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University of Washington
Abstract

Numerical Simulation of Shock-Induced Combustion for Application
to the Ram Accelerator Concept

by Shaye Yungster

Chairperson of Supervisory Committee: Prof. A. P. Bruckner

Dept. of Aeronautics and Astronautics

A numerical scheme for calculating hypersonic flows involving shock-induced com-
bustion is presented. The scheme is applied to a hypervelocity mass launcher con-
cept known as the “ram accelerator”. The analysis is carried out using a TVD
numerical scheme that includes nonequilibrium chemistry, real gas effects, and a
7 species-8 reaction combustion model for hydrogen/oxygen mixtures. Inviscid flow

is assumed. The flow,. combustion phenomena, and performance characteristics

of the ram accelerator .are investj ated for several projectile conﬁguratfons in the
superdetonative velocity range of 5.0 to 10.0 km/s. The distribution of various
physical quantities along the ram accelerator, as well as temperature contours, are

presented. Plots of ballistic efficiency and thrust pressure ratio are also included.

accelerator are also investigated for a particular configuration. Several code valida-
tion tests are presented. In particular, the hypersonic, exothermic blunt body flow
problem is examined in detaj] for mixtures of hydrogen/oxygen and hydrogen/air,

and the numerical results are compared with experimental results.
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Chapter 1
INTRODUCTION

years. Such an approach has been considered as ap alternative to the supersonic
combustion ramjet for propelling space transportation vehicles such as the NASP
(National Aerospace Plane) in a configuration known as the Oblique Detonation

Wave Engine (ODWE)!2,

shock-induced combustion. modes, This concept ,i,,s‘,V,b:e;ing,,V.,expe,rims:r_x.ta_lly,' and the-
oreticaly investigated at the University of Washington3-*. Also, Rom & Kivity'®
have presented a preliminary analysis of hypervelocity accelerators utilizing oblique
detonation waves.

Although several ram accelerator operatjon modes have been proposed?® our dis-
cussion will center on the “oblique detonation” mode shown in Fig. 1.1. In order to
operate in this combustion mode, the projectile must fly at superdetonative speeds,

le., speeds above the Chapman-Jouguet detonation speed of the gas mixture. Pre.

In the oblique detonation ram accelerator operation mode (Fig. 1.1), the center-

body is a projectile fired into a tube filled with 5 pPremixed gaseous fuel/oxidizer




M>1

Premixed

fuel /oxidizer

Figure 1.1; Schematic of oblique det\:qpatigr}}ram accelerator drive mode. .

deflagration system , depending primarily on the mixture composition, pressure and
tube sizel. The combustion Process creates a high pressure region over the hack
of the projectile, producing a thryst force. The pressure, composition, chemical
energy density and speed of sound of the mixture can be controlled to optimize the
performance for g given flight condition.




principle, all the relevant flow and combustion phenomena at conditions for which
experimental facilities do not currently exist. A the University of Washington,
a CFD capability has also been developed, in support of the experimental effort,

almost since jts conception’=®16 ThLece studies have improved our understand-

more accurate in that it accounts for the reactjon kinetics of 5 7 species 8 reaction

combustion model. Nonetheless, the earlier results were €ncouraging in that they




importance, the exotliermijc blunt body flow problem is presented in a separate
chapter (Chapter 4).

Finally, the flow, combustion, and performance characteristjcs of several ram
accelerator configurations in the superdetonative velocity range of 5.0 to 10.0 km/s
are analyzed and discussed in Chapter 5.

Due to the similarity between the flow and combustion processes in the ram
accelerator and those associated with hypersonic airbreathing engines, it is clear

that the numerical studies presented here are also of direct value to the NASP.




Chapter 2
NUMERICATL FORMULATION

The fundamenta] flow and combustion processes in the ram accelerator, oper-
ating in the “oblique detonation” mode, can be simulated with the Euler equa-

tions, including finite rate chemistry and a combustion mode]. Viscous effects,

In the foHowing sectfons, the complete humériéal formulationfused in'the present
study is described in’ detagboor oo Ao ey N :

2.1 Nondimensiona] Variables

In order to simplify our analysis, it is convenient to introdyce nondimensiona]
variables. Denoting dimensional variables with the Superscript (~), the following

nondimensiona] variables are defined:

z Y ley
T = — = — t = e
L Y57 L
5 . 5
Poo Con Coo
é 5 T
PooCoo Yoo Poo Yool oo

o = B R:R{Z“ B = M (2.1)



- - +/H=WwW 2.2
5 * 5 + Bn +J7H (2.2)
where
P1 mnU
P2 PzU
9=J"p. |, F= g1 pU (2.3)
puU pul + ¢.p
pY PoU + ¢,p

€ Ule +p)




YV p v
P2V P2y
- . e .
G=yJ Vv y, H=__ Pn¥
r
PuV + n.p puv
PV 4 np pv?
V(e +p) v(e +p)
W,
wy
W = -1 w,
0
0
0

The equations describe fWo~dimensional flow if ; = 0 ang axisymmetric flow =~

if 7 = 1. The variable r is the cylindrical radjys. Here, p denotes the mixture
density p = 21 pi- The terms Wi represent the productjop of species from chemical

Appendix A. Finally, the grid Jacobian J and the contravariant velocitjes Uand v

are defined ag follows

J = TeYn — 2hy,

U=tu+tg, V=nu+n0
f:z = Jyn; fy = —J:U.,,

Te = —Jyg; My = Jz, (2.9)




8
626(37y) 3=3(f»’7)
==
1 =n(z,y) Y =y(&n)
7,k
y n ¢
€7 z
Computationa] Plane Physical Plane

Figure 2.1. Generalized coordinate transformation

and = 7(z,y) which is actually a mapping of physical points (z,y) to points in a
computational plane (€,7) as shown in Fig. 2.1.

The equation of state used is that for a mixture of thermally perfect gases

n T e 1 n
3 wdl = — — _(y2 4 2y _ :h? 2.6
Loaf adr= Lo, 3 (2:6)

=]

where ¢; = Pi/p, ¢y, is the specific heat at constant volume of the ith species, and
R is the heat of formation for species 7. A Newton-Raphson iterative method 1s
used to solve for the temperatyre. Only a few iterations (< 3) are Necessary for
convergence . Expressions for the specific heats as a function of temperature are
obtained from the JANAF tables'8 apq use the following polynomial fit19

% = At AT+ AT 4 4,70y 4 e (2.7)




where 4,, ... » 45 are constants. The curve fit constants are given for three temper-
ature ranges: 300 to 1000 °K, 1000 to 6000 °K and 600¢ to 15000 ° k.
It should be mentioned that fecent work by Wada et.al.?0 hae shown that the

lead to large errors, because temperatures (on which the reaction rates strongly

which consists of 6 reacting species H, O, H,0, OH, O,, H,, and an inert species

such as Argon or Nitrogen. Eight reactions are assumed to be significant:




10

species and 25 reactions. The main difference be.
tween the 8-reactjoq and the 25. reaction model was the addition of HO,, NO,

and NO,. Reactions involving HO, molecules are important for Jow temperature
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low temperature ignition occurs. At higher Mach numbers, such species are proba-
bly unimportant.

Finally, we should point out that relatively simple and fast combustion models
for hydrogen combustion have been proposed?*?%. However, such models require
the determination of several parameters, which are adjusted to agree with a given
set of experimental data. For this reason, their range of applicability 1s, in general,
somewhat limited. In computations involving fuels with a more complex chemi-
cal structure, such as hydrocarbons, the development of such “global” combustion

models could be very useful.

2.4 Calculation of the chemical source term

The procedure for calculating the chemical source term W appearing in equa-
tion (2.2) is described below. Only a general outline of the technique will be pre-
sented in this section. The detailed expressions for the terms w;, based on the
combustion model discussed above, are given in Appendix A. Also, note that di-
mensional variables are used in ‘the following derivation.

