heat',qR);

            

            % Set values based on x-position

            for i=1:nc

                q = qL;    % Heat Vector

                v = vL;    % Velocity

                

                if xc(i) < 0.0  % State 1: Upstream of Shock

                    rho = rhoL; % Density

                    p = pL;   % Scalar Pressure

                    pxx = pxxL; % X-Direction Pressure

                else            % State 2: Downstream of shock

                    rho = rhoR; % Density

                    p = pR;    % Scalar Pressure

                    pxx = pxxR;  % X-Direction Pressure

                end

                % Convert to CONSERVATIVE variables and store to U

                U(i,1) = rho;

                U(i,2) = rho*v;

                U(i,3) = 0.5*rho*v*v+1.5*p;

                U(i,4) = rho*v*v + pxx;

                U(i,5) = (0.5*rho*v*v + 1.5*p)*v + pxx*v + q;

            end

            IONS = U;

            

            % **** ELECTRONS ****

            fprintf('\n\t**** ELECTRONS ****\n');

            % Left State

            rhoL = 50;

            pL = 50;

            pxxL = 50;

            qL = 0;

            vL = 0;

            fprintf('\tLeft State:\n');

            fprintf('%20s:\t%g\n','Density',rhoL);

            fprintf('%20s:\t%g\n','Velocity',vL);
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            fprintf('%20s:\t%g\n','Scalar Pressure',pL);

            fprintf('%20s:\t%g\n','x-Pressure',pxxL);

            fprintf('%20s:\t%g\n','x-Heat',qL);

            

            % Right State

            rhoR = 1;

            pR = 1;

            pxxR = 1;

            qR = 0;

            vR = 0;

            fprintf('\tRight State:\n');

            fprintf('%20s:\t%g\n','Density',rhoR);

            fprintf('%20s:\t%g\n','Velocity',vR);

            fprintf('%20s:\t%g\n','Scalar Pressure',pR);

            fprintf('%20s:\t%g\n','x-Pressure',pxxR);

            fprintf('%20s:\t%g\n','x-Heat',qR);

            

            % Set values based on x-position

            for i=1:nc

                q = qL;    % Heat Vector

                v = vL;    % Velocity

                

                if xc(i) < 0.0  % State 1: Upstream of Shock

                    rho = rhoL; % Density

                    p = pL;   % Scalar Pressure

                    pxx = pxxL; % X-Direction Pressure

                else            % State 2: Downstream of shock

                    rho = rhoR; % Density

                    p = pR;    % Scalar Pressure

                    pxx = pxxR;  % X-Direction Pressure

                end

                % Convert to CONSERVATIVE variables and store to U

                U(i,1) = rho;

                U(i,2) = rho*v;

                U(i,3) = 0.5*rho*v*v+1.5*p;

                U(i,4) = rho*v*v + pxx;

                U(i,5) = (0.5*rho*v*v + 1.5*p)*v + pxx*v + q;

            end

            ELEC = U;

        case 'testcase1'

            % Electrostatic Test Case 1

            outputStr = 'Two Fluid Simulation';

            for i=1:60  fprintf('*'); end;  fprintf('\n');

            fprintf('%40s\n','Shock Tube Simulation');

            for i=1:60  fprintf('*'); end;  fprintf('\n');

            fprintf('\n\t**** CONSTANTS ****\n');

            % Ion and electron masses and charges

            qI = 1;

            qE = -1;

            mE = 1/1836;

            mI = 1;

            Ex = 0*ones(nc,1);  % Applied E-Field

            

            %Coefficiencts

            c1 = 10^-1;    % Plasma Size / Ion Larmor Radius

            c2 = 100;   % Ion Larmor Radius / Debye Length

            

            fprintf('%20s:\t%g\n','Electron Mass',mE);

            fprintf('%20s:\t%g\n','Ion Mass',mI);

            fprintf('%20s:\t%g\n','Electron Charge',qE);
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            fprintf('%20s:\t%g\n','Ion Charge',qI);

            fprintf('%40s:\t%g\n','Plasma Size / Ion Larmor Radius',c1);

            fprintf('%40s:\t%g\n','Ion Larmor Radius / Debye Length',c2);

  

            % **** IONS ****

            fprintf('\n\t**** IONS ****\n');

            % Left State

            rhoL = 1;

            pL = 0.5;

            pxxL = 0.5;

            qL = 0;

            vL = 0;

            fprintf('\tLeft State:\n');

            fprintf('%20s:\t%g\n','Density',rhoL);

            fprintf('%20s:\t%g\n','Velocity',vL);

            fprintf('%20s:\t%g\n','Scalar Pressure',pL);

            fprintf('%20s:\t%g\n','x-Pressure',pxxL);

            fprintf('%20s:\t%g\n','x-Heat',qL);

            

            % Right State

            rhoR = .125;

            pR = 0.05;

            pxxR = 0.05;

            qR = 0;

            vR = 0;

            fprintf('\tRight State:\n');

            fprintf('%20s:\t%g\n','Density',rhoR);

            fprintf('%20s:\t%g\n','Velocity',vR);

            fprintf('%20s:\t%g\n','Scalar Pressure',pR);

            fprintf('%20s:\t%g\n','x-Pressure',pxxR);

            fprintf('%20s:\t%g\n','x-Heat',qR);

            

            % Set values based on x-position

            for i=1:nc

                q = qL;    % Heat Vector

                v = vL;    % Velocity

                

                if xc(i) < 0.0  % State 1: Upstream of Shock

                    rho = rhoL; % Density

                    p = pL;   % Scalar Pressure

                    pxx = pxxL; % X-Direction Pressure

                else            % State 2: Downstream of shock

                    rho = rhoR; % Density

                    p = pR;    % Scalar Pressure

                    pxx = pxxR;  % X-Direction Pressure

                end

                % Convert to CONSERVATIVE variables and store to U

                U(i,1) = rho;

                U(i,2) = rho*v;

                U(i,3) = 0.5*rho*v*v+1.5*p;

                U(i,4) = rho*v*v + pxx;

                U(i,5) = (0.5*rho*v*v + 1.5*p)*v + pxx*v + q;

            end

            IONS = U;

            

            % **** ELECTRONS ****

            fprintf('\n\t**** ELECTRONS ****\n');

            % Left State

            rhoL = 1*mE/mI;

            pL = pL;
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            pxxL = pxxL;

            qL = 0;

            vL = 0;

            fprintf('\tLeft State:\n');

            fprintf('%20s:\t%g\n','Density',rhoL);

            fprintf('%20s:\t%g\n','Velocity',vL);

            fprintf('%20s:\t%g\n','Scalar Pressure',pL);

            fprintf('%20s:\t%g\n','x-Pressure',pxxL);

            fprintf('%20s:\t%g\n','x-Heat',qL);

            

            % Right State

            rhoR = .125*mE/mI;

            pR = pR;

            pxxR = pxxR;

            qR = 0;

            vR = 0;

            fprintf('\tRight State:\n');

            fprintf('%20s:\t%g\n','Density',rhoR);

            fprintf('%20s:\t%g\n','Velocity',vR);

            fprintf('%20s:\t%g\n','Scalar Pressure',pR);

            fprintf('%20s:\t%g\n','x-Pressure',pxxR);

            fprintf('%20s:\t%g\n','x-Heat',qR);

            

            % Set values based on x-position

            for i=1:nc

                q = qL;    % Heat Vector

                v = vL;    % Velocity

                

                if xc(i) < 0.0  % State 1: Upstream of Shock

                    rho = rhoL; % Density

                    p = pL;   % Scalar Pressure

                    pxx = pxxL; % X-Direction Pressure

                else            % State 2: Downstream of shock

                    rho = rhoR; % Density

                    p = pR;    % Scalar Pressure

                    pxx = pxxR;  % X-Direction Pressure

                end

                % Convert to CONSERVATIVE variables and store to U

                U(i,1) = rho;

                U(i,2) = rho*v;

                U(i,3) = 0.5*rho*v*v+1.5*p;

                U(i,4) = rho*v*v + pxx;

                U(i,5) = (0.5*rho*v*v + 1.5*p)*v + pxx*v + q;

            end

            ELEC = U;

            

        case 'testcase2'

            % Electrostatic Test Case 1

            outputStr = 'Two Fluid Simulation';

            for i=1:60  fprintf('*'); end;  fprintf('\n');

            fprintf('%40s\n','Shock Tube Simulation');

            for i=1:60  fprintf('*'); end;  fprintf('\n');

            fprintf('\n\t**** CONSTANTS ****\n');

            % Ion and electron masses and charges

            qI = 1;

            qE = -1;

            mE = 1/1836;

            mI = 1;

            Ex = 0*ones(nc,1);  % Applied E-Field
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            %Coefficiencts

            c1 = 1^-1;    % Plasma Size / Ion Larmor Radius

            c2 = 100;   % Ion Larmor Radius / Debye Length

            

            fprintf('%20s:\t%g\n','Electron Mass',mE);

            fprintf('%20s:\t%g\n','Ion Mass',mI);

            fprintf('%20s:\t%g\n','Electron Charge',qE);

            fprintf('%20s:\t%g\n','Ion Charge',qI);

            fprintf('%40s:\t%g\n','Plasma Size / Ion Larmor Radius',c1);

            fprintf('%40s:\t%g\n','Ion Larmor Radius / Debye Length',c2);

