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Stability of Time-delay Feedback Switched Linear Systems

Linh Vu Kristi A. Morgansen

Abstract—We address stability of state feedback switched and the delays to guarantee stability of the closed loop unde
linear systems in which delays are present in both the feedlo&k gych delays is thus of interest in control research.
state and the switching signal of the switched controller. Br Stability of switched systems with delays is a control

switched systems with average dwell-time switching signsal we .
provide a condition, in terms of upper bounds on the delays ag systems research topic that has only recently been treated

in terms of a lower bound on the average dwell-time, to guaratee  ([9], [10], [11], [12]). All of the foregoing references asse
asymptotic stability of the closed loop. The condition alsamplies  state delays only and no switching delays. The work [13] has

that, in general, feedback switched linear systems are rolt considered stabilization of feedback switched systems wit
with respect to small state delays and small switching del&  gyitching delays but without state delays, and the result is

Our approach combines existing multiple Lyapunov function . . L . .
techniques with the merging switching signal technique, wich restricted to dwell-time switching. In this work, we conesid

gives relationships between the average dwell times of two bOth state delays and switching delays as well as more denera
mismatched switching signals and their mismatched times,ni classes of switching signals (average dwell-time switghin
a novel and non-trivial way. We illustrate an application of our signals).
stability results for feedback switched systems with delay to The congribution of our work is two-fold. First, we provide
the analy§|s of multi-agent dynamic netlworks with a consenss licit dition in t f b d the del
protocol in the presence of asymmetric delays and switching @1 EXPICIL condition in terms of upper bounds on the delays
topologies. A methodology for numerical calculation basecon —and lower bounds on the average dwell-time of the switching
LMiIs is also included. signal to guarantee asymptotic stability of the closegloo
system. Second, our condition also implies that stability o
|. INTRODUCTION feedback switched linear systems with average dwell-time
) ) switching is robust with respect to small delays in both the
Switched systems are dynamical systems represented byte and the switching signal, provided that the averaggidw
family of subsystems and a switching signal that indicates ttime is large enough. We further show that the robustness
active subsystem at every time. Such classes of dynamiggperty of switched feedback with delays still holds in the
systems, which can also be seen as higher lever abstractiﬁfé%ence of small additive unmodeled dynamics.
of hybrid systems obtained by neglecting the switching mech another contributions of our work, from the perspective of
anisms, can be found in many physical plants (e.g., mulisols for switched system analysis, are to provide a merging
modal aircrafts [1], walking robots [2]) and modern controyyitching signal technique to deal with two switching sitgna
design (e.g., gain scheduling [3], supervisory contro};[de, n 5 closed loop and to provide a multiple Lyapunov functions
for example, [5], [6] for further background and referencegcnnique for analyzing stability of switched feedbackeys
on switched systems. In this paper, we address stability of,&n state delays, building upon the technique to deal with
particula_r type of switched systems, namidgdback switched delays in [14], the small-gain technique in [14], [15], the
systemsin the presence of delays. By a feedback switchgdytiple Lyapunov function technique for switched systems
system, we mean a switched plant connected in closed |0@ﬂthout feedback) [7] and the average dwell-time switghin
with a switched feedback controller. concept [7]. Such a Lyapunov function approach provides
In the ideal case, the controller has instant access to bgthynified framework to treat both delays and unmodeled
the plant's state and switching signal. In such a case, thgnamics [14], and the approach can be readily extended to
controller's switching and the plant's switching are syreh systems with disturbances and to nonlinear systems [18], [1
nized, and the closed loop can be represented by a singlerhe type of feedback switched systems with delays de-
switched system, for which various tools for stability st scribed here could find application, for example, in congsns
are available (e.g., [7], [8]). However, when the informati networks (see Section V), or in multi-modal control systems
available to the controller is a delayed version of that ghere controller selection takes a certain minimum amoént o
the plant (for example, when the plant and the controllgine (e.g., when controller selection is carried out by homa
communicate via a communication channel), the closed |069erators [16]).
system can havasynchronous switching signafthose from  The organization of the paper is as follows: In Section 11, we
the plant and those from the controller) as well dedayed discuss motivations for studying feedback switched system
states(in the controller). Finding conditions on the systemgith delays and review the literature. We then mathemayical
formulate the stability problem for such feedback switched
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communication delay in Section V. In section VI, we provide
an LMI approach for numerical calculation of the quantities
in the main theorem, accompanied by a numerical example.
Conclusions and discussion of future work are given in 8ecti

VII.
Il. BACKGROUND
A. Switched systems
A switched linear control system is of the form (a) Multi-agent network (b) Communication delay
&(t) = Agyz(t) + Bogyult), (1) Fig. 1. Multi-agent network (a) with possible communicatidelays of the