Denote §; as the concentration of species Y; (in moles per cubic centimeter) and

M; as its molecular weight. Then
~ Pi
Yi = - (2.9)

The chemical equation for a general elementary reaction j in a gas mixture con-

taining n species can be written as

n n

doviYe= vy, (2.10)
=1 =1

where v, ; and v, ; are the stoichiometric coefficients appearing on the left and right

in rection j. The rate of change of the concentration of species 1 in reaction j, g.ji'j,

is given by!?

ji,j S (V:”, - V:”,j)Kf»j H 17:"j + (Vf,j - Vf,'j)Kb,j H f/:""j (2.11)
a==1

=1




into the nondimensional equations of motjon ( equation (2.2)), it is modified, giving

the following final form

w,-:J”

Specific expressions for w; based on the combustiop model used in the present study

are given in Appendix A.

2.5 Numerica] Met{zod; LAS g T T, e

Tf) to the characteristic reaction time, 7ehy @ parameter knownp as the Damkéohler

number




developed for calculating nonequilibrium flows based on this approach,20.28-a1 When
the stiffness is entirely dominated by the chemistry (as is the case in the present
study), the semi-implicit tota] variation diminishing (TVD)T method of Yee and

Shinn® appears to be one of the most efficient methods available. However, if

cous effects and /or a highly irregular grid), the fully implicit method of Park and
Yoon®' (which is based on the LU-SGS implicit factorization scheme of Yoon and
Jameson®?), would be a more efficient approach.

In the present study, the fully coupled inviscid equation set (2.2) is solved using a
time marching method based on the TVD algorithm developed by Yee and Shinn3,
sometimes referred as the “Point Implicit TVD MacCormack” scheme. Yee and
Shinn’s scheme is, in\ftmjn, a slight.~deiﬁ,cati~Qn:Dﬂ:,RL9€’§?3»,QD£ step TVD Lax-

studies have been limited so far to the use of the global two-step chemistry model
of Rogers and Chinitz25 for hydrogen /air combustion. In the present work, a more
complex combustion model, which includes 7 species and § reactions, has been
incorporated into the algorithm.

In generalized coordinates, for a grid spacing Aé = Ap = 1, and taking for
simplicity 7 = 0, the Point Implicit TVD MacCormack scheme s given by

Predictor:

Dj.Aqh) = —ayFr, - Fi ik + Ghy, — GTy)
+AIW?, (2.16)

ta summary of the fundamental concepts associated with TVD methods is given in Appendix D.
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ai = Aql) + q;, (2.17)
Corrector:
1
D},kAQ§,2;3 = 5{‘AQ§,2 - At(Fj('iu)x,k - Fﬁlk)
+G) - GW 4 5 W (2.18)
q'? = Aqf) + q¥ (2.19)
n 2 n n n n
97’ = qz(',k) + [Rj+§'1’j+§ - RJ-_%‘I)];%}
tOIRY, @, - Ry, ] ] (2.20)

evaluated at some Symmetric average of Q. and q;4; 4, denoted 3% q;y1, and Rki%
denotes the matrix of eigenvectors of the flux Jacobian matrix B = %—g evaluated

at qki%' The “scalvingA matnjx” D is giYen .by :

= OW. AL W '
D" =(I-a75-) b =-S5 (2.21)

1
At < T i 2.22
- !UH-IVI+a\/§3+65+a\/775+775 o2

where q is the frozen speed of sound. The elements, ¢§+%, of the dissipation vector

‘I'ﬂ% are :
1 2 A
¢§+§ = 5[‘1’(’/,[4%) - (VJI-+§) HQ;J,% - Q;-Jr;] (2.23)
! i
Vj+§— = At(lj+% (224)

@ity = R Qs - qpp) (2.25)
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Here a§+, denotes the eigenvalyes of A evaluated a 4j+1, and a,l-+1 denotes the
7 7

elements of the vector @;1 1. The functjop ¥ is :
2

|z 2l >

U(z) = 05 <e< .2 (2.26)
M (Z! < €

2¢
The “limiter” function Qj+i used in this study is given by :
2

3 ; !
i+l = TMinmod Q.

and eigenvectors of the fully coupled chemically reacting equations were obtained
by Eberhardt and Brown3® j, Cartesian coordinates, They have been extended

mentioned that when coupling chemjca energy release to flujd dynamics, problems
can arise when the chemical reactions are very fast (j.e. very large Damkéhler
numbers). For very fast chemistry, most of the heat release takes place in a very
short distance behind the shock wave, and if the grid resolution js not high enough

to capture this Process, errors in the computed quantities, including temperature,
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velocities. One way to prevent this problem is to limit the Damkéhler number to a
value such that the heat release is distributed among at least two or three cells. This
approach was taken in the preseut study; alternatjve approaches to this problem

are discussed by Oran and Boris®.

2.6 Further Simplification

One can simplify the predictor and corrector steps (equations (2.16) and (2.18))
by partitioning the vectors q,F,G, W and the matrix D as follows:

£

q’ P2 ort
q ) e
pna
F! G!
= [FIII = [G"! (2.29)
wl i .
0
WI WI _ Wy WII
= WI[ = . = O (2-30)
0
wna
Dll Dlz
= }DZI Dzz (231)

Here D?! is a null matrix and D?*?is an identity matrix. Expressions for the matrices
D' and D!? are given in Appendix C.

With the above definitions, the predictor and corrector steps are calculated by
the following procedure: taking the predictor step, for example, one first solves for
(Aq™)®) by

(Aqn);.lk) = “At(FJ]'.ge - F.:{-I.k + G§5e+l - G;.i)n (2-32)

then for (Aq?)® by

(Dja)(Aq’);) = (RHS) — (Wi, ) - (D}3)(Aq™)) (2.33)
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3,n+3), one only has to invert the D™ matrix which is (n,m). The same procedure

can be applied to the corrector step.

2.7 Boundary conditions

In this section we will discuss the boundary conditjons, focusing on the ram
accelerator configuration (see Fig. I.1). For this case, the boundary conditions are
specified as follows:

The flow s Supersonic ahead of the Projectile so that a] flow variables are known,

the normal ang tangentia] velocity ‘components, dénotegd by ¥, and V, Tespectively,
at a solid surface described by = conast are given by

v, = 1%+ (2.34)
2+ n2

and
Vi = M (2.35)

C Ty 7= Vt)
_ (2.36)
(v)wall \/173 +77_5 [“7]3? 77!,!] (Vn

In the above eéquation, we specify V, = ¢ and V, is obtained by extrapolation

from the interior
]/; - (Uy)j,luj,z - (Uz)j,lvj,z (237)

(72 );21 + (Uy);z',l
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7 = const
(k=1)

Figure 2.2; Boundary condition at the wal]

~£:p§+pua~£+pv@ (2.39)
a a a d

Oy ot
Combining equations (2.38) to (2.40) and transforming them to generalized coor-
dinates (&,7m) results in the following normaj momentum equation applied at the

(=€ + &1, )pe + (2 + n2)p, = —pU (12ue + n,v,) (2.41)

The ¢ derivatives are centered-differenced and the 7 derivatives use first-order one.-

sided diﬂerencing.
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non-catalytic, which implies that the total e

nthalpy, ho,
normal gradient of each species mass fractio

is constant, and that the
N, ¢, is zero at the wall

BC,'
= watr = 0 2.
( Bn) all (2.42)
This equation can be written in a form similar to the normal momentum equation
(equation (2.41))
(’?a:fz + fyny)cif + (77: + Vyz)cin =0 (2°43)
The gas temperature, T, at the wall is then obtajned from the definition of tota]
enthalpy
n T n
ho =3 c,/ e dT + ~(u? 4 v?) + > ekl (2.44)
1=1 =1

r T. The density, P, at the

= S e (2.45)
t=]1 M;




Chapter 3
BENCHMARK TEST CASES

The performance and accuracy of the present TVD scheme js demonstrated by

the examples bresented in the following sections. Section 3.1, presents results for

3.1 Nonreacting, Perfect Gas Studjes

3.1.1  Wedge at M=10

Shock wave angle (measured from the wedge surface) Bihock = 4.94°.
Dimensionless pressure  p/(yp.) = 9.57.