  

            % **** IONS ****

            fprintf('\n\t**** IONS ****\n');

            % Left State

            rhoL = 1;

            pL = 0.5;

            pxxL = 0.5;

            qL = 0;

            vL = 0;

            fprintf('\tLeft State:\n');

            fprintf('%20s:\t%g\n','Density',rhoL);

            fprintf('%20s:\t%g\n','Velocity',vL);

            fprintf('%20s:\t%g\n','Scalar Pressure',pL);

            fprintf('%20s:\t%g\n','x-Pressure',pxxL);

            fprintf('%20s:\t%g\n','x-Heat',qL);

            

            % Right State

            rhoR = .125;

            pR = 0.05;

            pxxR = 0.05;

            qR = 0;

            vR = 0;

            fprintf('\tRight State:\n');

            fprintf('%20s:\t%g\n','Density',rhoR);

            fprintf('%20s:\t%g\n','Velocity',vR);

            fprintf('%20s:\t%g\n','Scalar Pressure',pR);

            fprintf('%20s:\t%g\n','x-Pressure',pxxR);

            fprintf('%20s:\t%g\n','x-Heat',qR);

            

            % Set values based on x-position

            for i=1:nc

                q = qL;    % Heat Vector

                v = vL;    % Velocity

                

                if xc(i) < 0.0  % State 1: Upstream of Shock

                    rho = rhoL; % Density

                    p = pL;   % Scalar Pressure

                    pxx = pxxL; % X-Direction Pressure

                else            % State 2: Downstream of shock

                    rho = rhoR; % Density

                    p = pR;    % Scalar Pressure

                    pxx = pxxR;  % X-Direction Pressure

                end

                % Convert to CONSERVATIVE variables and store to U

                U(i,1) = rho;

                U(i,2) = rho*v;

                U(i,3) = 0.5*rho*v*v+1.5*p;

                U(i,4) = rho*v*v + pxx;

                U(i,5) = (0.5*rho*v*v + 1.5*p)*v + pxx*v + q;

            end
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            IONS = U;

            

            % **** ELECTRONS ****

            fprintf('\n\t**** ELECTRONS ****\n');

            % Left State

            rhoL = 1*mE/mI;

            pL = pL;

            pxxL = pxxL;

            qL = 0;

            vL = 0;

            fprintf('\tLeft State:\n');

            fprintf('%20s:\t%g\n','Density',rhoL);

            fprintf('%20s:\t%g\n','Velocity',vL);

            fprintf('%20s:\t%g\n','Scalar Pressure',pL);

            fprintf('%20s:\t%g\n','x-Pressure',pxxL);

            fprintf('%20s:\t%g\n','x-Heat',qL);

            

            % Right State

            rhoR = .125*mE/mI;

            pR = pR;

            pxxR = pxxR;

            qR = 0;

            vR = 0;

            fprintf('\tRight State:\n');

            fprintf('%20s:\t%g\n','Density',rhoR);

            fprintf('%20s:\t%g\n','Velocity',vR);

            fprintf('%20s:\t%g\n','Scalar Pressure',pR);

            fprintf('%20s:\t%g\n','x-Pressure',pxxR);

            fprintf('%20s:\t%g\n','x-Heat',qR);

            

            % Set values based on x-position

            for i=1:nc

                q = qL;    % Heat Vector

                v = vL;    % Velocity

                

                if xc(i) < 0.0  % State 1: Upstream of Shock

                    rho = rhoL; % Density

                    p = pL;   % Scalar Pressure

                    pxx = pxxL; % X-Direction Pressure

                else            % State 2: Downstream of shock

                    rho = rhoR; % Density

                    p = pR;    % Scalar Pressure

                    pxx = pxxR;  % X-Direction Pressure

                end

                % Convert to CONSERVATIVE variables and store to U

                U(i,1) = rho;

                U(i,2) = rho*v;

                U(i,3) = 0.5*rho*v*v+1.5*p;

                U(i,4) = rho*v*v + pxx;

                U(i,5) = (0.5*rho*v*v + 1.5*p)*v + pxx*v + q;

            end

            ELEC = U;

            

        case 'testcase2'

            % Electrostatic Test Case 1

            outputStr = 'Two Fluid Simulation';

            for i=1:60  fprintf('*'); end;  fprintf('\n');

            fprintf('%40s\n','Shock Tube Simulation');

            for i=1:60  fprintf('*'); end;  fprintf('\n');

            fprintf('\n\t**** CONSTANTS ****\n');
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            % Ion and electron masses and charges

            qI = 1;

            qE = -1;

            mE = 1/1836;

            mI = 1;

            Ex = 0*ones(nc,1);  % Applied E-Field

            

            %Coefficiencts

            c1 = 1^-1;    % Plasma Size / Ion Larmor Radius

            c2 = 100;   % Ion Larmor Radius / Debye Length

            

            fprintf('%20s:\t%g\n','Electron Mass',mE);

            fprintf('%20s:\t%g\n','Ion Mass',mI);

            fprintf('%20s:\t%g\n','Electron Charge',qE);

            fprintf('%20s:\t%g\n','Ion Charge',qI);

            fprintf('%40s:\t%g\n','Plasma Size / Ion Larmor Radius',c1);

            fprintf('%40s:\t%g\n','Ion Larmor Radius / Debye Length',c2);

  

            % **** IONS ****

            fprintf('\n\t**** IONS ****\n');

            % Left State

            rhoL = 1;

            pL = 0.5;

            pxxL = 0.5;

            qL = 0;

            vL = 0;

            fprintf('\tLeft State:\n');

            fprintf('%20s:\t%g\n','Density',rhoL);

            fprintf('%20s:\t%g\n','Velocity',vL);

            fprintf('%20s:\t%g\n','Scalar Pressure',pL);

            fprintf('%20s:\t%g\n','x-Pressure',pxxL);

            fprintf('%20s:\t%g\n','x-Heat',qL);

            

            % Right State

            rhoR = .125;

            pR = 0.05;

            pxxR = 0.05;

            qR = 0;

            vR = 0;

            fprintf('\tRight State:\n');

            fprintf('%20s:\t%g\n','Density',rhoR);

            fprintf('%20s:\t%g\n','Velocity',vR);

            fprintf('%20s:\t%g\n','Scalar Pressure',pR);

            fprintf('%20s:\t%g\n','x-Pressure',pxxR);

            fprintf('%20s:\t%g\n','x-Heat',qR);

            

            % Set values based on x-position

            for i=1:nc

                q = qL;    % Heat Vector

                v = vL;    % Velocity

                

                if xc(i) < 0.0  % State 1: Upstream of Shock

                    rho = rhoL; % Density

                    p = pL;   % Scalar Pressure

                    pxx = pxxL; % X-Direction Pressure

                else            % State 2: Downstream of shock

                    rho = rhoR; % Density

                    p = pR;    % Scalar Pressure

                    pxx = pxxR;  % X-Direction Pressure

                end
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                % Convert to CONSERVATIVE variables and store to U

                U(i,1) = rho;

                U(i,2) = rho*v;

                U(i,3) = 0.5*rho*v*v+1.5*p;

                U(i,4) = rho*v*v + pxx;

                U(i,5) = (0.5*rho*v*v + 1.5*p)*v + pxx*v + q;

            end

            IONS = U;

            

            % **** ELECTRONS ****

            fprintf('\n\t**** ELECTRONS ****\n');

            % Left State

            rhoL = 1*mE/mI;

            pL = pL;

            pxxL = pxxL;

            qL = 0;

            vL = 0;

            fprintf('\tLeft State:\n');

            fprintf('%20s:\t%g\n','Density',rhoL);

            fprintf('%20s:\t%g\n','Velocity',vL);

            fprintf('%20s:\t%g\n','Scalar Pressure',pL);

            fprintf('%20s:\t%g\n','x-Pressure',pxxL);

            fprintf('%20s:\t%g\n','x-Heat',qL);

            

            % Right State

            rhoR = .125*mE/mI;

            pR = pR;

            pxxR = pxxR;

            qR = 0;

            vR = 0;

            fprintf('\tRight State:\n');

            fprintf('%20s:\t%g\n','Density',rhoR);

            fprintf('%20s:\t%g\n','Velocity',vR);

            fprintf('%20s:\t%g\n','Scalar Pressure',pR);

            fprintf('%20s:\t%g\n','x-Pressure',pxxR);

            fprintf('%20s:\t%g\n','x-Heat',qR);

            

            % Set values based on x-position

            for i=1:nc

                q = qL;    % Heat Vector

                v = vL;    % Velocity

                

                if xc(i) < 0.0  % State 1: Upstream of Shock

                    rho = rhoL; % Density

                    p = pL;   % Scalar Pressure

                    pxx = pxxL; % X-Direction Pressure

                else            % State 2: Downstream of shock

                    rho = rhoR; % Density

                    p = pR;    % Scalar Pressure

                    pxx = pxxR;  % X-Direction Pressure

                end

                % Convert to CONSERVATIVE variables and store to U

                U(i,1) = rho;