] ] ] form (b).
wherex € R™ is the statey € R™ is the input,o : [0, 00) —

P is the switching signal mapping time to some finite index
setP, andA, € R"*", B, € R"™*™ p c P, are the state and The second example of feedback switched systems with
input matrices. Thewitching signalb is a piecewise-constantdelays arises in the context of multi-modal control. Con-
continuous-from-the-right function taking values in thee ®. sider a proces® (for example, a robot) having multiple
The discontinuities of are calledswitching time®r switches operating modes to be controlled by a multi-control@r
We assume that no jump occurs in the state at a switching tinjgee Fig. 2). Suppose th& is represented by a switched
We also assume that only finitely many switches can occursgstemi = f,(x,u), whereu is the control input, and
any finite interval (i.e. no Zeno behavior). Thus, a solutidn o : [0,00) — {1,...,m} is the switching signal. Suppose that
(1) in the Caratheodory sense is well-defined[@yo) and C is a switched state feedback controller= K,x. Now, if
unique for every initial stater(0) and piecewise-continuousthe switching signab has to be sent to the controll€rover a
input u (see, e.g., [17]). communication channel with delay, theno.(t) = o(t — 75),
B. Motivation for feedback switched systems with delays and the closeql loop is a feedback switchgd_system with delays
) i _ Another case is when the process of deciding which controlle
We discuss two scenarios where delays come into feedbggksyitch to requires a certain amount of timeln such cases,
switched systems, one from multi-agent networks and th€ean if no communication delay is presemt(t) = o(t — ),

other from multi-modal control. The first example is a multiznq the closed loop is a feedback switched system with delays
agent network with switching topology and communication

delay. Consider a network of homogeneous agents whose P
dynamics aret; = u,;, wherex; € R"= is the state of agent

i, andwu; is the control inputi = 1,...,n. Each agent can %
communicate with only those agents currently within a finite : 7
neighborhood of its state as described by a graph (alsodcalle

a communication topology in this context). Denote h{f*

the nodes (agents) that have connection with a node (agent)

of a graphG. Suppose that time, is required to transmit a : U:%
signal from one node to another node in the neighborhood (for
simplicity, assume that, is uniform and a constant). Then

the information agent received from agenj at timet is ¢

Ly (t—7x). Suppose that every agent is using the same Cont,‘i@. 2. Multi-modal plant and controller, whe® is the plant with the
law (or protocol):u;(t) = g (z;(t), {z;(t — TX)}jeMG)' Then switching signals, and C is a multi-controller with the switching signai..

the collective dynamics of the network are of the form

z(t) = fa(z(t),z(t — 7)) for some functionfs depending _ _

on the structure ofG, wherez = (z1,...,z,). If fo is C. Literature review

separable in terms af(t) andz(t — ) and the topology~ is The vast majority of the results concerning feedback
time-varying, then the collective dynamics can be writtsn &witched systems (e.g., [9], [10], [11], [12], [13], [18Bsume

a feedback switched system with state delays. For exaniplestate delays only and do not consider switching delays, i.e.
fa(z(t), z(t—x)) = fig(z(t))+ faq(xz(t—7x)) (alinear con- the closed loop is a switched system of the foirft) =
sensus protocal; = ZjeM z;(t—7x)—i(t) leads to such a A, x(t) + By Koz(t — 7). We found the work [13] that
form) andG : [0,0) — {G1,...,Gn}, where{G1,...,G,,} has considered stabilization of feedback switched systeiths

is a finite collection of graphs, then the collective dynasyan switching delay, but no state delay was considered, ancethe r
be written as a feedback switched system with the switchedlt is restricted to dwell-time switching. For switched®ms
plant £ = f,(x,u) and the switched feedback controllewith state delay and without switching delay, stabilityuks

u = he(z(t — 7x)), where fy(z,u) = fig, (¥) + v and have been obtained ([9], [10]) for the class of average dwell
hp(z) = foq, (x),p=1,...,m. time switching signals (as defined in [7]). The techniques to



deal with switched systems with state delays are multipssvitching signal is a delayed version of the plant’s switchi

Lyapunov-Krasovskii functionals ([9], [12]), or Lyapunov signal. The first case could happen, for example, when the

Razumikhin functions [10]—these methods are extensions @fitching signal is generated by timing, and the plant ard th

the well-known Lyapunov techniques for nonswitched linearontroller use the same clock. The second case occurs, for

systems (see, e.g., [19], [20]) to switched systems. In,[1&xample, when information about the switching signal of the

common Lyapunov-Krasovskii functionals are used (togethplant has to be sent to the controller over a communication

with the technique in [21]) to design switching surfaces tochannel (see Fig. 3a). In the first case, the control signialggo

guarantee stability for feedback switched systems witkestanto the plant isu(t) = K, z(t — i), and in the second

delays. case,u(t) = K,—r)z(t — 7%). In the case of input delays
Remaining open is stability of feedback switched systengsee Fig. 3b), the control signal going into the plant{s) =

with both state and switching delays, and this problem is fé,_. )2 (t — 7q).

from a trivial extension of the case with only state delays In all of the above cases, the control signal going into the

because the closed loop has two asynchronous switchjlgnt is of the form

signals (one is from the plant, and one is from the contrpller

We will approach this problem by using a merging switching u(t) = Ko(s—r)2(t = 7x) ®)

signal technique to deal with the two switching signals ie thfor some non-negative constants and 7. The formula (3)

closed loop, and by combining the multiple Lyapunov funetiog|so covers the case where input delay, output delay, and

technique, the technique to deal with delays in [14] (whic§yitching delay are all present (i.e. superimposing Figo8a

is built upon [15]), the small-gain technique (in [14], [15] Fig. 3b), in which caseu(t) = K,(;_r, et — 7 — a).