The numerical results obtained with the present method for the wedge flow are




Figure 3.2;

grid point

grid line
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GRID POINT

Nondimensional Pressure results for g M

30

= 10 wedge flow.
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J.1.2  Sphere at M=2.94

A computation was performed of a M = 2.94 flow past a sphere. The results
were then compared with numerical data provided by Chakravarthy et.al.®® which
used the SCM method to sojve the Euler equations in nonconservative form. The
bow shock shape produced by the sphere is shown in Fig. 3.3. The location of the
shock wave obtained with the present method, was determined using a graphics
package known as “plot3d”. The surface pressure distribution js compared with
the data provided by Chakravarthy et.al. jn Fig. 3.4. Excellent agreement between
the two methods is obtained for both the shock location and the surface pressure

distribution.

J.1.3  Sphere at M=29

number regime, a computation of a M = 20 flow past a sphere was performed.
The bow shock shape obtained with the present method, shown in Fig. 3.5, was
compared with numerical data provided by Lyubimov and-Rusanov*®. Excellent
agreement is obtained, indicating that the present rnethed::canka.ccurately'predict

flow fields in this Mach number range.

3.2 Single-Reaction, Real Qas Studies

anism, a series of studies were conducted on real gas single-reaction flows. The
main objective of these studies was to evaluate the performance of the code in
reproducing the various chemical states that are possible in a given flow: frozen,
nonequilibrium and equilibrium.

The case of single-reaction flow provides us also, with an opportunity to illustrate
how the point implicit technique works for chemically reacting flows. This illustra-
tion will be presented in the following subsection, preceding the presentation of

some of the results obtained for this type of flow.




: 2
; 3
A Chakravarthy ct.al. (Ref.39)
A
0 g x c.00 0.1 o.58 v
Figure 3.3 Sphere in Supersonic flow, Af — 2.94

________ Present methog E

Chakravarthy ct.al. (Ref.39)
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1.4

+ Lyubimov ang Rosanov (Ref.40)

g.8
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3.2.1  Ilustration of the Point Implicit Technigue

In order to understand how the point implicit technique works, consider a one-

dimensional compressible flow case for the O, dissociation reaction

For simplicity, only the forward reaction is considered, and the reaction rate is
assumed to be constant. A similar case was considered by Bussing and Murman?8,

The governing equations for this case are

dq OF
—_— %% .
ot ' Oz (3.2)
with
Pt ~f1u w,
P2 pru —w,
q pu pu? + p 0 (3:3)
e u(e + r) 0
The chemical source term, in this case, has the form
Wy = ~kyp (1 = po,) (3.4)
The characterisijc chemical time is defined as
1 -1
Tech = — = o (3.5)
k; ‘g—ml

becomes

Ag = —AU(F; - F,_)) (3.7)



At is usually limjteq by the CFL stability conditjon34 giving

At = ’“**--————Aéc = Ty
[u+ a
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(3.8)

where a is the speed of sound. Assume for simplicity that Ag — 1, then the predictor

step for specie 1 (¢1) gives from equation (2.33)

(1- Atg—?—):;\ql = =0U(F ~ Fyy) £ A,
1

Noting that Ty = At, we obtain

7f
A0 =~ (F - By )

Ten

For r; > Teh, 1.€., the equations are stiff, we obtain from equations (3.7)

the following expressions

Ags = —14(F; - F;_,)

and

(3.9)

(3.10)

and (3.10)

(3.11)

It can be seen that, for this example, the “Huid dynamic” variables are advanced

using a time step 7;, and the “chemical variables” are advanced using 7.4. Interest-

ingly, the second specie is calculated by the foﬂowing scheme:

Ap, = AP“’Apl

o 1)
= m(22) = ra( 20
ot ot

= 7sl=(pw); + (pu),_,] + Tenl(P1u); — (pru);_y — wy]

(3.13)
(3.14)

Thus, in general, the point implicit technique advances each state quantity at its

own characteristjc rate.

J.2.2 Wedge at M=7

In this section, we wil calculate the nonequilibrium flow over g 30°

wedge, assuming that the flowing gas consists of pure OXygen, and assy

half angle
ming also

B



Ow
Teh = —~1/(—— 3.19
a= -2, (3.19)
where a is the degree of dissociation. For the present case, the chemica] source
term w, is given by

27
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Figure 3.6: Wedge flow considered ip section 3.2.2

at three different values of [, (see Fig 3.6): L = 0.01,L =1 ang L =100 cm, with
corresponding Damké&hler Numbers, Da, of 0.01, 1 and 100 respectively. The free
stream conditions are: Poo = 1 atm., and Ty = 2000 °K. The high free stream

should approach the equilibrium values. At short distances (ie., low Damkéhler
numbers), the solution myst approach the frozep flow case. This is clearly shownp in
Fig. 3.7. Also note that (¥/L)shoek = tan(Bonoer ), and that the shock wave is curved.
The shock wave angle, 3,4 decreases with distance along the wedge. The shock
wave angle varies from its frozen vajye (,B,;,ock),, = 36.8° to jts equilibrium va]ye
(ﬂ,hock)cq = 34.9°, Fig. 3.8 shows the degree of dissociatjon a. Note that for the
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——CFD sclution
..... Equilibrium flow
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Figure 3.8: Degree of dissociation for g M =7 wedge flow with oxygen
dessociation. '
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3.2.3  Spheres at M=¢

Calculations with the gas model described above were conducted also for 5 sphere
moving at A — g, The free stream temperature 77 was taken to be 80g °K in

this case. Fig. 3.9 shows the nondimensiona] temperature distribution along the

the degree of dissociation for the same five cases. Note that for sphere radiuses of
1, 10 and 100 cm, the degree of dissociation and the temperature at the stagnation
point (z/R = 0) are identical, Indicating that the flow has reacheq equilibrium
conditions there. For the smaller radiuses less dissociation s obtained, resulting in
higher stagnation temperatures. The R =0.001 case resulted in nearly frozen flow.

Note also from Fig. 3.9 that the shock wave location moves closer to the body (i.e.
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T/T,,

T0-28 -0.15
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In Chapter 1, we mentioned several shock-induced combustion modes that can
be established in a ram accelerator. Thege modes include coupled or decoupled

shock-deﬂagration Systems, and detonatjop waves. Such shock-induced combustion
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measured detonatjop speed (Ref. 44)

4.1 Subdetonat;jve speeds

1) An induction zone, in which the temperature remains Practically constant and
the mole fractions of H, 0, OH ang H,0 increase by several orders of magnitude,

In the semilogarithmjc plot of mole fractions vs nondimensiona] distance, the curves
iThe pictures of the €Xperiments were taken with a shadow technique
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Figure 4.1: Shock wave and combustion front in a stoichiometric H,/0,
mixture at M=3.55 (from Ref. 44)
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are straight lines. The pressure and density increase slightly in thjs zone.

2) A reaction zone (also referred to as the “combustion front” in the present

3) A final zone, in which the temperature stj] increases and the density dimjn-
ishes, but more and more slowly, and the species mole fractions, as we]] as all the

other variables, approach their equilibrium values asymptotically.
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Figure 4.4: Shock wave ang combustion
=4.18 (from Ref. 44)

mixture at M
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The temperature plot shown in Fig. 4.9 shows that the heat release occurs imme-
diately behind the shock. It is interesting to observe that the pressure plot exhibits
a von Neumann spike not observed in nonreacting flows. Fujiwara et.al.*® using a
two-step reaction model (Korobeinikov model) and assuming constant v, observed
similar von Neumann spikes in their study of detonations supported by a blunt
body. The mole fraction plot in Fig. 4.9 shows that the chemical reactions occur
in a much shorter region as compared to the M = 3.55 (Fig. 4.3) or M = 4.18
(Fig. 4.6) cases.