                U(i,2) = rho*v;

                U(i,3) = 0.5*rho*v*v+1.5*p;

                U(i,4) = rho*v*v + pxx;

                U(i,5) = (0.5*rho*v*v + 1.5*p)*v + pxx*v + q;

            end

            ELEC = U;

        case 'testcase3'
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                        outputStr = 'Two Fluid Simulation';

            for i=1:60  fprintf('*'); end;  fprintf('\n');

            fprintf('%40s\n','Shock Tube Simulation');

            for i=1:60  fprintf('*'); end;  fprintf('\n');

            fprintf('\n\t**** CONSTANTS ****\n');

            % Ion and electron masses and charges

            qI = 1;

            qE = -1;

            mE = 1/1836;

            mI = 1;

            Ex = 0*ones(nc,1);  % Applied E-Field

            

            %Coefficiencts

            c1 = .1^-1;    % Plasma Size / Ion Larmor Radius

            c2 = 100;   % Ion Larmor Radius / Debye Length

            

            fprintf('%20s:\t%g\n','Electron Mass',mE);

            fprintf('%20s:\t%g\n','Ion Mass',mI);

            fprintf('%20s:\t%g\n','Electron Charge',qE);

            fprintf('%20s:\t%g\n','Ion Charge',qI);

            fprintf('%40s:\t%g\n','Plasma Size / Ion Larmor Radius',c1);

            fprintf('%40s:\t%g\n','Ion Larmor Radius / Debye Length',c2);

  

            % **** IONS ****

            fprintf('\n\t**** IONS ****\n');

            % Left State

            rhoL = 1;

            pL = 0.5;

            pxxL = 0.5;

            qL = 0;

            vL = 0;

            fprintf('\tLeft State:\n');

            fprintf('%20s:\t%g\n','Density',rhoL);

            fprintf('%20s:\t%g\n','Velocity',vL);

            fprintf('%20s:\t%g\n','Scalar Pressure',pL);

            fprintf('%20s:\t%g\n','x-Pressure',pxxL);

            fprintf('%20s:\t%g\n','x-Heat',qL);

            

            % Right State

            rhoR = .125;

            pR = 0.05;

            pxxR = 0.05;

            qR = 0;

            vR = 0;

            fprintf('\tRight State:\n');

            fprintf('%20s:\t%g\n','Density',rhoR);

            fprintf('%20s:\t%g\n','Velocity',vR);

            fprintf('%20s:\t%g\n','Scalar Pressure',pR);

            fprintf('%20s:\t%g\n','x-Pressure',pxxR);

            fprintf('%20s:\t%g\n','x-Heat',qR);

            

            % Set values based on x-position

            for i=1:nc

                q = qL;    % Heat Vector

                v = vL;    % Velocity

                

                if xc(i) < 0.0  % State 1: Upstream of Shock

                    rho = rhoL; % Density

                    p = pL;   % Scalar Pressure

                    pxx = pxxL; % X-Direction Pressure
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                else            % State 2: Downstream of shock

                    rho = rhoR; % Density

                    p = pR;    % Scalar Pressure

                    pxx = pxxR;  % X-Direction Pressure

                end

                % Convert to CONSERVATIVE variables and store to U

                U(i,1) = rho;

                U(i,2) = rho*v;

                U(i,3) = 0.5*rho*v*v+1.5*p;

                U(i,4) = rho*v*v + pxx;

                U(i,5) = (0.5*rho*v*v + 1.5*p)*v + pxx*v + q;

            end

            IONS = U;

            

            % **** ELECTRONS ****

            fprintf('\n\t**** ELECTRONS ****\n');

            % Left State

            rhoL = 1*mE/mI;

            pL = pL;

            pxxL = pxxL;

            qL = 0;

            vL = 0;

            fprintf('\tLeft State:\n');

            fprintf('%20s:\t%g\n','Density',rhoL);

            fprintf('%20s:\t%g\n','Velocity',vL);

            fprintf('%20s:\t%g\n','Scalar Pressure',pL);

            fprintf('%20s:\t%g\n','x-Pressure',pxxL);

            fprintf('%20s:\t%g\n','x-Heat',qL);

            

            % Right State

            rhoR = .125*mE/mI;

            pR = pR;

            pxxR = pxxR;

            qR = 0;

            vR = 0;

            fprintf('\tRight State:\n');

            fprintf('%20s:\t%g\n','Density',rhoR);

            fprintf('%20s:\t%g\n','Velocity',vR);

            fprintf('%20s:\t%g\n','Scalar Pressure',pR);

            fprintf('%20s:\t%g\n','x-Pressure',pxxR);

            fprintf('%20s:\t%g\n','x-Heat',qR);

            

            % Set values based on x-position

            for i=1:nc

                q = qL;    % Heat Vector

                v = vL;    % Velocity

                

                if xc(i) < 0.0  % State 1: Upstream of Shock

                    rho = rhoL; % Density

                    p = pL;   % Scalar Pressure

                    pxx = pxxL; % X-Direction Pressure

                else            % State 2: Downstream of shock

                    rho = rhoR; % Density

                    p = pR;    % Scalar Pressure

                    pxx = pxxR;  % X-Direction Pressure

                end

                % Convert to CONSERVATIVE variables and store to U

                U(i,1) = rho;

                U(i,2) = rho*v;

                U(i,3) = 0.5*rho*v*v+1.5*p;
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                U(i,4) = rho*v*v + pxx;

                U(i,5) = (0.5*rho*v*v + 1.5*p)*v + pxx*v + q;

            end

            ELEC = U;

            

    end % Ends Switch

 

    % Package all scalars into a single CONSTANT vector

    CON(1) = nc;            % Number of Cells

    CON(2) = NumGhostCells; % Number of Ghost Cells

    CON(3) = dx;            % Spatial derivative step size

    CON(4) = first;         % Beginning of Domain

    CON(5) = last;          % End of Domain

    CON(6) = qI;            % Ion Charge

    CON(7) = qE;            % Electron Charge

    CON(8) = mI;            % Ion Mass

    CON(9) = mE;            % Electron Mass

    CON(10) = c1;           % Plasma Size / Ion Larmor Radius

    CON(11) = c2;           % Ion Larmor Radius / Debye Length          

end % Ends Initial Conditions
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C.1.3 BoundaryConditions.m

function [OUT] =BoundaryConditions(Uc, first, last)

% Name:

%   BoundaryConditions

% Description:

%   Sets Boundary Conditions by manipulating ghost cells.

% Algorithms :

%

% Variables :

%   Uc      [in]    : Variables for Current Time (Matrix)

%   first   [in]    : First real domain cell (scalar)

%   last    [in]    : Last real domain cell (Scalar)

%   OUT     [out]   : Variables with updated BC's (Matrix)

% Functions :

%

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%

 

% Manipulate Ghost Cells (2 on each side)

 

    % Left Side - Van Neummann

    for i = 1:first-1

        Uc(i,:) = Uc(first,:);

    end

    

    % Right Side - Van Neummann

    for i = last+1:last+(first-1)

        Uc(i,:) = Uc(last,:);

    end

    

    % Return Uc

    OUT = Uc;
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C.1.4 AdvanceToPoint.m

function [t, IONS, ELEC, Ex] = AdvanceToPoint( IONS, ELEC, AppliedEx, ...

    xc, CON, dt, t, tend, CFLmax, CFLset, tfinal )

% Name:

%   AdvanceToPoint

% Description:

%   Advances the solution to the 5/13 moment 1-D equations to a certain 

%   point in time. This method uses an UNSPLIT method where the solution 

%   is integrated in time using Heun's Method. Solutions are computed at

%   a fixed time-step, and then the CFL number is compared to a set value 

%   and adjusted until it is within a certain tolerance.

% Algorithms :

%   Unsplit Methods

%   Heun's Method

% Variables :

%   IONS    [in/out]: Conservative Variables for Ions (Matrix)

%   ELEC    [in/out]: Conservative Variables for Electrons (Matrix)

%   xc      [in]    : X-positions for the center of each cell (Vector)

%   dt      [in]    : Time derivative step size (Scalar)

%   t       [in/out]: Current Time (Scalar)

%   tend    [in]    : Stopping Point for "AdvanceToPoint" (Scalar)

%   CFLmax  [in]    : Maximum CFL value allowed (usually 1) (Scalar)

%   CFLset  [in]    : Desired CFL value (~average CFL) (Scalar)

%   tfinal  [in]    : Simulation final time(used for waitbar) (Scalar)

%   Ex      [out]   : Electric Field Strength (Matrix)

%   CON     [in]    : Constants (Vector)

%   AppliedEx - Deprecated.

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%   July 1st, 2011 - Modified to use an unsplit method for source terms.