and the average dwell-time switching concept in [7]. Such Gijven the closed loop system consisting of (1) and (3), for

a Lyapunov function approach provides a unified framewogery initial dataz : [—7,0] — R", piecewise continuous

to treat both state delays and switching delays as well gyt : [0, 00) — R™, and switching signak : [—7, 00) —

unmodeled dynamics, disturbances, and quantization @], p, a solution (or trajectory) exists for all time inf0, oc) and

the approach can be extended to nonlinear systems ([14], [1%5 unique in the Caratheodory sense (in view of the linearity

Ill. PROBLEM FORMULATION of the system).
Consider the switched system (1).

i = A,r + Byu = i = A,x+ Byu
Assumption 1 (4,, B,,) are stabilizablevp € P. To
Let K,, be matrices such that for evepye P, A,+ B, K, is e " e | | e o
Hurwitz. The ideal switched state feedback controller is T
u=K,x, (2) Ko(t-ry®(t — 72) Koz
and the closed loop iss = (A, + B,K,)x. Recall [7] a. Output delay b. Input delay
that a switching signat is an average dwell-time signal if Fig. 3. Feedback switched systems with delays
the number of switches in any interval,t), denoted by
N, (t, to), satisfies For 1, = 7, = 0, we have asymptotic stability of the closed-
t—to loop switched system under average dwell-time switching, a
No(t,t0) < No + t>to for large enoughr, with 7, = 0, we could get instability

a

because large enough state delays may cause instability for
every subsystem of a switched systermtuitively, for =, =
0, one could expect that an upper bound gnexists that

for some constaniVy > 1; N, is called achatter bound
Denote by Save[Ta, Vo] the class of switching signals with

average dweII—tlmera_ an_d chgtter bOl.m‘NO' No_te that when guarantees closed-loop stability (although, rigoroushgn the

No =1, we have 5W|tc_h|ng signals W't_h dweIITt|mg because existence of such a bound is not apparent for switched sgstem
no more than one SV_V'tCh can occur in any interval of Iengt(;hd has to be proved). Stability of the closed loop is everemor
less thf’:lnra. As in [7], if the sywtchmg 5|.g.na(lf has an average challenging when switching delays are present, i.e+ 0,
dwell-ime 7,, then there exists a positive numbef, which 5 the"existence of bounds on bethand, for closed loop
depends o, + B, Ky, p € P, such that the switched SYSteMytability is not obvious. The main problem is to determine if
& = (Ay + Bo ;) is asymptotically stable for abt, > 7. g0 hounds om, and, indeed exist and for which type of

Now, suppose that a delay. exists b(_atwefen the pIa‘m'sswitched systems, and to quantify such bounds if they exist.
output (assumed to be the exact state in this paper) and the

state available to the controller for some constgnt- 0, i.e. Problem: For the switched syste(d) with the control(3), find
the controller receives the statét — 7,.) at time¢. Because conditions on, and 7, and determine classes of switching
the controller is also switching, two scenarios are possib) 1 - N
the switching signal available to the controller is synctized . . An upper bound on the delays for stabiliy is a sufficient dbod only:

; _g .g . Yy it is possible to have stable non-switched linear systentls arbitrarily large
with the switching signab of the plant, or 2) the controller’s delays.



signal o to guarantee asymptotic stability of the closed looB. Main result

system.

IV. MAIN RESULT

Let xd(t) = ||$|‘[t,27.x7t].

Theorem 1 Consider the switched systefh) with the con-
troller (3). Suppose that Assumption 1 holds and that

Our main theorem characterizes the relationship betwegn (. N] for some positive constants and Ny. Let

the delays and the average dwell-time of the plant’s switghi

signal to guarantee asymptotic stability. Before presentie
theorem, we define some notation and variables.

A. Notation

Let A,, := A, + B,K,, and letP? := P x P. Let P?
be the set of all indices if?? such that4, is Hurwitz for all

i € P2. Note that the seP? contains at least all elements of

the form (p, p) for all p € P in view of the fact that4,,, are
Hurwitz by construction. LeP?2 := P2\ P2,
1) Therates\, and\,, and the gainy: From the Lyapunov

theory for linear systems, there always exist positive defin

quadratic functiond’; : R™ — [0, co) such that

Ay

= (Ajz+v) < =A\Vj +qv> YweR"jePZ (4)

for some positive constants andy (note thatj € P2 is a pair

of indices), wheré-| denotes th@-norm of vectors. For exam-

ple, one can hav®j(z) = 2T Pz, whereP; is the solution to
the Lyapunov equatiotd; + 22 )T P; + P;(A; + 22 1) = -1,

and As/2 is the smallest real part of the eigenvalues of

Aj i€ Prwith0 <\ < Xs. The existence of a common
and-~ follows from the fact thaf is finite. Also, there always
exist positive definite quadratic function§ : R* — [0, o)
such that

a‘/J A 2 n 2

a—x(ij—i-v) <AV +Hv|t Yo eRYjeP;
for some positive constants, and~ (for any matrix A;,
one can always pick a positive definite matfx and a large
enougha > 0 such thatA?T P; + P;A; < aPj). Again, the
existence of a common in (4) and (5) follows from the fact

(6)

_ Ta
Ta = —
2
_ . (7)
No:=2Ny + —
Ta
If
(recren)?h + 2 < — 0y + M), 8)
Ta Ta

wherer := 1V exp((As + Au)NoTs)(a2y/a1), then we have
|.”L'd(t)|2 < (gOeQXTXe—)\’(tfto)+gl(Tx)) |$d(t0)|2 9)

for all ¢ > ty > 7« for some constant$)\', g0} > 0 and
functiong; : [0,00) — [0,00) such thatg;(7x) — 0 as 7 —
0.