Figures 4.10, 4.11 and 4.12 show the results for the H,/air mixture. The pro-
Jectile speed is U, = 2605 m/s (M=6.46). In this case, the energy release is not
high enough to initiate a detonation resulting in a coupled shock-deflagration wave.
This fact is also reflected in the numerical calculation. Due to the smaller ratjo of
chemical energy to kinetic energy, the influence of heat release on the flow is not
as strong as for the previous case. This can be seen by comparing Figs. 4.9 and
4.12. For the same reason, the von Neumann spike is not observed in this case. The

shock is closer to the body for this same reason.

-~

4.3 Comparison with F3d/Chem code

Recently, Lee and Deiwert*® conducted a numerical calculation of the M = 6.46
case shown in Fig. 4.10 with the F3d/Chem code. Their code uses an implicit flux
vector splitting method with upwind differencing in the streamwise direction and
central differencing in the crossflow directions. The chemistry model and the rate
coefficients used by Lee and Dejwert are the same as in the present study. Their
calculations were made for inviscid flow and utilized a 57 x 41 grid.

Figures 4.13 and 4.14 show plots of the temperature distribution computed by
the present method and by the method of Lee and Deiwert, respectively. The two
results are in very good agreement.

The studies presented in this Chapter have provided the means for assessing
the accuracy of the numerical scheme. The benchmark computations presented are
in good agreement with the experimental results of Lehr and with the numerical
results of Lee and Deiwert. Extension to ram accelerator configurations can thus

be carried out with confidence. These are presented in Chapter 5.

B
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Shock—deﬂagration system in a stoichiometric H,/air mix-
46 (from Ref, 44)

: a Lehr ( experimental)

0.50

0.28

a.00

™ 05 9% o 0.0 0=  os 075 oo

Temperature contours (T/T,.) for stoichiometric H,/air,

past a sphere. Experimental shock location obtained from




PP T/Ty
& 12.5%
10.0
‘ —
7.5
5.0
2 —
2.5
0 b 0.0
=
L
2
&
K"
[o]
=

1072

1073

Figure 4.12.

streamline for the M = 6.46 case.

........ B — OH
_____ 0 “-——ee 02
——— H20 ———— B2
H ] i f ;3 i i ] i

-0.5 ~0.4 -0.3

43




44

£ s Lehr (experimental)

0.2

Figure 4.13: Temperature contours (T/T,.) for stoichiometric H,/air,

M=6.46 flow past a sphere. Present method.
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Chapter 5
RAM ACCELERATOR STUDIES

In this Chapter, the CFD code described previously is used to analyze the per-
formance of various ram accelerator configurations in the superdetonative velocity
range of 5.0 to 10.0 km/s. Also, a numerical investigation of the effects of nose
blunting on the flow and combustion processes in the ram accelerator is presented.

These results do not represent a complete parametric study of the ram acceler-
ator. The main purpose of these studies is to indicate general performance trends,
and to analyze the effects that the different parameters, such as Mach number,
projectile shape, projectile-to-wall area ratio, and gas mixture, have on the flow,
combustion, and performance characteristics of the ram accelerator.

As was previously mentioned in the introduction, the results to be presented in
this chapter represent the first computations ever conducted on the ram accelerator
concept that account for the reaction kinetics of a complete combustion model.

Most of the calculations associated with the ram accelerator configuration are
carried out on a 125 x 21 patched grid. A typical grid is shown in Fig. 5.1, where
the plot has been magnified by a factor of 5 in the vertical direction for clarity.
The same projectile configuration on a 1:1 scale is shown in Fig. 5.2. The free
stream temperature, T, for all the cases presented in this chapter was taken to be

Tw =300 °K.

5.1 Performance as a function of Mach number

Optimum performance is obtained by keeping the projectile Mach number within
a narrow range. This can be accomplished by dividing the launch tube into several
segments filled with different propellant mixtures, and constraining the projectile
to operate over a limited Mach number range in each segment.

Figures 5.3 to 5.6 show the effects of Mach number on the flow and combustion

phenomena in a ram accelerator tube section filled with a gas mixture of 2H, +
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Figure 5.1: Typical grid for the ram accelerator., Vertical direction is

magnified by a factor of 5.

14° I 14° T
/ 2.9 cm dig 3.8 em dia
I 1

’L; 18.0 ecm “‘\.’
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O, + 5He at a typical fill pressure of 20 atm. A projectile configuration having
dimensions close to those of the experimental device presently operating at the
University of Washington was chosen for this study (Fig. 5.2). The projectile is
composed of two 14° half angle cones and a cylindrical sectjon. The maximum
projectile radius is 1.45 cm and its length is 19 cm. The tube radius is 1.9 cm.
Figures 5.3a and 5.3b show temperature contours and the temperature distribu-
tion along the projectile surface and tube wall for a Mach number M = 7 (flight
speed U, = 5.2 km/s). The contour plot is magnified in the vertical direction by
a factor of 5. The numerical solution shows the crisp shock waves captured by the
computational method. At these flight conditions, the shock wave system gener-
ated by the projectile is not strong enough to ignite the mixture. Therefore, no

combustion and no thrust is generated in this case.

A higher flight speed is required in order to ignite the mixture. Figure 5.4 shows
the results for a Mach number M = 8 (Uy = 5.9 km/s). At this Mach number,
ignition is reached behind the second shock reflection, and rapid chemical reactjons
release energy into the flowing stream establishing a shock-induced combustion
front. Shown in the contour élot are the nose bow shock and its reflection from the
tube wall, followed by the combustion front and the expansion wave system over

the tail of the projectile. A positive thrust force is produced at this flight condition.

The combustion front will remain behind the second shock reflection for a certain
Mach number range. As the projectile accelerates inside the tube, the strength of
the shock wave system increases and, at a given point, causes the combustion front
to jump from the second shock reflection to the first. This situation is shown in
Fig. 5.5 for a Mach number M =9 (Ur = 6.7 km/s). Note that due to the effect of
the second reflection, which tends to speed up the reactions, the combustion zone

at the projectile surface is narrower than at the tube wall.

The upper end of the velocity operating range is reached when the strength of
the nose bow shock is sufficiently high to initiate combustion prematurely. For the
present projectile configuration and gas mixture, this upper limit is reached near
M =11 (U, = 8.1 km/s). This case is shown in Fig. 5.6.

It is important to point out that in this ram accelerator combustion mode the

flow remains supersonic throughout the length of the projectile. This is demon-

sormon



48

a) 8
&l I'JJ)J JJ 7
g / J_‘rﬁ\\\\ N ﬁ K\X

&FM

4

0.000 0.025

Projectile surface
Tube wall

T/T,

Illltllll{‘lllllll

X/L

Figure 5.3: (a)Temperature contours T'/Tw; (b)temperature distribution;
for a 14° projectile. Uy =52 km/s (M=T7), mixture: 2H; + O, + 5He
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Figure 5.4: (a)Temperature contours T/T.; (b)temperature distribution;
for a 14° projectile. U, = 5.9 km/s (M=8), mixture: 2H; + O, + 5He
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strated in Fig. 5.7 and Fig. 5.8, which show the variation of Mach number along

the projectile surface and tube wall for the M = 8 and M = 9 cases, respectively.