%

 

% Pull Constants

nc = CON(1);

dx = CON(3);

first = CON(4);

last = CON(5);

qI = CON(6);            % Ion Charge

qE = CON(7);            % Electron Charge

mI = CON(8);            % Ion Mass

mE = CON(9);            % Electron Mass

c1 = CON(10);           % Plasma Size / Ion Larmor Radius

c2 = CON(11);           % Ion Larmor Radius / Debye Length

 

% Temp ****

Ex = zeros(nc,1);

 

% Create Waitbar Object

persistent h;   % Declare Persistent Variable

str = sprintf('Running : Currently Advancing to = %f...',tend);

    if tend == 0

        h = waitbar(t/tfinal,str);

    else

        % Updated message

        waitbar(t/tfinal,h,str);

    end

 

% Run Simulation until time reaches desired point

small = 1e-9;

Cmax = 0;
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while abs(t-tend) > small

    CFLnow = 10*CFLmax;    % Forces a do-while loop

    % Advances Solution a single time step

    while(CFLnow > CFLmax) % or

        CFLnow = 0.0;  % Clear Previous

        

        % Call Time Integrator

        [IONStemp, ELECtemp, Ex, CFLnow] = HuenStep(IONS, ELEC, CON, dt);

        

        if( CFLnow > CFLmax)

            % If the current CFL number exceeds max, then decrease step

            % size and reject current time step.

            dt = dt*CFLset/CFLnow;

        else      

            t = t + dt;

            dt = dt*CFLset/CFLnow;

 

            if( t+dt > tend )

                % If current time step would go beyond desired ending

                % point, decrease step size to match.

                dt = tend-(t);

            end

        end

    

    end % Ends : Advances Solution a single time step

 

    % Update Progress Bar

    waitbar(t/tfinal,h);

    drawnow;

 

    % Save Solution and continue

    IONS = IONStemp;

    ELEC = ELECtemp;

    IONS = BoundaryConditions(IONS, first, last);

    ELEC = BoundaryConditions(ELEC, first, last);

    

% When end time is reached, exit condition is met.   

end % Ends : Advances Solution in Small Increments

 

if abs(t-tfinal) < small % Close Waitbar on final

    close(h);   % Waitbar

end

 

end     % AdvanceToPoint

 

function [oIONS, oELEC, oEx, CFL] = HuenStep(IONS, ELEC, CON, dt)

% Name:

%   HeunStep

% Description:

%   2nd Order time integration of flux and source terms

% Algorithms :

%   Huen's Method (aka Modified/Corrected Euler Method)

% Variables :

%   IONS    [in]    : Ion Conservative Variables for Current Time (Matrix)

%   ELEC    [in]    : Electron Conservative Variables for Current Time (Matrix)

%   CON     [in]    : Constants (Vector)

%   dt      [in]    : Time derivative step size (Scalar)

%   oIONS   [out]   : Conservative Variables for Updated Time (Matrix)

%   oELEC   [out]   : Conservative Variables for Updated Time (Matrix)

%   oEx     [out]   : Electric Field Strength for Updated Time (Matrix)
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%   CFL     [out]   : Calculated CFL number (scalar)

% Functions :

%   Gudunov

%   BoundaryConditions

%   Esolve

%   Sfunc

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   July 1st, 2011 - Document Creation

%   Vectorized code should allow this function to work for both 5 and 13

%   Moment cases.

%

 

    % Pull Constants

    nc = CON(1);

    dx = CON(3);

    first = CON(4);

    last = CON(5);

    qI = CON(6);            % Ion Charge

    qE = CON(7);            % Electron Charge

    mI = CON(8);            % Ion Mass

    mE = CON(9);            % Electron Mass

    c1 = CON(10);           % Plasma Size / Ion Larmor Radius

    c2 = CON(11);           % Ion Larmor Radius / Debye Length

 

    % Update Fluids and Sources Together using

    % Heun's Method (2nd Order Runge-Kutta Method)

 

    % Predictor Step (Euler Method)

        % Update Fluid Variables

        [IONStemp, CFLion] = Gudunov(IONS, dx, dt, 0, 'vanleer');

        [ELECtemp, CFLele] = Gudunov(ELEC, dx, dt, 0, 'vanleer');

        

        % Update Output Variables from Fluid Sources

        oIONS = IONS + 0.5*IONStemp;

        oELEC = ELEC + 0.5*ELECtemp;

        

        % Generate Predicted values for next step

        IONS_tilde = IONStemp + IONS;

        ELEC_tilde = ELECtemp + ELEC;

        

            % Calculate Electric Field (Used to update source terms)

            Ex = Esolve(ELEC_tilde, IONS_tilde, CON);

 

        % Add Source Term Contributions

        IONS_tilde = IONS_tilde + dt*Sfunc(IONS, Ex, CON, 'ions');

        ELEC_tilde = ELEC_tilde + dt*Sfunc(ELEC, Ex, CON, 'electrons');

        

        % Apply Boundary Conditions

        [ELEC_tilde] =BoundaryConditions(ELEC_tilde, first, last);

        [IONS_tilde] =BoundaryConditions(IONS_tilde, first, last);

 

    % Corrector Step (Trapezoidal Method)

        % Correct Fluid Variables

        [IONStemp, CFLion] = Gudunov(IONS_tilde, dx, dt, 0, 'vanleer');

        [ELECtemp, CFLele] = Gudunov(ELEC_tilde, dx, dt, 0, 'vanleer');

        

        % Correct Output Variables
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        oIONS = oIONS + 0.5*IONStemp;

        oELEC = oELEC + 0.5*ELECtemp;

        

            % Calculate Electric Field

            Ex_tilde = Esolve(oELEC, oIONS, CON);

 

        % Add Source Term Contributions

        oIONS = oIONS + dt*Sfunc(IONS_tilde, Ex_tilde, CON, 'ions');

        oELEC = oELEC + dt*Sfunc(ELEC_tilde, Ex_tilde, CON, 'electrons');

 

    % Calculate Plasma/Upper Hybrid Frequencies

        % Calculate Number Density

        nE = ELEC(:,1)/mE;     % Electron Number Density

        nI = IONS(:,1)/mI;     % Ion Number Density

        

    

        

    % Calculate Maximum Wavespeeds for stability

 

        eps0 = (c1*c2^2)^(-1);  % Normalized eps0

 

        % Plasma Frequencies

        Wpe = sqrt( max(abs(nE*qE^2/(eps0*mE))) );

        Wpi = sqrt( max(abs(nI*qI^2/(eps0*mI))) );

 

        CFLwpe = 10*dt*Wpe; % Multiplier is used to ensure nyquist sampling

        CFLwpi = 10*dt*Wpi; % rate is sufficient to capture plasma waves. 

                            % 10x multiplier suggested by (B. Srinivasan).

                            

    % Outputs

        % MAX CFL

        CFL = max([abs(CFLion), abs(CFLele), abs(CFLwpe), abs(CFLwpi)]);

    

        % Ex

        oEx = Ex_tilde;

        

end % Ends HeunStep

 

% Electric Field Solver

function [Ex] = Esolve(ELEC, IONS, CON)

% Name:

%   Esolve

% Description:

%   Uses finite difference method to solve poisson's equation for the

%   voltage (phi). Then takes the gradient to get the E-field

% Algorithms :

%   Finite Difference Method - Kutz

%   LU-Decomposition (Matlab)

%   Gradient (Matlab)

% Variables :

%   IONS    [in/out]: Conservative Variables for Ions (Matrix)

%   ELEC    [in/out]: Conservative Variables for Electrons (Matrix)

%   Ex      [out]   : Electric Field Strength (Matrix)

%   CON     [in]    : Constants (Vector)

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%   July 1st, 2011 - Modified to use an unsplit method for source terms.

%   Boundary Conditions are set by this specific problem.

%
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% Pull Coefficients

dx = CON(3);

first = CON(4);

last = CON(5);

qI = CON(6);            % Ion Charge

qE = CON(7);            % Electron Charge

mI = CON(8);            % Ion Mass

mE = CON(9);            % Electron Mass

c1 = CON(10);           % Plasma Size / Ion Larmor Radius

c2 = CON(11);           % Ion Larmor Radius / Debye Length

 

% Calculate Number Density

nE = ELEC(:,1)/mE;     % Electron Number Density

nI = IONS(:,1)/mI;     % Ion Number Density

 

% Calculate Charge Density

rho_charge = (qI*nI + qE*nE);

 

    persistent num;

    persistent matA;

    persistent setFlag;

    if isempty(setFlag)

        num = length(rho_charge);

        e = ones(num*num,1);

        n = num + 2;

        % 2nd Order Centered Differencing

            matA = spdiags([e -2*e e], -1:1, n, n);

                

            % Clear Top & Bottom Rows

            matA(1,:) = 0;

            matA(n,:) = 0;

 

            % Apply Neumann BC

            matA(1,1) = -2;

            matA(1,3) = 2;

 

            % Dirchelet BC

            matA(n,n) = 1;

     

        setFlag = 1;    % if = 1, Initialized

    end

    

    % RHS including source term information

    f = [0; dx^2*c1*c2^2*rho_charge; 0];

                

    tmp = matA\f;

    phi = tmp(2:end-1,1);

                

    % Calculate Electric Field

        Ex = zeros(size(phi));

        for i=2:num-1

            Ex(i,1) = ( - phi(i-1,1) + phi(i+1,1) )/(2*dx);

        end

        Ex(1,1) = Ex(2,1);

        Ex(num,1) = Ex(num-1,1);

 

end % Ends Esolve

 

% --------         13 - Moment        ------ (Sfunc)
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function [OUT] = Sfunc(IN, Ex, CON, species)

% Name:

%   Sfunc

% Description:

%   Calculates source terms to be included in time-integration.