A key technique in the proof of Theorem 1 is the merging
switching signal technique. To deal with mismatched switch
ing signals, such as ando,, the idea is to create a (virtual)
new switching signab”’ : [0,00) — P x P as follows:

o'(t) = (o(t), 0 (1). (10)

The merging action is denoted lay such thato’ = o & o..
From the definition, the set of switching times®f= o ® o,
clearly is the union of the sets of switching timescofind of
o. (see Fig. 4 for illustration).

o1 (T) -
09 (t) -
o'(1)

t

Fig. 4. Switching signals. The dots are the switching tintles,dashed lines

thatP is finite. The constank, is the decay rate, the constantnd solid lines ofo1 () and o2 (t) are the two modes (or indices), and the

A is the growth rate, and is the input gain for the family
of systemsi = A;z + v, i € P2.

2) The constants;, az, and u: Becausel; are quadratic
positive definite, there exist;, as > 0, andu > 1 such that

atlel < V(@) < aslal V)€ P?
Vi(@) < pVile) Vije P>

(6a)
(6b)

One can always set = ay/aq, but a smalleru may exist,
depending on the particulaf;.

3) The constants ¢; and Define cp
Sup(p,qep2 | BpKqll and ca sup,ep || 4pll, where
|| - || denotes the induced matrix norm with| vector norm.
Let ¢; := ca + c¢5. The constant, is the maximum norm
of the system matrices, ang; is the maximum gain of the
feedback state coming into the dynamics.

Cyt

thick lines (thin lines) ofc’(t) are wheno () and o2(¢) match (do not
maitch).

While the idea of merging switching signals is rather
straightforward, what is nontrivial and interesting is tees-
tion of determining properties of the merged switching aign
from properties of the two switching signals before merging

Lemma 1 Let oy € SavelTa,; V1| and o2 € SavelTa,, No|. If
o1 = 09, then
o1 @ 02 € SaveMIN{ 74, , Ta, }, MaxX Ny, No}H,

otherwiseo; © oo € SaveTa, N1 + Nao], wherer, := (1/74, +
1/7a,) "t

Proof: If o1 = o9, i.e. 01(t) = o2(t) Vt, then clearly

o' =01 ® oy = o1 = oo in view of the definition of®.



From the definition of average dwell-time, we have, for ahemma 3 Let 01 € Save[7a, No] and o2(t) := o1(t — 7:5(t))
arbitrary interval[to, t), Ny (t,t0) < N1+ (t — to)/7., and for some positive function,. For an interval(to, t), let my, .
Ny (t,to) < Na + (t — to)/7ay, Which impliesN,(t,t9) < be the total time for whiclr(t) = o2(t), and letmy, , :=
max{ N1, No} + (t — to)/min{7,,, 74, }, @and the claim in the t — ¢, — my, .. Suppose that;(t) < 7 for all ¢. If
lemma follows.
Suppose that, # o,. Consider an arbitrary intervély, t). Ts(Am +Am) < (A = MN7a (14)
Denote byn; the number of switches of; in [to,t), and by -
ny the number of switches af, in [t, ¢). Then the number of for some positive constants,,, Am, and A € [0, A, then
switches ofo; @ o4 in [to, t) is less than or equal to; + ns.
Becauser; € Save[Ta,, V1), we haven; < N1+ (t—tg)/7a, -
Similarly, ne < Na + (t — tg)/7a,. Therefore,n; + na <
N1+ No+ (t— to)(l/Tal + 1/7‘,12), which impliesoy ® o5 €
SavelTa, N1 + Na], wherer, := (1/7,, +1/74,) L. [ ]
In the case where, = o(t — 75) for some constant,
i o< Sa"e[T“’NO]’. thenoe € Savelra, No]. For the_ case T > Ts, then the total time ifrg, 74x41) for which o4 (t) #
of time varying s, if o € Savwl7s, No|, the characterization . _ .
of ., whereo.(t) = o(t — 75(t)), is far from obvious and ?z(t) will be at mE)StTS becauge th_e delay is boundled by
is stated in the lemma below. Wheneveris time-varying, > If 71 — 7 < 7, the total time inry, 7ii1.1) for which

from here onward, we assume that the delayed switchiﬁ_ﬁrJ(t) # 02(t) W”.I also be at most‘—s._Therefore,the total t_ime
signal o(t — 75(¢t)) is causal, meaning that the ordering o (to, T') for which o (£) # o2(t) will be at most(N +1)7,

the switching times of (¢ —75(t)) is the same as the orderingWhICh means that

of the corresponding switching times of ey s < (N + 1), (16)

—AmMig,t + AmMig s <or — At —to) VE =19, (15)
wherecr := (A + A ) NoTs.