Figures 5.9 and 5.10 show the species mass fraction distribution along the pro-

Jectile surface for the M = § and M = 9 cases respectively. Note that some

as a result, a positive thrust force is produced.
A nondimensional thrust, F, can be defined as:
F

F= N (5.1)
where F is the thrust, p is the fill pressure, and A4, is the tube area. For the M = 8
and M = 9 cases thrust forces F — 3.27 and F = 2.93 were obtained respectively.
For the M = 7 case, where no combustion occured, F' = —2.16, which represents,
in fact, the projectile wave drag.

The M = 11 case is particularly interesting, since, although it resulted in a net
drag force, F = —0.61, its value was almost an order of magnitude lower than that
obtained for the same flight conditions but with the asumption that the flow is
frozen (no chemical reactions), in which case F' = _5.1. This indicates that part of
the chemical energy released can still be utilized for thrust productionf.

A similar result was observed experimentally by Ruegg and Dorsey*!, who noted
a large reduction of the drag coefficient of spherical missiles (fired into detonable
mixtures) when combustion was established in the shocked gas. They even sug-
gested the possibility of attaining positive thrust by properly shaping the projectile,
however, to the best of thjs author’s knowlege this was never attempted.

Before moving on to the next section, it is interesting to observe some particle

traces in a ram accelerator configuration. These are shown in Fig. 5.15, which show

TFor a 12° nose/tail half angle projectile, a very small positive thrust force was obtained in the
case of premature combustion ina2H, + 02 + 5He mixture,
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Figure 5.7: Mach number distribution along the tube wall and projectile
surface for the M =8 case.
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Figure 5.8: Mach number distribution along the tube wall and projectile

surface for the M=9 case.
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Figure 5.9: Species mass fraction distribution along the projectile surface
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temperature contours and particle traces for a 12° nose/tail half angle projectile

moving at M = 9 into the same 2H, + O, + 5H e mixture.

5.2 Ballistic efficiency and thrust pressure ratio

The performance of the ram accelerator can be characterized by two main pa-
rameters: ballistic efficiency and thrust pressure ratio. The ballistic efficiency, np,
is defined here as the ratio of the rate of change of kinetic energy of the projectile
to the rate of expenditure of chemical energy. It can be expressed in the following
way )

FU,

m = —-(5— (5.2)

where U; is the projectile speed, and Q is the rate of heat release into the flow.
The thrust pressure ratio, ¢, is the net average drive pressure on the projectile
(the thrust divided by the maximum projectile cross-sectional area) divided by
the maximum cycle pressure. This ratio is an important performance parameter
because it provides a measure of the device’s launch capability versus the maximum
pressure the projectile and launch tube must siirvive.

The thrust on the prOJectde is calculated by mtegratmg the pressure over the

length of the projectile®
. - L
F=-D-= -[G pdS (5.3)

where, §(%) = w72 is the cross-sectional area of the projectile at £. Equation (5.3)

can also be written as

F= -—21r/ prmdx (5.4)

The nondimensional thrust is then given by

F = pm“iz = / pr———-—d:c (5.5)

The heat release is calculated as follows:
In steady state, the energy equation applied to the control volume of Fig. 5.16

is given by
/A(é +p)a-ndd =0 (5.6)



Projectile surface

Tube wall

20

o

PP,

M= 7.0

Figure 5.11: Pressure distribution along the tube wall and projectile

surface for the M =7 case.

X/L

Projectile surface ... ..c.csoo .o

..... Tube wall __
60
M= 8.0
40 P
Q?
ol -
&
20 b
o s Reteierts Retetetote
0.0 0.2 0.4 0.6 0.8 1.0
X/L

Figure 5.12: Pressure distribution along the tube wall and projectile

surface for the M =8 case.

56



S— Projectile surface
..... Tube wall

€0

Py P,

o lozooqecaogo ]

0.0 0.2 0.4
X/L

Figure 5.13: Pressure distribution alon
surface for the M=9 case.

— Projectile surface

..... .x5Tube wall
80 5

g the tube wall and projectile

M= 11,0

P/P,

57

X/L

Figure 5.14: Pressure distribution alon
surface for the M=11 case,

g the tube wall and

projectile




v/L

0.050

y/L

0 ..050

0.100

0.07%

1

0.000 0.025

0.100

0.000 0.025

0.0 01 02 03 04 05 06 07 o8 ogs 1.0

z/L

0.P75

L] ¥ ¥ ¥ 1 L] T U ¥

0.0 0.1 0.2 0.3 0.4 0.5 0.6 Q.7 0.8 0.8 1.0

z/L

58

Figure 5.15: (a)Temperature contours T/Tw;(b)particle traces; for a 12°
projectile. (M = 11), mixture: 2H, + O, + 5He
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Figure 5.16: Control Volume used for the ram accelerator

where

st ) soov=ho e e P i T I i

e = Zp,/ cv dT + -pu + Zp,ho A (5.7)
therefore |
n T N _ 1 . L n - ) :
/ g / & dT + 2pa° + plii - AdA = ”/;.(g ARG - RdA  (5.8)

The term on the right hand side of equation 5.8 is identified as the rate of heat
release Q. That is

- /A(i Fih%)a - hdA (5.9)

At the entrance of the control volume, the only species present are H,,0, and a

diluent, all of which have h? = 0. Therefore, the rate of heat release is given by

- -27r/ (Z(c k). b i i dF (5.10)

where the notation ( ), has been used to indicate values at the exit of the control
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volume. In nondimensional variables, the heat release is given by

Q= ____Q____, = -27r/@rt(§:(c,»h?)epcu,rdr (5.11)

B pwcgo‘l;z iz
The ballistic efficiency is then given by

FUI n EpocAtUl
Q  Qcpnl?
pcoAtUl A’f 2

N = ;;wrt (5.13)

M = (5.12)

and finally
FM ’
= —-;—-vrrf (5.14)

Similarly, the thrust pressure ratio, ¢,, can be written as

po=— - F ()2 (5.15)

ApPmaz  YooPmas p

The integrals in equations 5.5.and 5.11 are numerically evaluated using Simpson’s i ¢ -

rule.
Figure 5.17 shows the variation of ballistic efficiency as a function of projectile

speed for two different projectiles, one having nose and tail half angles of 12° and
the other 14°. The lowest speed data point in each case corresponds to a combustion
front generated by the second shock reflection, while the highest speed corresponds
to premature combustion at the bow shock. It is observed that higher efficiencies
are obtained with the 12° nose projectile (up to 20%), however it must operate at
higher speeds and Mach numbers. Note that the 12° projectile produces a very
small positive thrust in the case of premature combustion. The operational Mach
number range of the 12° projectile is approximately from M = 9 to M = 11 while
that of the 14° projectile is from M = 8 to M = 10. For a given projectile, the
ballistic efficiency decreases with increasing speed. This is due to the fact that the
high pressure region behind the combustion zone is not very sensitive to changes
in speed, while the nose wave drag increases significantly as the projectile speed

increases.
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Thrust pressure ratio results are shown in Fig. 5.18. Here, ¢, is plotted versus
projectile speed. The trends shown here are similar to the trends shown for 7 in

Fig. 5.17. Values of ¢, as high as 17% are obtained.

5.3 Performance as a function of area ratio

Figure 5.19 shows the ballistic efficiency of two projectiles (having 12° and 14°
half nose/tail angles) as a function of projectile-to-tube area ratio, A,/A;, where
A, and A, are the cross-sectional areas of the projectile and tube, respectively.
The effect of increasing A,/A4, is to increase the ballistic efficiency. This trend is
similar to that observed in conventional ramjets, for which the thermal efficiency
increases with increasing compression ratio. The ballistic efficiency is increased by
approximately 50% in going from 4,/4, = 0.52 to Ap/A; = 0.70. There is however,
a practical limitation on the maximum value of the area ratio. At values of A,/A,
close to 1, the boundary layer on the projectile will extend up to the tube wall,
reducing the efficiency of the system.