% Algorithms :

%

% Variables :

%   IN      [in]    : Conservative Variables (Matrix)

%   Ex      [in]    : Electric Field Strength (Matrix)

%   CON     [in]    : Constants (Vector)

%   species [in]    : Switch : 'ions' or otherwise

%   OUT     [out]   : Source Contributions (Matrix)

% Comments :

%   Shaun Gilliam

%   July 1st, 2011 - Document Creation

%

 

    % Update Variables based on source terms

    % **** using vectorized format

    nc = CON(1);

 

    switch lower(species)

        case 'ions'

            q = CON(6);            % Ion Charge

            m = CON(8);            % Ion Mass

        otherwise

            q = CON(7);            % Electron Charge

            m = CON(9);            % Electron Mass

    end % Ends Switch

 

    c1 = CON(10);           % Plasma Size / Ion Larmor Radius

    c2 = CON(11);           % Ion Larmor Radius / Debye Length

 

    % Convert to Primitive Variables

    V = zeros(size(IN));

    V = ConsToPrim(IN);

 

    % Grab Vectors

    n = IN(:,1)/m;     % Number Density

    vel = V(:,2);

    press = V(:,3);

    pxx = V(:,4);

    

    % Source Terms

    S1 = zeros(size(n));

    S2 = c1*q*n.*Ex;

    S3 = c1*q*n.*Ex.*vel;

    S4 = 2*c1*q*n.*Ex.*vel;

    S5 = 0.5*c1*(3*q/m*Ex.*press + 2*q/m*Ex.*pxx + 3*q*Ex.*n.*vel.*vel);

    

    OUT = [S1,S2,S3,S4,S5];   % Output Source Terms

 

end % Ends Sfunc
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C.1.5 Output.m

function Output(IONS, ELEC, Ex, xc, CON, t, ...

            CFLmax, CFLset, filename, tag)

% This function outputs a Matlab Binary File with the saved simulation

% steps.

 

% Create File Name

savefile = strcat(filename, num2str(tag),'.dat');

 

try

    save(savefile,'-mat','IONS', 'ELEC', 'Ex', 'xc', ...

        'CON', 't', 'CFLmax', 'CFLset');

    fprintf('Save succeeded at t = %f...\n',t);

catch

    % Do nothing

    fprintf('Save failed at t = %f...\n',t);

end
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C.1.6 Gudunov.m

function [Unew, CFL] = Gudunov(Uold, dx, dt, c_, setlim)

% Name:

%   Gudunov

% Description:

%   Updates solution using an extension of the Gudunov scheme to second

%   order accuracy. Function can also handle Heun's Method updates. Flux

%   Limiter is VanLeer.

% Algorithms :

%   (Toro)

%   (LeVeque)

% Variables :

%   Uold    [in]    : Conserved Variables for current time (Matrix)

%   dx      [in]    : Spatial derivative step size (Scalar)

%   dt      [in]    : Time derivative step size (Scalar)

%   setlim  [in]    : Determines which Limiter is activated.

%                       Current Options :

%                           'VanLeer' : Van Leer Slope Limiter

%                           'Const'   : No reconstruction (default)

%   Unew    [out]   : Conserved Variables for updated time (Matrix)

%   CFL     [out]   : CFL number based on current timestep (Scalar)

% Functions :

%   ConsToPrim

%   VanLeer

%   FORCE

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%   Temporatily calculates first and last, but that will need to eventually

%   be pulled from initial conditions.

%   June 20, 2011 - Updated method to take advantage of improved speed of

%                   vectorized format. Original Code Can bee seen below.

%

 

% *****

% TEMPORARY ONLY !!!!

last = length(Uold) - 2;

first = 3;

% *****

 

% Set Max Speed

maxCx = 0;

% Preallocate for speed

V = zeros(size(Uold));

 

% *************************************************************

% Step 1: Convert from Conservative to Primitive variables

    % from: Cell Before 1st domain cell

    % to: Cell After last domain cell

    

    V = ConsToPrim(Uold);

 

% *************************************************************

% Step 2: Boundary Extrapolated Values step

 

% Preallocate for speed

delta = zeros(size(Uold));  % Difference between values

 

%c_ = 1; % Euler Methods
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%c_ = 0; % Heun Method

Unew = c_*Uold + zeros(size(Uold));    % Set next step = current step

 

    % Calculate Differences between values.

    % from: Cell Before 1st domain cell

    % to: Cell After last domain cell 

    switch lower(setlim)

        case 'vanleer'

            delta(first-1:last+1,:) = VanLeer(V(first-1:last+1,:) - ...

                V(first-2:last,:),V(first:last+2,:) - V(first-1:last+1,:));

        otherwise

            delta = zeros(size(Uold));

    end

 

    % from: Cell Before 1st domain cell

    % to: last domain cell

    VL = zeros(size(V));    % Preallocate

    VR = VL;

    % Left and Right States

    VL(first-1:last,:) = V(first-1:last,:) + 0.5*delta(first-1:last,:);

    VR(first-1:last,:) = V(first:last+1,:) - 0.5*delta(first:last+1,:);

 

% *************************************************************

% Step 3: Riemann Problem step  

 

    % Solve Riemann Problem using FORCE flux

    F = zeros(size(Uold));

    [maxCx, F(first-1:last,:)] = FORCE(VL(first-1:last,:), ...

        VR(first-1:last,:), dx, dt);

 

% *************************************************************

% Step 4: Update Solution step 

    Unew(first-1:last,:) = Unew(first-1:last,:) - ...

        dt/dx*F(first-1:last,:);

    Unew(first:last+1,:) = Unew(first:last+1,:) + ...

        dt/dx*F(first-1:last,:);

 

    % Return CFL based on current dt, etc.

    CFL = dt*maxCx/dx;

 

end % Ends Gudunov

 

function [OUT] = VanLeer(d1,d2)

% Name:

%   VanLeer

% Description:

%   Limits SLOPE using Van Leer limiter

% Algorithms :

%   (Toro)

%   (LeVeque)

% Variables : (Scalars)

%   d1      [in]    : Difference Between current cell and left cell

%   d2      [in]    : Difference Between current cell and right cell

%   OUT     [out]   : VanLeer limited slope

% Functions :

% 

% Restrictions :

% 

% Comments :

%   Shaun Gilliam
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%   April 26, 2011 - Document Creation

%   June 20, 2011 - Updated method to take advantage of improved speed of

%                   vectorized format. Original Code Can bee seen below.

% 

eps = 1.0e-10;

w1 = abs(d1) + eps;

w2 = abs(d2) + eps;

 

% Van Leer

OUT = ( (w1.*d2 + w2.*d1)./(w1+w2) );

 

end

 

% ****************************************************************

% ***                    Original Method                       ***

% ****************************************************************

% Changing method to vectorized format makes the code more difficult

% to read. The original method here (deprecated) is more readable.

%

 

% function [Unew, CFL] = Gudunov(Uold, dx, dt, setlim)

% *****

% TEMPORARY ONLY !!!!

% last = length(Uold) - 2;

% first = 3;

% *****

% 

% Set Max Variables

% maxCx = 0;

% Preallocate for speed

% V = zeros(size(Uold));

% 

% *************************************************************

% Step 1: Convert from Conservative to Primitive variables

%     from: Cell Before 1st domain cell

%     to: Cell After last domain cell

% for i=first-1:last+1

%     V(i,:) = ConsToPrim(Uold(i,:));

% end

% 

% *************************************************************

% Step 2: Boundary Extrapolated Values step

% 

% Preallocate for speed

% delta = zeros(size(Uold));  % Difference between values

% 

% Unew = Uold;    % Set next step = current step

%     from: Cell Before 1st domain cell

%     to: Cell After last domain cell

% for i=first-1:last+1

%     switch lower(setlim)

%         case 'vanleer'

%             Uses the VanLeer limiter

%             ( used during 2nd order accuracy extenstion step )

%             

%             for j=1:3 % For each equation

%                 delta(i,j) = VanLeer(V(i,j)-V(i-1,j),V(i+1,j)-V(i,j));                

%             end

%             

%         otherwise
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%             Uses constant values

%             ( used for 1st order and Data Reconstruction Step )

%             

%             for j=1:3 % For each equation

%                 delta(i,j) = 0;

%             end

%     end

% end

% 

%     from: Cell Before 1st domain cell

%     to: last domain cell

% for i=first-1:last

%     Preallocate for speed

%     VL = zeros(3);  % Left Riemann State

%     VR = zeros(3);  % Right Riemann State

%     

%     for j = 1:3 % For each equation

%         Reconstructed Riemann States

%         VL(j) = V(i,j) + 0.5*delta(i,j);

%         VR(j) = V(i+1,j) - 0.5*delta(i+1,j);

%     end

%     

% *************************************************************

% Step 3: Riemann Problem step  

% 

%     Solve Riemann Problem using FORCE flux

%     [Cmax, F] = FORCE(VL, VR, dx, dt);

%     

% *************************************************************

% Step 4: Update Solution step 

%     

%     Gudunov Scheme

%         This clever method from Torrilhon attributes flux to

%         each cell without needing to know the next flux value

%         explicitly.