Proof: Let 71,...,7y be the switching times of; in
(to, T) with the conventionry = tg andry 1 =T If 741 —

Lemma 2 Leto; € Save[Ta, No] andos(t) := o1(t—75(t)) for  and so
some functionr : [0,00) — [0, 7s]. Thenoy € Save[Ta, No +
Ts/Ta)- Mg =t —to — (N 4+ 1)7;. a7

Proof: Consider an arbitrary intervdly, ¢). Let 7,k = et x := 7,/7,. Becauses; € SaeTa, No|, and N + 1 <

1,..., N be the switching times of; in [to,t), whereN is  N_(¢, 1), we haveN + 1 < Ny + (¢ — to)/7.. Therefore,
the number of switches ifty,t), and letr],k = 1,...,N

be the switching times of; corresponding tory, i.e. 7, = (N 4+ 1)7s < NoTs + (t — o)/, (18)
7+ ()
Becaused < 74(r) < 75 Vr, we havery < 7y < t and and, hence,
T > T —Ts = to — Ts. We then have
t—to—(N+1)7:S> (1—1//&)@—150)—]\707_'5. (19)
T =T <t—to+ T (11)
From (16), (17), (18), and (19), we then have\,,m, ; +
)\mmtoyt S (Am-i-)\m)N(ﬂ_’s—F(—)\m(l—l/li)+)\m/li)(t—t0)
T+ e—T <t—to+ T (12) [f (14) is true, then—\,,(1 — 1/k) + An/k < —A, and (15)
follows. [ |

Pick e > 0 arbitrarily small such that

Because there aré/ switches in[r{,7y + ¢), and o1 €

Save[Taa NO]; we have .. . . .
Remark 1 The condition(15) characterizes the relationship

N < No+(ty +€—11)/Ta (13) between the total matched time and the total unmatched time
in any arbitrary interval for feedback switched systemshwit
delays. Compared to the result involving the total time for
stable and unstable modes of switched systems in [22], the

_ ) ~ ® lemma is novel in two aspects. First, it gives the relatigpsh
Lemma 2 says that a time-varying delayed version of guyeen the matched time and the unmatched time in terms of

average dwell-time switching signal is also an average bwel anq ¢+, whereas [22] starts with the relationship between
time switching signal with the same average dwell-ime byie (ota| time for stable and the total time for unstable mode
with an increased chatter bound. as an assumption (and there is no delay in [22]). Second, the
The following lemma characterizes the relationship betWe%ondition(lS) has a nonzero termy on the right hand size,
the total matching time and the total non-matching time Wh_%ereas in [22], this: term is zero. The termy relates to the

mfe_rging an average dwell-time signal with a delayed versigfershoot when switching among stable and stable subsystem
of it.

From (12) and (13), we geV < Ng + 7s/7a + (t — t0)/Ta,
and hencegs € Save[Ta, No + 75/ Tal-



PROOF OFTHEOREM 1 switching occurs ints, , ts, ., ), we have

|‘T(t3k+1) - ‘T(tsk )|

Proof:[Theorem 1 borrr .
(Theorem 1] = - [ s < s = )l
Before going into the details of the proof, we first outline tay (22)
the key ideas and the steps in the proof: (t —ts. ) llzllie, -
Sk+1 Sk 1 [tsk Txvtsk+1]

N

<
« Step I Obtain the closed loop as a switched system with < (Bspr = s )erll2llp—2res
a single switching signal, using the merging SWitChin%herec
signal technique with the plant’s switching signal and thﬁ‘len hai/

controller’s switching signals’(t) := o(t) ® o(t — 75).

= suppep [|Apll + sup, , | BpKqll = ca + cs. We
e

. N(t)
« Step 2 Bound the difference betweenand the delayed
H H H H H - - < s - s

version ofz in terms of7, andz using the technique in [o(t) = 2(t = 7)) kz_o [o(ts) = 2(ts)]

[14], [15]. e 22)
» Step 3 Construct the candidate. Lyapunov function < Z (tseer — tsp)erllzlle—2r g

V(t) := Vo) (2(t)), whereV; are as in (5), and bourid k=0

using Lemma 3 and Lemma 2 on the average dwell-time = Txclﬂxn[t_% g V= to+ T

signal switchings’. The technique in this step is similar
to the technique in the original average dwell-time papdihe foregoing inequality holds far > to + 7, wheret, is
for all stable subsystems [7], which is also the techniqiBe initial time, because the integral in (21) involves tlatue
in the extension [22] for Switched Systems W|th mixe@f x in the interVaI[t — 2TX, t], and we assume that the |n|t|a|
stable and unstable subsystems. The result in [22] is rfé@tez of the closed loop is available if-7., 0] only. From
directly applicable here because although the Lyapun#ie definition ofv as in (20), we have

functions and the technique are the same, the condition

for the total time for stable and unstable modes in [22]

does not match the condition for the total matched ang iy of

Cor g = |za(t)].
the unmatched time for switched feedback systems with Ielie-2r) = lea(®) _
delays (see Remark 1). Step 3 Let V/(t) := Vo (1) (x(t)), whereV; are as in (5). Let

L . to := tg + 7x. Let T > ty be an arbitrary time. Denote by
« Step 4 Bound the Lyapunov function in Step 3 in terms .., 7 the switching times of in (f, T), where N is

of the initial state and the current state, utilizing th‘t%é'number of switches iffo, T); 70 = fo and ry41 — T-
.. ) ’ - +1 —
condition (8). by convention. Define

—Xs if o'(t) € P2,
Aa” = s 24
® {)\u else (24)

()] < 7xe1¢5|2a(t)] (23)

« Step 5 Bound the state using a small-gain technique.