The thrust pressure ratio variation with A,/A; is shown in Fig. 5.20. Changing
the area ratio does not appear to have a significant effect on'¢;, and it remains nearly—
constant. The small variations are probably associated with the wave interactions

taking place for a particular geometric configuration.

5.4  Performance as a function of gas mixture

The performance of the ram accelerator operating in four different mixtures was
also investigated for the 14° nose projectile. The four mixtures studied are listed
in Table 5.1. The ratio of specific heats of the mixture, 7o, has a significant effect
on the ignition characteristics of the ram accelerator. The minimum value of the
Mach number necessary to ignite the flow increases significantly with decreasing
Yoo. Figure 5.21 shows the variation in nondimensional thrust, F, for the four gas
mixtures as a function of projectile Mach number. Note that for the 2H,+ O, +5He
mixture, having 7, = 1.530, ignition was achieved at M = 9. For the 2H, + 0, +
1.5He + 0.5Ar and 5H; + O, + 4He mixtures, having v, = 1.477 and ., = 1.479
respectively, ignition was possible only at M = 10. The fourth mixture, 8H, + O,,
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having the lowest ratio of specific heats (Yo = 1.404), could not be ignited even at
a Mach number M = 12.

Figure 5.21 also shows that for a given Mach number, the highest thrust levels are
obtained for the mixture having the highest specific chemical energy content (i.e.,
closer to an H,/0, stoichiometric mixture). Thus, at a Mach number M =10,a
higher thrust was obtained with the 2H; + O, + 1.5He + 0.5Ar mixture (having
2 moles of diluent) than with the 2H, + Oz + 5He (5 moles of diluent) and the
5Hy+0,+4He (7 moles of diluent) mixtures. As previously mentioned, the 8H,+0,
mixture failed to ignite in this Mach number range.

Figure 5.22 shows the variation of the nondimensional thrust as a function of

projectile speed for the four mixtures of Table 5.1. Note that the first three mixtures

listed in Table 5.1 could in principle accelerate the projectile from 5.2 to 9.6 km/s."

The ballistic efficiency variation with projectile speed is shown in Fig. 5.23. The
S5Hy+O,+4H e mixture resulted in relatively low efficiencies. Temperature contours
for this mixture are shown in Figs. 5.24 to 5.26. At a Mach number M = 190
(Fig. 5.24), the combustion front is clearly decoupled from the second reflected shock
wave. At M = 11 (Fig. 5.25), the two fronts are coupled. For this configuration,

ignition was achieved behind the first shock reflection at M = 12 (Fig. 5.26). More

efficient mixtures near the 10 km/s speed range should be investigated in the future.
In particular, preheating the gas mixture may be necessary for obtaining efficient

acceleration near and beyond the 10 km/s mark.

5.5 Blunt nose effects

The numerical results presented in the previous sections of this chapter, apply
only to a ram accelerator operating in the superdetonative velocity range {“oblique
detonation” mode). In this section, a numerical investigation of the effects of nose
blunting on the flow and combustion processes in the ram accelerator is presented.
This investigation is relevant to both the “oblique detonation” operation mode and
the “thermally choked” operation mode. The “thermally choked” operation mode
of the ram accelerator covers the subdetonative velocity range, and it is described
in detail in Refs. 3-6.

The purpose of this study was to determine under what conditions a high tem-

o
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Figure 5.25; Temperature contours (T/T.) for a 12° projectile. U, = 8.77
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Figure 5.26: Temperature contours (T/T.) for a 12° projectile. U, = 957
km/s (M=12), mixture: SH; + O, + 4He.
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Table 5.1: Properties of the four gas mixtures

Mizture Molecular | p, | T o | Yoo Coo D
weight | atm. | ° K m/s I mj
2H, + 05+ 1.5He + 0.5Ar 12.4 20 1300 | 1.477 Fg45.2 2970
2Hy + O; + 5He 7.0 20 ]300 | 1.530 | 739.5 3850
5Hy 4+ O, + 4He 5.8 20 1300 | 1.479 | 797.6 3903
8H, + O, 5.3 20 | 300 | 1.404 | 810.4 3835

1‘Theoretical C-J detonation speed assuming chemical equilibrium

perature, thin entropy layer, originating from the nose stagnation region might be
established, and what the interaction between this entropy layer and the reflected
shock-wave coming from the tube wall would be. This study is important, since
S there is a possibility that such an entropy layer, consisting of high temperature com-
bustion products, may be generated even with slight blunting of the nose, and may
actually be the ignition source for the combustion processes in the ram accelerator

operating in the “thermally choked” mode.

The projectile shape and grid used for this case is shown in Fig. 5.27. The projec-
tile is composed of a 10° half angle cone with a spherical nose of radius 0.6 mm. The

10° half angle cone was selected to correspond with current projectile configurations

ington. A stoichiometric H,/air mixture and a pressure of 10 atm was considered.
The Mach number is M — 4.2 in the present case. Under this conditions, which
are typical of “thermally choked” ram accelerator operation, a high temperature

entropy layer is formed on the projectile surface, as shown in Figs. 5.28 to 5.31.

Figure 5.28 shows temperature contours. The high temperature, thin entropy
layer consisting of combustion products extends along the entire projectile surface,
The nose region is shown in more detail in Fig. 5.29. The nose bow shock wave is
reflected from the tube wall and it then interacts with the entropy layer. Note that

(" in this interaction, the entropy layer remains very close to the body. However, the
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Figure 5.27: Grid used for the blunt nose studies - -

way in which the shock wave is reflected from the projectile surface is affected by
the presence of the entropy layer. Figure 3.30, which consists of nondimensional
pressure contours, shows that the shock reflectjon at the surface is actually a Mach
reflection. In this type of reflection, a nearly normal shock that appears near the
projectile surface forms a triple intersection point with the incident and “reflected”
shock. This effect is more clearly seen in Fig. 95.31, which consists of particle traces.
Behind the nearly normal shock, the streamlines are nearly parallel to the projectile
surface and the flow is subsonic there. Also, since the streamlines behind the
“reflected” shock are not parallel to the projectile surface, the triple point must
be actually a short region in which the nearly normal shock continuously curves
into the “reflected” shock, rather than being a true discontinuity. In the case of
nonreacting flow, a “regular” reflection was observed. The gas properties inside
the entropy layer of the reacting flow case, are such that a “regular” reflection s

impossible.
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Figure 5.28: Temperature contours (T/T.) for a blunt projectile.
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The effects of viscosity in this type of interaction should also be investigated,
since viscosity may provide a physical mechanism to diffuse the high temperature
entropy layer into the main flow. A Full Navier-Stokes simulation would be required
in this case.

A second effect the author wanted to investigate was the effect, of limited combus.
tion on the pressure distribution on the projectile surface. This is shown in Fig. 5.32,
which shows a comparisson between the results obtained for the chemically reacting
case and those that would be obtained if no chemical reactions were allowed (frozen
flow), keeping all the other parameters equal. The horizontal coordinate, S/R, in
Fig. 5.32 represents the nondimensional distance along the projectile surface. Note
that the combustion process has almost no effect on the pressure distribution. This
effect is generally observed in unconfined chemically reacting flows. For example,
Prabhu*” found very small effects on the surface pressure distribution for flows past
spheres, in the case of endothermic chemical reactions related to equilibrium air.

This effect is very important to the ram accelerator concept, since it indicates that

and, therefore, it will not cause a significant reduction in thrust.

As a final commen‘t, Fig. 5.33 shows the temperature distribution along the
projectile surface for the reacting and frozen flow cases. It js interesting to note that
in the reacting case, the maximum temperature does not occur at the stagnation
point but rather at a location on the spherical nose of the body corresponding
to an angular distance of approximately 50° from the stagnation point. This is
caused by the fact that the flow is in chemical nonequilibrium. If we consider a flow
particle moving along the stagnation streamline, the above results indicate that
it will not reach complete combustion at the stagnation point, but rather it will
continue to react along the body surface. Complete combustion js attained near
the 50° location, after which, due to the expansion process in this area of the body,

the temperature begins to decrease.