%     for j=1:3 % For each equation

%         Current Cell

%         Unew(i,j) = Unew(i,j) - dt/dx*F(j);

%         Downstream Cell

%         Unew(i+1,j) = Unew(i+1,j) + dt/dx*F(j);

%     end

%     

%     maxCx = max([maxCx, Cmax]);

%     

% end

%     Return CFL based on current dt, etc.

%     CFL = dt*maxCx/dx;

%     

% end % Ends Gudunov

% 

% function [OUT] = VanLeer(d1, d2)

% 

% eps = 1.0e-10;      % Small Value to avoid divide by zero

% w1 = abs(d1)+eps;   % Used to find weighted averages

% w2 = abs(d2)+eps;   

% 

% Van Leer (with weighted average)

% OUT = ( (w1*d2+w2*d1)/(w1+w2) );

% 

% end % Ends VanLeer
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C.1.7 ConsToPrim.m

% --------         13 - Moment        ------

function [P] = ConsToPrim(U)

% Name:

%   ConsToPrim

% Description:

%   Converts from Conservative to Primitive equations for the 5 moment

%   model

% Algorithms :

%

% Variables :

%   U       [in]    : Conservative Variables (Vector)

%   P       [out]   : Primitive Variables (Vector)

% Functions :

%

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%   June 20, 2011 - Adapted for vector input/output

%

 

% Converts from Conservative variables to primitive ones

  rho = U(:,1);

  v = U(:,2)./rho;

  p = (2*U(:,3)-rho.*v.*v)/3;

  pxx = U(:,4) - rho.*v.*v;

  q = U(:,5) - U(:,3).*v - pxx.*v;

  

  P(:,1) = rho;

  P(:,2) = v;

  P(:,3) = p;

  P(:,4) = pxx;

  P(:,5) = q;
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C.1.8 PrimToCons.m

% --------         13 - Moment        ------

function [U] = PrimToCons(P)

% Name:

%   PrimToCons

% Description:

%   Converts from Primitive to Conservative equations.

% Algorithms :

%

% Variables :

%   U       [out]   : Conservative Variables (Vector)

%   P       [in]    : Primitive Variables (Vector)

% Functions :

%

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%   June 20, 2011 - Adapted for vector input/output

%

 

  % Preallocate for speed

  U = zeros(size(P));

  

% Converts from Primitive to Conservative Variables

  rho = P(:,1);

  v = P(:,2);

  p = P(:,3);

  pxx = P(:,4);

  q = P(:,5);

  

  U(:,1) = rho;

  U(:,2) = rho.*v;

  U(:,3) = 0.5*rho.*v.*v+1.5*p;

  U(:,4) = rho.*v.*v + pxx;

  U(:,5) = (0.5*rho.*v.*v + 1.5*p).*v + pxx.*v + q;
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C.1.9 FORCE.m

% --------         13 - Moment        ------ (CharSpeeds, IntercellFlux)

function [Cmax, F] = FORCE( VL, VR, dx, dt )

% Name:

%   FORCE

% Description:

%   Uses FORCE method to calculate the fluxes for 

%   the 1D Hyperbolic Equations

% Algorithms :

%   (Toro)

%   (LeVeque)

% Variables :

%   VL      [in]    : Primitive Variables of Left Interface (Matrix)

%   VR      [in]    : Primitive Variables of Right Interface (Matrix)

%   F       [out]   : Force Flux (Matrix)

%   Cmax    [out]   : Max wave speed (scalar)

% Functions :

%   CharSpeeds

%   PrimToCons

%   IntercellFlux

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%   June 20, 2011 - Updated method to take advantage of improved speed of

%                   vectorized format.

%

 

% To Calculate Numerical Flux

% *************************************************************

% Step 1: Compute the Speeds (Sound, Left, Right, and Max)

aR = CharSpeeds(VR);

aL = CharSpeeds(VL);

 

uL = VL(:,2);

uR = VR(:,2);

Cmax = max([abs(0.5*(uL+uR)+max([aR,aL]))]);

 

% *************************************************************

% Step 2: Intercell Fluxes and Conserved Variables

 

[UL] = PrimToCons(VL);  % Conserved Quantities

[UR] = PrimToCons(VR);

[FL] = IntercellFlux(VL); % Intercell Fluxes

[FR] = IntercellFlux(VR);

 

% *************************************************************

% Step 3: Flux

 

% Preallocate for speed

F = zeros(size(VL));

FLF = F;

U = F;

FRI = F;

 

FLF = 0.5*(FL+FR) + 0.5*dx/dt*(UL-UR);

U = 0.5*(UL+UR) + 0.5*dt/dx*(FL-FR);

 

Vtmp = ConsToPrim(U);

FRI = IntercellFlux(Vtmp);
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F = 0.5*(FLF+FRI);

 

end % Ends FORCE function

 

% ****************************************************************

% ***                       CharSpeeds                         ***

% ****************************************************************

 

function [Cmax] = CharSpeeds(V)

% Name:

%   CharSpeeds

% Description:

%   Calculates Characteristic Speeds for the flux calculation.

%   (1-D; based on PRIMITIVE variables).

% Algorithms :

%   C = 100*Vthi

% Variables :

%   V           [in]    : Primitive Variables of Current Cell (Matrix)

%   Cmax        [out]   : Maximum Wave speed for HLL flux calc (Scalar)

% Functions :

%

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   March 26, 2011 - Document Creation

%   June 20, 2011 - Updated method to take advantage of improved speed of

%                   vectorized format.

%

 

% Unpack Primtive variables

rho = V(:,1);     % Density

u = V(:,2);       % Velocity

p = V(:,3);       % Scalar Pressure

 

% Calculate Values

theta = p./rho;  % Temperature (based on ideal gas law)

 

% Normalized speed of light is a constant times the 2 dimensional

% ion thermal velocity.

% Cmax = 100*sqrt(max(abs(2*theta)));

 

% Factor times the 2-D ion/electron thermal velocity.

Cmax = 5*sqrt(max(abs(2*theta)));

 

% % Characteristic Speed for Single-Fluid Simulations :

%     % Singular Closure

%     Cmax = 5*sqrt(max(abs(theta)));

%     % Realizable Closure

%     Cmax = 30*sqrt(max(abs(theta)));

 

end % Ends CharSpeed Function

 

% ****************************************************************

% ***                    IntercellFlux                         ***

% ****************************************************************

 

function [F] = IntercellFlux(V)

% Name:
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%   IntercellFlux

% Description:

%   Calculates the intercell flux for the 1-D Hyperbolic

%   Equations based on PRIMITIVE variables.

% Algorithms :

%

% Variables :

%   V           [in]    : Primitive Variables of Current Cell (Matrix)

%   Cmax        [out]   : Maximum Wave speed for HLL flux calc (Scalar)

%   F           [out]   : Flux (Matrix)

% Functions :

%

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   March 26, 2011 - Document Creation

%   June 20, 2011 - Updated method to take advantage of improved speed of

%                   vectorized format.

%

 

% Calculates flux quantities from primitive variables

 

% ****

% Get Closure Scheme from Global Variable

global SetClosure;      % Global Switch

    arg = SetClosure;   % Local Argument

% ****

 

% Calculates flux quantities from primitive variables

 

% Unpack Primtive variables

rho =   V(:,1);   % Density

u =     V(:,2);   % Velocity

p =     V(:,3);   % Scalar Pressure

pxx =   V(:,4);   % X-Component Pressure

q =     V(:,5);   % Heat Vector

  

% Calculate Intermediate Variables

theta = p./rho;  % Temperature (ideal gas relation)

sigma = pxx - p;% Shear Stress

 

% Non-Dimensional Terms 

bigQ = q./(rho.*theta.^(3/2).*sqrt(1+sigma./p).*(1+0.25*sigma./p));

 

switch lower(arg)

  case 'real'

      % Realizable closure scheme

      D = 3*(1+bigQ.^2.*(22+bigQ.^2)./(32-bigQ.^2));

  otherwise

      % Defaults to Singular Closure Scheme

      D = 3*(1+0.5*bigQ.^2);

end

 

% Closure Terms

mxxx = q.*(1+sigma./p)./(1+0.25*sigma./p);

rxx = (rho.*D.*theta.^2)./3.*(1+sigma./p).*(5+2*sigma./p);

 

% Flux Calculation

F = zeros(size(V));   % Preallocate for speed.
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F1 = rho.*u;

F2 = rho.*u.*u+pxx;

F3 = (0.5*rho.*u.*u + 1.5*p).*u + pxx.*u + q;

F4 = rho.*u.*u.*u + 3*pxx.*u + mxxx;

F5 = (0.5*rho.*u.*u + 1.5*p).*u.*u + (5/2)*pxx.*u.*u + 2*q.*u + mxxx.*u ...

    + 0.5*rxx;

 

F = [F1,F2,F3,F4,F5];

 

end % Ends IntercellFlux Function
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C.1.10 Plots.m

function SinglePlot

% Thesis : Numerical Results Plots

% Quick Example of how to pull information and plot.