Step 1 We rewrite the closed loop system as

Becaused, ;) and B, ;) are constant for alt € [75, 7i11),

i(t) = A pyx(t) +v(t), from (5) and (20) we have
o (20)
0(t) == By (x(t — 1) — (1)), V() < o0 IV (5)
¢
3 B 2 Aol (r )(t—s) 2d t
whered, , — A+ ByK,, Byy — ByK,, ande’ (1) = o(1)& + y(7xc1c5) /Tk e’ lza(s)|?ds Yt € [T, Tht1)
o(t —7s). Leto(t) :==o(t — 75). (25)

From Lemma 2, we have, € Savd7a, No + 7s/7a] (M01€ 5 viowy of |4(6) 2 < (reerep)2|za(s)|? (from (23)). From (6b),

that . = 7, in Lemma 2 because we assume constant del 8 also have

here). From Lemma 1, it follows that € Save[Ta, No], Where

T and N are defined as in (7). V(Thr1) < pV (1i0)- (26)
Step 2 For nonswitched systems, the following technique iﬁerating the inequalities (25) and (26) fér= 0 to N, we
used in [14] to deal with state delay(t) — =(t — 7x) = gptain

f:_T x(s)ds, t > to + 7. For switched systems, the situation - -

is more delicate because we can have switching in the interva (T7) < Ve[ (to)V (fo)

[t — 7, t). Letts,, ... tsy,, be the switching times irit — N regs (27)
T, t), where N (t) is the number of switches ift — 7, t); +7(TXC1CB)QZ/ pNFel Y (s)|za(s) P ds,
k=0 T

by conventiont,, = ¢ — 7, and tsniyes = U Because no



where Step 5: From (35) and (6a), in view of the fact that is
continuous, we have

N
N -—_ . . ’ g —
el (s) :==exp (2; Ao (7) (Tig1 — Tz)> exp(Ag’ () (Tk — 5))- (T2 < goe™™ @10 (7)) 2
(28) + (9o (rxeres)? /N laallfy, 7 VT =10, (38)
Step 4 The condition (8) implies the existence dluch that whereg, := ,ﬁoewa?/al_ Because (38) is true for &ll, we
| have
2 np _Ts _
(rxcrea) i+ == <A <A = A+ h). 213, 7y < gol2(Eo)? + (g0v(reercs)?/X)lwall%, -
These inequalities can be written as In view of ||]|[sy—r, to+m] = |Za(to)| @nd|z(to)| < |za(to)],
In s we have
Ta > —— 29a
= N
< _/\ Ta (29b) < (14 go)[za(to) >+ (g0 (7crcs)? /X |lzallfy, 7y-
2
(Txe1es)™ < A — e (29¢) ' From (39), given (30b), we get
From the condition (29a), we havk, > (Inu)/7.. The lzallfyy ) < (14 go)ea(m)la(to) ], (40)

conditions (29b) and (29c) can be rewritten as whereca(re) 1= (1— goy(recics)?/XN)~1 > 0 (the fact that

Ts(As + X)) < (Ns — AN)Ta (30a) c2 > 0 follows from (30b)). From (40) and (38), we have
2 1770 exp((As + M) NoTs)azy <1 (30D) z(T)|* < (goe*A'(T*E“) + gl(Tx)) lza(to))?,  (41)

a1 ()‘ —In :u'/%a)
— whereg: (1) := (goy(1xcics)?/N)(1+ go)ea(7x), and hence,
in view of x := N exp((As + Au) NoTs) (aay/aq). in view of e~ (T=2m)—to) — 2X7x =X (T~10) \ye have
We now bound the term™ e[, (s) with exponentially ) VY _
. . _ % ,— N (T—to) 2
decaying functions. Because € SavelTa, NoJ, and there are lza(T)I” < (906 € Tta (TX)) |za(to)]”  (42)
N — k switches in[741,T), we haveN — k < No + (T —

(TxC1C5)

_ Nk N ~ for all T' > to. The inequality (9) in the theorem follows from
Tit1)/Ta. Thereforey & < pt exp((T = i1 )(In )/ 7a): (42 by replacingty and T > fo with o andt > to + 75,
From the definition ofe|®(7,) as in (28) and the definition respectively. The fact thati (r,) — 0 as 7. — 0 is obvious
of A\,» as in (24), aggregating the terms involving and the from the definition ofg;. -

terms involving)\,,, we have

Remark 2 For bounded time-varying delays, i&.andr, are
functions of time, we still have the result claimed in Theofe
From (30a) and Lemma 3, we have by replacingr, with 7 in the statement of the theorem, where
~ [Im<lloc < T, @and 75 by 7, where||75|lcc < Ts. This fact is
“AsMrymy + Auliry oy Ser = M1 = Ta), - (32)  gptained by examining the proof of the theorem, replacing

wherecr = (A + o) Nos. From (28), (31), and (32), we getby 7s and 7 by 7y everywhere in t_he proof (Lemma 2 and
Lemma 3 are already for time-varying delays).
ela(7a) < e exp(=A(Th1 — 7a)). (33)

We then have

e|Z(Ta) = eXp(_/\smTa,Tb+1 + )\umTa;Tb+1)‘ (31

Remark 3 The result in this section remains the samé¢4j,
(5), and (6) hold for all = belonging to an invariant s for
MN—ke|kN+l(S) < MﬁoecTe—X(rNﬂ—s)’ (34) all time for some sef2 C R", instead of requiring(4), (5),
and (6) hold for all z € R™.
where)X := X\ — (Inp)/7a; N > 0 because\ € (Inp/7a, Xs).