72

Figure 5.30: Pressure contours

(P/Px) for a blunt projectile. M =
nose radius R = (.06 cm,

4.2,
mixture: stoichiometric H,/air.
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Figure 5.31: Particle traces for the blunt pProjectile
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Chapter 6

CONCLUSIONS




the flow increased significantly with decreasing ~,_. Also, for a given Mach number,
the highest thrust levels were obtained for the mixture having the highest specific

chemical energy content. The eflects of nose blunting on the flow and combustion

layer created a Mach reflection at the projectile surface. Viscous effects on this

shock-entropy layer interaction should be investigated. This limited combustion

in the frontal area of the projectile, without significantly reducing the thrust force
in the ram accelerator. Even in the most severe case of full premature combustion
at the bow shock, a drag reduction (and sometimes even a very small positive thrust

force) e observed_ L2 bl 25 P S I UY T F L L e TP ABsGUTL G (SHHE R .
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Appendix A
EXPRESSIONS FOR THE CHEMICAL SOURCE TERM

The procedure described in sectjon 2.4 for calculating the chemical source term

is applied here to the combustion model presented in section 2.3, The seven species,
H,0, H,0, OH, O,, H,, and an inert species, will be numbered 1,2,3,4,5, 6 and

7. The eight reactions of the combustion model are listed below

I.LH+O0,=0H+0

[S™]

.O+H,=0OH+ H

[

-H,+ OH = H + H,0

'=N

- 20H = 0 + H,0

0. Hy+ X =2H+ X

=]

H O+ X=0H+H+ X
T"OH+ X =0+H+X

8.0,+X=20+X

Remembering that ; is the concentration of species ¢, and f/i,j denotes the rate of

change of the concentration of species 7 in reaction j, equations (2.11) now read

ﬁzl = K!.ll—llgs - Kb,l.ifz@! 3;41 = .’;zl 3711 = ?51 = —3.921 (A-I)
glz = Kf,zgz!;e - Kb,zglgfl .’;42 = 1712 3722 = isz = “3;12 (A.2)
1713 = Kf.3376374 - Kb,a.f’l?;ls 1733 = 3713 3763 = 31143 = “1.713 (A*3)

1.724 = Kf,ﬂ:lz - Kb,4?;-/2373 3734 = 1724 3744 = ”23;24 (A-4)




1;115 = Kf.sgeyz . Kb.s!}f}?
513 = Kf,eﬂs}-" - Kb'ﬁgllk};
Vir = K797 — Ko 191321

Yor = Kpafs¥ — Kyaf2¥ Yss = >

Yes = _§y15
3746 = 3716 gss = —gle
3727 = 3;17 3747 = “3;17

2

where ¥ represents the sum of the concentrations of al] species:

Equations (2.12) now read:

%
Y
Ys

7
Y = Z i
=1

?;11 + 3712 + 513 + .’:’15 + gls + .’;’17

3,721 - 3912 + ?;24 + 3717 + gza

513 + 524 - l—/le

3721 + 3712 - 3913 - 23}24‘ + 1716 - 3;17
A 1.

~Yu — ‘2“3123

5 1
Y12 — Y13 — 53/15
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(A.5)

(A.6)
(A.7)
(A.8)

(A.9)

The following two equations, which express the conservation of the number of atoms

of oxygen and hydrogen, are obtained as linear combinations of equations A.10-A.15

Equations (A.16) and (A.17) could replace any two of

2§6+§1+§4+2§3:0

2§5+§2+?;74+§3:O

(A.16)

(A.17)

equations (A.10)-(A.15 ).

The above expressions for i/i (t = 1,6), are then inserted into equations (2.13)

and (2.14) for obtaining the chemical source terms w,.




Appendix B

EXPRESSIONS FOR THE DISSIPATION TERMS

The vector @;, 1 defined in equation (2.25) is given by

[ Ag; — cjaa

Aq; — cyaa

i = Ag, — chaa
(=&u + &0)bb + & Mgy, - £ Mg, ,
Yaa - U‘bb + & Ag, + —1Aqn+2)

L z(aa + bb - JAQTMLI - lA‘]nn) J

with

ZP Ag; — p. (uAgnyy + + vAgny, — A4n+3)]

= Gi+r ki e — giadin
b= Aq,  Ag—
; 4 9 0.5(Jj+1,k + Jj,k)

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)
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And it is understood that all the terms are evaluated at (7 + 3,k). The vector R®
2.20) is given by

which appears in equation (

l' ¢+ o K,
¢’ + ¢, K,
¢n+cnK1
R, .,& , - ,
J+% J+% uK2+§;d>"“+£;aK3 (B 6)
vK, — £ gpnt! + &, aK,
HKQ-—‘Zz la2¢>‘+aU K3

H(Eu — & v)gnt! J
with

n+3

Ky =¢™2 4 4™ K, = >
K;; - ¢n+2 - ¢n+3
where the elements, ¢!

of the dissipation vector are given by e

quation (2.22). The
eigenvalues, g ;+1 , are glven by
2 by

¥ Lfpriie s )

(a;+§,...,a;':f _(U,...,U,U,U—J»a\/.{-‘2 +&2,U —a\/£§+§j)j+§,k (B.7)

The frozen sound speed a is

a® = p, + p(H — u? - )

(B.8)
with H being the total enthalpy per unit mass. Also the following relations are
needed BT o r

ut + v
Pp; = ﬁ:(l —Pe) + pe( D) “/ pdT — h?) (B.9)
n C; R
Pe = = ]T/Z'Z (BIO)
p = Zcipp.‘ (Bll)
=1

Similar expresions for Q.1 and Rk+’ $

K+l are obtained by replacing ¢, by ., ¢
by 5, and U by V.




Appendix C
CALCULATION OF THE SCALING MATRIX

The scaling matrix D for the predictor and corrector steps of the numerical
algorithm was defined in equations (2.21). Taking the predictor step for example,

we rewrite the first of equations (2.21) below

1°A"%
D=(I-At8-— .
(-2l (C.1)
where we have droped the superscript n for clarity. In section 2.6 we partitioned

this matrix in order to simplify the calculations

Dll DIZ
D= (DZI Dzz) (C.2)

. .

and we noted that D?! is a null matrix; and ‘D?? is an identity matrix. Matrices
D'! and D!? are given by

__ At dw, __Atl Buwy _ At8 3w,
1 T-T Bp, J-T 3p, J-13,,
— 280wy A8Ow; A6 ow,
J-t 8 J-t 9 J-1g
11 P 2 Pn
D" = : . (C.3)
_ At6 duy _ At8 Bu, _ Atf duwy
J=1 Opy J=1 8p, 1 ~T Bpn
and
At8 Bw Atf Bw Atf dw
— A - A - p4-4 8
J-1 8M J-1 8N J-1 Ge
i T
12 - - - €
D' = ) ) _ (C.4)
_AtdBw, _ Ats Swn At Bw,
J-T Bi1 J-T 5N JT-T 3¢

where we have used the notation M — pu, and N = py. Also, all the partial

derivatives are evaluated holding all the other variables constant. That is

Jw; Ow; »
et Sl . k=1, j-1,j+1,..., '
5, ( Fp; )or. M,N, 7-L5+ n (C.5)
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Bw,- 6w,~ ,
o = Gaphite  F=1in (C:6)

and similarly for the other derivatives. The source terms w; were derived in sec-
tion 2.4. From equations (2.13) and (2.14), we can write the following expression
for w;
J.-IT =
w = —L1(5.) (C.7)

o0
where 7/ is a characteristic convection time defined as 74 = L co, and g, is obtained
from equations (2.11) and (2.12). The partial derivatives that appear in matrix D

are evaluated as follows

1 Ow; T By,)
— e = — A ; Y/ . '
(3 N Jor. M.N, o My 9, JorM., (C.8)
My
py= =Y (C.9)
Poo
therefore ‘
1 0w, M, 8y,) o
TG e =T g i (C.10)
Similarly, we can write the following equations
1 Ow, (937,-)
j:(TM')pj.N,e = chcc('g;‘?)pj,lv,e (C.ll)
1 Ou, aﬁi)
F(W)pj.M,e = chm(ﬁ_)Pj,M,e (C.IZ)
1 6w,- gl)
7‘7(79_;)”’ My = T1scl ( 5 Joi MN (C.13)