%

 

clc; clear all; close all;

 

% FIGURE 1 : Strong Shock Tube with Singular Closure

    % c1 = c2 = 1e-16

    % 50 : 1

    % 4000 pts (-1,2)

    filename = 'data/SingFluid13_sing_lo_';

    tag = 10;

    savefile = strcat(filename, num2str(tag),'.dat');

    try

        load(savefile,'-mat','IONS', 'ELEC', 'Ex', 'xc', ...

            'CON', 't', 'CFLmax', 'CFLset');

        % Convert to Primitive

        figure();

        Vout = ConsToPrim(IONS);

        plot(xc,Vout(:,1),'b-',xc,Vout(:,3),'r-','LineWidth',1,'LineSmoothing','on' );

        legend('\rho','p');

        xlabel('x');

        ylabel('Pressure & Density')

        str = sprintf('Pressure & Density at Time = %f',t);

        title(str);

        

        % Annotation

        str1(1) = {'13-Moment'};

        str1(2) = {'Single-Fluid'};

        str1(3) = {'Singular Closure'};

        str1(4) = {'Strong Shock'};

        text(0,40,str1)

    catch

        fprintf('Loading Failed...\n');

    end
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C.2 5-Moment Electrostatic Simulation

To switch to 5-Moment code, replace functions beginning with the tag �13-Moment�

with their 5-Moment equivalents. Only these new functions are listed here.

C.2.1 InitialConditions.m (5-Moment)
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% --------         5 - Moment        ------

 

% ****************************************************************

% ***                    INITIAL CONDITIONS                    ***

% ****************************************************************

 

function [IONS, ELEC, Ex, xc, CON, outputStr] = ...

    InitialConditions(nc, xl, xr, type)

% Name:

%   InitialConditions

% Description:

%   Sets the initial conditions based on the type passed.

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%   July 1st, 2011 - Updated for Two-Fluid Model

%

 

% Set Number of Ghost Cells (Don't change unless necessary.)

NumGhostCells = 2; % (On Each Side)

 

nc = nc + NumGhostCells*2;  % Updated Number of Cells

nf = nc+1;                  % Number of faces

xf = linspace(xl,xr,nf);% Vector of face x-positions

dx = mean(diff(xf));        % Spatial resolution

 

first = NumGhostCells + 1;  % Beginning of Domain

last = nc - NumGhostCells;  % End of Domain

 

% Vector of center positions

xc = xl+dx/2:dx:xr-dx/2;

outputStr = '';

% For each simulation type,

    switch lower(type)

        otherwise

            outputStr = []; % outputStr def'd as matrix

            for i=1:60  fprintf('*'); end;  fprintf('\n');

            fprintf('%40s\n','Shock Tube Simulation');

            for i=1:60  fprintf('*'); end;  fprintf('\n');

            fprintf('\n\t**** CONSTANTS ****\n');

            % Ion and electron masses and charges

            qI = 1;

            qE = -1;

            mE = 1/1836;

            mI = 1;

            Ex = 0*ones(nc,1);  % Applied E-Field

                    % Applied E-Field option has been dropped in this

                    % version.

            

            %Coefficiencts

            c1 = 10^-1;    % Plasma Size / Ion Larmor Radius

            c2 = 100;   % Ion Larmor Radius / Debye Length

            

            fprintf('%20s:\t%g\n','Electron Mass',mE);

            fprintf('%20s:\t%g\n','Ion Mass',mI);

            fprintf('%20s:\t%g\n','Electron Charge',qE);

            fprintf('%20s:\t%g\n','Ion Charge',qI);

            fprintf('%40s:\t%g\n','Plasma Size / Ion Larmor Radius',c1);

            fprintf('%40s:\t%g\n','Ion Larmor Radius / Debye Length',c2);
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            % **** IONS ****

            fprintf('\n\t**** IONS ****\n');

            % Left State

            rhoL = 1;

            pL = 0.5;

            vL = 0;

            fprintf('\tLeft State:\n');

            fprintf('%20s:\t%g\n','Density',rhoL);

            fprintf('%20s:\t%g\n','Velocity',vL);

            fprintf('%20s:\t%g\n','Pressure',pL);

            

            % Right State

            rhoR = .125;

            pR = 0.05;

            vR = 0;

            fprintf('\tRight State:\n');

            fprintf('%20s:\t%g\n','Density',rhoR);

            fprintf('%20s:\t%g\n','Velocity',vR);

            fprintf('%20s:\t%g\n','Pressure',pR);

            

            % Set values based on x-position

            for i=1:nc

                v = vL;    % Velocity

                

                if xc(i) < 0.0  % State 1: Upstream of Shock

                    rho = rhoL; % Density

                    p = pL;   % Scalar Pressure

                else            % State 2: Downstream of shock

                    rho = rhoR; % Density

                    p = pR;    % Scalar Pressure

                end

                % Convert to CONSERVATIVE variables and store to U

                U(i,1) = rho;

                U(i,2) = rho*v;

                U(i,3) = 0.5*rho*v*v+1.5*p;

            end

            IONS = U;

            

            % **** ELECTRONS ****

            fprintf('\n\t**** ELECTRONS ****\n');

            % Left State

            rhoL = 1*mE/mI;

            pL = 0.5;

            vL = 0;

            fprintf('\tLeft State:\n');

            fprintf('%20s:\t%g\n','Density',rhoL);

            fprintf('%20s:\t%g\n','Velocity',vL);

            fprintf('%20s:\t%g\n','Pressure',pL);

            

            % Right State

            rhoR = .125*mE/mI;

            pR = 0.05;

            vR = 0;

            fprintf('\tRight State:\n');

            fprintf('%20s:\t%g\n','Density',rhoR);

            fprintf('%20s:\t%g\n','Velocity',vR);

            fprintf('%20s:\t%g\n','Pressure',pR);

            

            % Set values based on x-position

            for i=1:nc
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                v = vL;    % Velocity

                

                if xc(i) < 0.0  % State 1: Upstream of Shock

                    rho = rhoL; % Density

                    p = pL;   % Scalar Pressure

                else            % State 2: Downstream of shock

                    rho = rhoR; % Density

                    p = pR;    % Scalar Pressure

                end

                % Convert to CONSERVATIVE variables and store to U

                U(i,1) = rho;

                U(i,2) = rho*v;

                U(i,3) = 0.5*rho*v*v+1.5*p;

            end

            ELEC = U;

            

    end % Ends Switch

 

    % Package all scalars into a single CONSTANT vector

    CON(1) = nc;            % Number of Cells

    CON(2) = NumGhostCells; % Number of Ghost Cells

    CON(3) = dx;            % Spatial derivative step size

    CON(4) = first;         % Beginning of Domain

    CON(5) = last;          % End of Domain

    CON(6) = qI;            % Ion Charge

    CON(7) = qE;            % Electron Charge

    CON(8) = mI;            % Ion Mass

    CON(9) = mE;            % Electron Mass

    CON(10) = c1;           % Plasma Size / Ion Larmor Radius

    CON(11) = c2;           % Ion Larmor Radius / Debye Length          

end
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C.2.2 Sfunc - part of AdvanceToPoint.m (5-Moment)

function [OUT] = Sfunc(IN, Ex, CON, species)

% Name:

%   Sfunc

% Description:

%   Calculates source terms to be included in time-integration.

% Algorithms :

%

% Variables :

%   IN      [in]    : Conservative Variables (Matrix)

%   Ex      [in]    : Electric Field Strength (Matrix)

%   CON     [in]    : Constants (Vector)

%   species [in]    : Switch : 'ions' or otherwise

%   OUT     [out]   : Source Contributions (Matrix)

% Comments :

%   Shaun Gilliam

%   July 1st, 2011 - Document Creation

%

 

    % Update Variables based on source terms

    % **** using vectorized format

    nc = CON(1);

 

    switch lower(species)

        case 'ions'

            q = CON(6);            % Ion Charge

            m = CON(8);            % Ion Mass

        otherwise

            q = CON(7);            % Electron Charge

            m = CON(9);            % Electron Mass

    end % Ends Switch

 

    c1 = CON(10);           % Plasma Size / Ion Larmor Radius

    c2 = CON(11);           % Ion Larmor Radius / Debye Length

 

    % Convert to Primitive Variables

    V = zeros(size(IN));

    V = ConsToPrim(IN);

 

    % Grab Vectors

    n = IN(:,1)/m;     % Number Density

    vel = V(:,2);

    

    % Source Terms

    S1 = zeros(size(n));

    S2 = c1*q*n.*Ex;

    S3 = c1*q*n.*Ex.*vel;

    

    OUT = [S1,S2,S3];   % Output Source Terms

 

end
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C.2.3 ConsToPrim.m (5-Moment)

% --------         5 - Moment        ------

function [P] = ConsToPrim(U)

% Name:

%   ConsToPrim

% Description:

%   Converts from Conservative to Primitive equations for the 5 moment

%   model

% Algorithms :

%

% Variables :

%   U       [in]    : Conservative Variables (Vector)

%   P       [out]   : Primitive Variables (Vector)