From (27) and (34), we obtain The condition (8) characterizes the r_e_lationship_ ameng
. ] 75, andr, to guarantee closed loop stability. For a fixedand
[V(T7)| < pNoecte™ N T=0) |V ()] (35) N, alargerr, requires a smallet, and vice versa. When, =
_ T 0, 75 is maximum and is equal tg" := (T, As —2Inp)/(As +
+7(Tx0105)2uN°ecT/ e NI z4(s)Pds,  A,). For a fixedr, and Ny, the pairs ofr, andr, satisfying
— o to (8) form a shape as the shaded area in Fig. 5a. For a fixe
< pVoeer e M (T10) g |2t )2 (36) largerr, allows for larger switching delays and vice versa,
+ (‘LLNOeCT,Y(Txcch)Q/)\/)deH[Q{O,T) (37) and whenr, — oo, 7 — 77, wheret} is the solution of the

equation(rycicg )2 u?No exp((As + Ao ) No72 ) (ay/ar) = As.
for all T > t,. The relationship between andr, for a fixed, is illustrated



in Fig. 5b. For a fixeds, a largerr, also allows for larger state for all ¢+ > ¢ty > 7 for some{gy,\'} > 0 and a function
delaysr, and vice versa, and when — oo, 7 — 75, where g; : [0,00) — [0, 00) such thatg; (1) — 0 as — 0.

T = (()‘s_(TS/Ta)()‘s+)‘U)_2111/‘/7—&)/’{5)1/2/(0103)- The _

relationship between, andr for a fixed 7, is illustrated in Proof: In the case of no switching delay. = o, and
Fig. 5c. there is no mismatch between the plant's switching signal

and the controller switching signals. The condition (2%) i
automatically true because = 0. In Step 1 in the proof of
Theorem 1, we have’ = o, and soo’ € Save[Ta, No]. Then,
7. and N, in the statement of Theorem 1 are replacedrby

Tx and Ny. From here, the proof of Theorem 2 is exactly the
same as the proof of Theorem 1. [ ]
Theorem 2 shows that with no switching delay, asymptotic
stability of feedback switched linear systems with average
s Ta dwell-time switching with the same condition as in [7] (whic
(a) 7x vs. 75 for a fixed (b) 75 vs T, for a fixed 7«

is 7. > Inpu/Ag) is robust to small feedback state delays.

D. Robustness of feedback switched systems with respect to

- delays

An important implication of Theorem 1 is that stability of
feedback switched linear systems is robust with respecate s
and switching delays for average dwell-time switching algn
with large enough average dwell-time. We have the following
sult.

Ta
(c) 7x Vs T, for a fixed 75

r
Fig. 5. Relationships among;, 7«, and ,. The shaded areas are the sets
of feasiblers, 7, andr, that satisfy the condition (8) when one of those . ) .
Tx, and, is fixed. Corollary 2 Consider the switched systefh) with the con-

troller (3). Suppose that Assumption 1 holds and that

C. Special cases SavelTa, No] for some positive constantg and Ny. If

1) Switching delay and no state delaythe following > 2111M (47)
corollary is a direct consequence of Theorem 1 when- 0 As
(note that forr, = 0, we havez, = |z|). then there exist positive numbefs and 7, such that the

feedback switched linear system is asymptotically staire f

Corollary 1 Co_nsider the switched systefh) with .the CON- || ||7||se < 7 and for all ||7][co < 7.
troller (3) in which =, = 0. Suppose that Assumption 1 holds
and thato € Save7a, No| for some positive constantg and Proof: Becausg7cic)?k — 0 as7, — 0, and 7y (s +
No. If Ay)/Ta — 0 @s7s — 0, in view of 7, = 7,/2, the inequality

In - (47) implies the existence of, and 7, such that

2 < As - _S(As + /\u)7 (43) 1n T

T T (recrcn)2i+ —2 < Ai— (A + M), (48)

then we have Ta Ta

za(t)]? < goe— N (t=t0) za(to)]? VE=t0 >0 (44) It follows from Theor.em 1that 9) hO|dS.*Becal.§BlQTX)7—> 0
as7x — 0, there existsr} such thatg; (7)) < 1. Let 7 =

X

for some constant§\’, go} > 0. min{7y, 7 }. Clearly, there exist§” > 0 such that
2) State delay and no switching delalor the special case goe”/*"e*’\/T +g1(7) =: g2 < 1.
7. = 0, with a little tweak in the proof of Theorem 1, we have ) e
the following stronger result. Then |zq(T" + to)]* < go|za(to)|?. Similarly, we have

|24(2T + t0)* < g2lza(T + to)|* < g3|za(to)|*. Repeating
Theorem 2 Consider the switched systefh) with the con- this argument, we havieq (kT + to)[> < g&|za(to)|? for all
troller (3) in which 7, = 0. Suppose that Assumption 1 hold$. Becausegy; < 1, we have
and thato € Save7a, No| for some positive constantg and

No If |za(KT + to)| — 0 ask — oo. (49)
0-
1 In view of (9), we have
(Tx6103)2l€-‘r bl < As, (45 ®) L
Ta lza (kT + to + 8) > < (goe® ™ + g1(7))|wa (KT + to)|
wherer := pNoayy/ay, then we have =: clza(kT + to)|?