(2K, (2K, :
agj P, M N e ﬁp,lve €Llc (014)




where K, denotes either the forward or backwa
are calculated as follows:

OK: _0K:8T 4T, 6K,oT

- AT S et C.1
5%~ GT 3%, ~ pu/ 0, OF 3] (€19)
therefore oK T M. 3K, o7
i _ Y k) e
(61}] )PkyM,N,C = P 8T 6,0_-,’ )Ple;M.ch (C16)
OK; T 8K; OT
(5]‘7),,,,1‘«,: = P ‘ﬁ-(a‘ﬁi)p,,zv,e (C.am)
and similarly for %%. The last derivatjve needed is
61{; ’)’TOO BK,- or
(%?)Pj,M,N = p:;gg*j: Be JeiNe (C.18)

as follows.
First, we rewrite below the equation for the total energy (equation (2.6))
n o M2+N2 n
Y et = | 5 = ph? (C.19)
=1 P 1=1

where the following notation has been used:

int T
= [ e,dr

(C.20)
Taking the derivative of the above equation with respect to Pi we obtain
n aei_nt oT ] ap. (AIZ—FNZ) 1 n O
N S Shdal int “Fj - L 0 ~_£;7_
= Pj oT (BP.' )Pk.M,N,e + e] (apt )Pk,M,N,e ) pz J=Zl hJ(api )pk,M,N,e
(C.21)
Note that .
0 7+#.
(%)p MN,e = (C.22)
Opi T .
1 7 =/4
therefore

i orT - 1
(Z PjCy; )(a)m.M,N.e +e™ = 5(“2 +v°) - R} (C.23)
=1 i
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and finally

or e + H(u? + v?) — KO
(C.24)

(G Jriive = =00

Similarly, we obtain the following expressions for the rest of the derivatives
( oT ) _u
BM pj,Ne — pec, (025)
oT v ,
(F77 )osMe = T (C.26)
or 1
(5’;)p,’,M,N = _PCU (027)




Appendix D
TVD SCHEMES: FUNDAMENTAL CONCEPTS

cated mathematical analysis can be just as mmportant in developing computational
methods as it has been for analytical methods. The notion of TVD schemes wag
introduced by Harten!. Based on this concept, explicit and implicit second-order
accurate TVD schemes were developed by Harten®, Roe?, Yee!, Davis®, Yee and

Harten® and Yee and Shinn’. Recently, Wada et.a].® have proposed a new third-

difference schemes with a “smart” numerical dissipation. The addition of numerical
dissipation is needed for two reasons®: first, to control the odd-even uncoupling
of grid points typical of central differencing and, second, to allow the clean capture

of shock waves and contact discontinuiiies ‘without spurioys oscillations,

hyperbolic conservation laws and constant coefficient hyperbolic systems. The re-

sulting schemes are then formally extended to nonlinear hyperboljc systems.

equations is a bound on the total variation (1o be defined below) of the solution,
In orther to illustrate how TVD schemes are constructed, lets consider the fol-

lowing equation

Ou oy
5? -+ (Ig; =0 (Dl)

on a rectangular mesh z — JAz, t = nAt. Let u; be the numerical solutjop of
equation (D.1) at point (7,n). The total variation of a mesh function ™ is defined
to be
o
TV(u") = Z [uiey — uf (D.2)

J=—~00
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A numerical scheme is sajd to be TVD if
TV(u““) < TV(u") (D.3)

When deriving second order TVD schemes, the numerical method is usually

written in the following general form

n+1

U;

:u;‘—C- 1A‘u

i-3 i~z

+%Auj+% (D4)

where, Cj_% and Dj+% are coefficients that depend on the the set u;, and Auj+% =

ui,, — u?. Then it can be easily shown! that sufficient conditions for the scheme to
be TVD are the inequalities

Dj+§ 20 vy (D 6)
Cj+;_+Dj+%§1 4 (D.7)

A good example of this approach is given by Roe’s? derivation of the TVD Lax-

Wendroff scheme. In his derivation, Roe considered 2 scheme of the following form |
u;-‘“ = uj — %V(l + V)Auj-§ - %V(l - ")Auj+§

- 3= B,y g, )

+ S = )y, Qir1) (D.8)

Here, v = aAt/Az. The first line represents the usual Lax-Wendroff scheme,
and the other terms represent an additional conservatjve dissipation. The functjon
Qj+% depends on three consecutive gradients Auj_%,AujJr_:7 and AuH%, and is of
the form

Qj+% :Q(Auj_%,AuH_%,Au”%) (Dg)

The function @ is chosen in such a way as to ensure that the scheme given by

equation (D.8) is TVD. For this purpose, the scheme is written in the form given

by equation (D.4). For example, in the case v > 0, scheme (D.8) can be written as

1

n n 1
uPt! = uf — o[l - 5(1 - V)QJ'*%/AuF% +-(1- u)QH%/Auj_%]Auj_% (D.10)

[\
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which is of the form (D.4) with Dj+% = 0, and

1
Cj_% =l - E(l - U)Qj_é/Auj_% + %(l - U)Qj+%/Auj_%] (D.11)

If one assumes that QH%/Auji% and Qj+%/Auj+% are always positive, then Roe?
shows that a set of sufficient conditions for equation (D.8) to be TVD is

Qj+§ 2
Z?j——%- < m (D.12)

- < (D.13)

-Qj;% < i (D.14)
AuH% lv]

Some examples of the “limijter” function @, that satisfies the above conditions,

are4

Q(Auj_i, Auj+%, Aqu_) = minmod(Au#%, Auj_%)

+ minmod(AuH%,Auﬂ%) - Au”% (D.15)

Q(Auj_%,AujJr%,Au”%) = minmod(Auj_%,Au“%,Auj+%) (D.16)
Q(Auj_%,AuH%,Auﬂ%) = supb(AuH%,Au- 1) + .supb(AujJr%,Auﬂg_) - Ay

~3 it}

(D.17)
Q(Auj_%,AuH%,AujJr%) = vl(AuH_%,Au' 1)+vl(Auj+%,Auj+%)—Auj+% (D.18)

2

absolute value if the list of arguments is of the same sign, or is equal to zero if any

argument is of the opposite sign. The functions supb(z,y) and vl(z,y) are defined
as follows

supb(z,y) = sgn(z)[maz{ﬂ,min(ﬂtl,sgn(-‘v)y%min(lrl,sgn(:tr)?y)}} (D.19)

and
Ty + |zy|

vl(z,y) = e

(D.20)
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The limiter given by equation (D.17), due to Roell and nicknamed “superbee,”
is the most compressive among the above four Q functions. The limijter given by
equation (D.18) is due to Van Leer!?. The limiter form used in the present study
is the one given in equation (D.16). A comparison of the varjous limiters was
presented by Sweby!® who also shows that the above limiters preserve the second
order accuracy of the numerical scheme.

The numerical method used in the present study (described ip section 2.5) is
an extension of the scalar explicit TVD Lax-Wendroff scheme (described above) in
predictor-corrector form for the nonlinear hyperboljc system given in equation 2.2,

Some of the details of the extension procedure are given in Ref. 4.
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