% Functions :

%

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%   June 20, 2011 - Adapted for vector input/output

%

 

% Preallocate for speed

  P = zeros(size(U));

  

% Converts from Conservative variables to primitive ones

  rho = U(:,1);

  v = U(:,2)./rho;

  p = (2*U(:,3)-rho.*v.*v)/3;

  

  P(:,1) = rho;

  P(:,2) = v;

  P(:,3) = p;
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C.2.4 PrimToCons.m (5-Moment)

% --------         5 - Moment        ------

function [U] = PrimToCons(P)

% Name:

%   PrimToCons

% Description:

%   Converts from Primitive to Conservative equations for the 5 moment

%   model

% Algorithms :

%

% Variables :

%   U       [out]   : Conservative Variables (Vector)

%   P       [in]    : Primitive Variables (Vector)

% Functions :

%

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%   June 20, 2011 - Adapted for vector input/output

%

 

% Preallocate for speed

  U = zeros(size(P));

  

% Converts from Primitive to Conservative Variables

  rho = P(:,1);

  v = P(:,2);

  p = P(:,3);

  

  gamma = 5/3;

  energy = 0.5*rho.*v.*v + p/(gamma-1);

  

  U(:,1) = rho;

  U(:,2) = rho.*v;

  U(:,3) = energy;
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C.2.5 FORCE.m (5-Moment)

% --------         5 - Moment        ------ (CharSpeeds, IntercellFlux)

function [Cmax, F] = FORCE( VL, VR, dx, dt )

% Name:

%   FORCE

% Description:

%   Uses FORCE method to calculate the fluxes for 

%   the 1D Hyperbolic Equations

% Algorithms :

%   (Toro)

%   (LeVeque)

% Variables :

%   VL      [in]    : Primitive Variables of Left Interface (Matrix)

%   VR      [in]    : Primitive Variables of Right Interface (Matrix)

%   F       [out]   : Force Flux (Matrix)

%   Cmax    [out]   : Max wave speed (scalar)

% Functions :

%   CharSpeeds

%   PrimToCons

%   IntercellFlux

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   April 26, 2011 - Document Creation

%   June 20, 2011 - Updated method to take advantage of improved speed of

%                   vectorized format.

%

 

% To Calculate Numerical Flux

% *************************************************************

% Step 1: Compute the Speeds (Sound, Left, Right, and Max)

aR = CharSpeeds(VR);

aL = CharSpeeds(VL);

 

uL = VL(:,2);

uR = VR(:,2);

Cmax = max([abs(0.5*(uL+uR)+max([aR,aL]))]);

 

% *************************************************************

% Step 2: Intercell Fluxes and Conserved Variables

 

[UL] = PrimToCons(VL);  % Conserved Quantities

[UR] = PrimToCons(VR);

[FL] = IntercellFlux(VL); % Intercell Fluxes

[FR] = IntercellFlux(VR);

 

% *************************************************************

% Step 3: Flux

 

% Preallocate for speed

F = zeros(size(VL));

FLF = F;

U = F;

FRI = F;

 

FLF = 0.5*(FL+FR) + 0.5*dx/dt*(UL-UR);

U = 0.5*(UL+UR) + 0.5*dt/dx*(FL-FR);

 

Vtmp = ConsToPrim(U);

FRI = IntercellFlux(Vtmp);
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F = 0.5*(FLF+FRI);

 

end % Ends FORCE function

 

% ****************************************************************

% ***                       CharSpeeds                         ***

% ****************************************************************

 

function [Cmax] = CharSpeeds(V)

% Name:

%   CharSpeeds

% Description:

%   Calculates Characteristic Speeds for the flux calculation.

%   (1-D; based on PRIMITIVE variables).

% Algorithms :

%   C = 100*Vthi

% Variables :

%   V           [in]    : Primitive Variables of Current Cell (Matrix)

%   Cmax        [out]   : Maximum Wave speed for HLL flux calc (Scalar)

% Functions :

%

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   March 26, 2011 - Document Creation

%   June 20, 2011 - Updated method to take advantage of improved speed of

%                   vectorized format.

%

 

% Unpack Primtive variables

rho = V(:,1);     % Density

u = V(:,2);       % Velocity

p = V(:,3);       % Scalar Pressure

 

% Calculate Values

theta = p./rho;  % Temperature (based on ideal gas law)

 

% Normalized speed of light is a constant times the 2 dimensional

% ion thermal velocity.

Cmax = 5*sqrt(max(abs(2*theta)));

 

end % Ends CharSpeed Function

 

% ****************************************************************

% ***                    IntercellFlux                         ***

% ****************************************************************

 

function [F] = IntercellFlux(V)

% Name:

%   IntercellFlux

% Description:

%   Calculates the intercell flux for the 1-D Hyperbolic

%   Equations based on PRIMITIVE variables.

% Algorithms :

%

% Variables :

%   V           [in]    : Primitive Variables of Current Cell (Matrix)

%   Cmax        [out]   : Maximum Wave speed for HLL flux calc (Scalar)
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%   F           [out]   : Flux (Matrix)

% Functions :

%

% Restrictions :

%

% Comments :

%   Shaun Gilliam

%   March 26, 2011 - Document Creation

%   June 20, 2011 - Updated method to take advantage of improved speed of

%                   vectorized format.

%

 

% Calculates flux quantities from primitive variables

 

% Unpack Primtive variables

rho =   V(:,1);   % Density

u =     V(:,2);   % Velocity

p =     V(:,3);   % Scalar Pressure

  

gamma = 5/3;

energy = 0.5*rho.*u.*u + p/(gamma-1);

 

% Flux Calculation

F = zeros(size(V));   % Preallocate for speed.

 

F1 = rho.*u;

F2 = rho.*u.*u+p;

F3 = (energy+p).*u;

 

F = [F1,F2,F3];

 

end % Ends IntercellFlux Function
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Appendix D

DETERMINING CHARACTERISTIC SPEEDS WITH

MATHEMATICA

As an example, the code used to generate the plot for the characteristic speeds

of the singular closure scheme is presented here. Changing to the realizable closure

scheme only requires changing the calculation of �bigD�.
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Characteristic Speeds of the Pearson - IV Singular Closure 

Scheme

Calculate Jacobian A (u) :

In[1]:= Remove@"Global`∗"D
JacobianMatrix@f_List?VectorQ, x_ListD := Outer@D, f, xD ê; Equal @@ HDimensions ê@ 8f, x<L;

θ =
P

ρ
;

σ = Pxx − P;

mxxx = q ∗
1 + σ ê P

1 +
1

4
σ ê P

;

bigQ =
q

ρ θ3ê2 1 + σ ê P I1 +
1

4
σ ê PM

;

bigD = 3 1 +
1

2
bigQ2 ;

Rxx =
ρ bigD θ2

3
H1 + σ ê PL H5 + 2 σ ê PL;

U = FlattenB

ρ

ρ u

I 1

2
ρ u2 +

3

2
PM

ρ u2 + Pxx

I 1

2
ρ u2 +

3

2
PM u + Pxx u + q

F;

F = FlattenB

ρ u

ρ u2 + Pxx

I 1

2
ρ u2 +

3

2
PM u + Pxx u + q

ρ u3 + 3 Pxx u + mxxx

I 1

2
ρ u2 +

3

2
PM u2 + 5

2
Pxx u2 + 2 q u + mxxx u +

1

2
Rxx

F;

V = FlattenB

ρ

u

P

Pxx

q

F;

jacFoV = FullSimplify@JacobianMatrix@F, VDD;
jacUoV = FullSimplify@JacobianMatrix@U, VDD;
jacVoU = FullSimplify@Inverse@jacUoVDD;
jacFoU = FullSimplify@jacFoV.jacVoUD;
jacFoU êê MatrixForm

Out[16]//MatrixForm=

0

0

0

−
H3 P−PxxL u I−4 q u ρ+H3 P+PxxL IPxx−u2 ρMM

H3 P+PxxL2 ρ

−
Pxx H3 P+PxxL3 H3 P+2 PxxL−H3 P+PxxL u I4 I9 P2+12 P Pxx+5 Pxx2M q+H3 P+PxxL I9 P2+12 P Pxx+7 Pxx2M uM ρ+u2 I8 H3 P+5 PxxL q2+24 Pxx H3 P+PxxL q u−3 HP−PxxL H3 P+PxxL2 u2M ρ2

2 H3 P+PxxL3 ρ2

H3 P
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Calculate Maximum Characteristic Speed Cmax

In[19]:= Cmax@x_, y_D := Module@8a = y + 1, b = x, c = 1, d = 1, e = 0, tempJac, tempEigs<,
tempJac = jacFoU ê. 8Pxx → a, q → b, P → c, ρ → d, u → e<;
tempEigs = N@Eigenvalues@tempJacDD;
Max@Abs@Re@tempEigsDDD

D

ContourPlot@Cmax@x, yD, 8x, −5, 5<, 8y, −1, 2<,
Contours → 8.5, 1.5, 2, 2.5, 3, 4, 6, 8, 10, 15, 20, 40, 100, 500<, ColorFunctionScaling → True, ContourLabels → TrueD

Out[20]=
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