za(t)? < (goe*N e N 4 gy (1) |zalto) ] (46) < cghlzalto)|? (50)



for all s € [0,7) and for allk = 1,.... The inequality (50) in view of |A(z(t))| < d0]|z(t)] < d|lzq(t)]. Everything else
implies that the system is Lyapunov stable, and thaft)| — is the same as in the proof of Theorem 1 witle; ¢, in the
0 ast — co. Becauseéz(t)| < |z4(t)|, we have that the systemproof of Theorem 1 replaced by.cic; + 6 everywhere after
is asymptotically stable. m (23). [ ]

In view of Corollary 2, Theorem 3 also implies that sta-
Remark 4 In the case without state and switching delaysility of feedback switched systems is robust to state delay
a feedback switched system is asymptotically stable if th@itching delays, and linearly bounded unmodeled dynamics
switching signal has an average dwell-time of at ldast/\s  when all of these guantities are present.
(see [7]). To establish robust stability with respect toajes in
both the switching signal and the feedback state, we reduée V. APPLICATION: CONSENSUS NETWORKS WITH
plant’s switching signal to be two time slower than thosesgiv SWITCHING TOPOLOGY AND TIMEVARYING DELAY
in [7] (i.e. 7. > 2Inp/),). The larger lower bound of the Consider a network af agents with interactions dictated by
average dwell-time in the case with delays can be thoughs of@an undirected graph (topology), whose agents’ dynamics are
a compensation for instability caused by mismatch between ti; = u,i = 1,...,n, and without loss of generality, assume
switched controller and the switched plant. Whether a tightthat z; € R. Suppose that each agent employs the consensus
bound on the average dwell-time can be obtained for the cage@tocolu; = 3~ \, z; — z;, where; is the neighborhood
with both switching and state delays remains the topic efrtut Of agenti. The reader is referred to [23], for example, for
research. Nonetheless, the stability result reported indfam background on graph theory. Further, suppose that the nietwo
1 is new for switched systems involving both switching delajas a uniform one-hop time-varying communication delay
and state delays. 7<(t) among the agents, so that the actual control signal is

E. Robustness with respect to delays and unmodeled dynamics ui(t) = Z x(t — 7o (t)) — 2i(t) (57)

The Lyapunov function approach also enables us address JEN;
unmodeled dynamics quite straightforward. Consider a-fegghere is no state delay for information from the same agent)
back switched system with unmodeled dynamics, The work [24] considers; (1) = >_,c v, 25(t—7x) —@i(t—7x)
) and without topology switching, under which the collective
@ = Ay + Bou+ A2), (51) dynamics are a non-switched linear system with delays. The
in which the unmodeled dynamics satisfies authors in [24] then obtained a necessary and sufficienticond
tion on the allowable delay for stability, utilizing welRkwn
IA@) < oflell v (52) techniques (Nyquist criterion) for delay linear systems.
for somed > 0. With the protocol (57), the collective dynamics will be of
the form of a switched system with delays (as discussed in the
Theorem 3 Consider the switched syste(®1l) with the con- motivation section, Section 11-B). The tool we developethia
troller (3). Suppose that Assumption 1 holdss Save[7., No]  previous section helps us establish the following residtaR
for some positive constants, and Ny, and (52) holds for that a graph is:—regular if every node has degréeWe say

somes > 0. Let that a network of agents asymptotically reaches consefisus i
= . Ta x;(t) —x;(t) — 0 ast — oo forall i # j,4,5 € {1,...,n}.
N 2
No = 2Ny + 2. (532) Theorem 4 Consider a multi-agent network with the protocol
Ta (57) and a switching topology= : [0,00) — {G1,...,Gm},
If whereG), are k,-regular undirected graphs for some number

) In - kp, p = 1,...,m. For everyr, > 0 and Ny > 0, there
(Txerep +0)°h + —= <A = —(As + M), (54) exists a number;, > 0 such that if the switching signal of

_ * * the switching topology belongs e[7., No] and the delay
wherer = ;0 exp((As + Au)NoTs)(a2y/a1), then we have 7 (1) < 7 vt, then for all the initial states, the network of

e N (t— agents will asymptotically reach consensus.
[2a(®)? < (goe® e ) gy (1) foalto)* (85) 29 ymptoticaly

Proof: Let z = (1,...,2,)T be the collective state of

> > / '
for all ¢ > ty > 7« for some constant§\',go} > 0 and the network. Define

functiong; : [0,00) — [0,00) such thatg;(7x) — 0 as 7 —
0. Api=Ag,, Dyi=kyl (58)

Proof: The proof is almost the same as that of TheoremhereA, is the adjacency matrix af,, andD, is the degree
1 with a few alterations. In (20), the variableis changed matrix of G, (recall thatG, is k,-regular). Also, define the
t0 B, (1) (z(t — 7x) — 2(t)) + A(z(t)). The inequality (23) is switching signab : [0,00) — {1,...,m} such that

changed to o(t) :=p whereG(t) =G,, pe{l,...,m}, Vt=0.
()| < (xcics + 6)|za(t)| (56) (59)



By direct inspection, the dynamics of the network are all 7, and hence, network consensus is asymptotically achieved.
This result is true for arbitrarily smatt, becausel’ = §7'§

(1) = = Do 2(t) + Aoy 2(t — 7). is the common Lyapunov function, 3o= 1, and we always

Let §(t) == z(t) — 2 (17x(t))1 =: F(z(t)), wherel € R® is havelnu/7, < A, for all 7, > 0. [ ]
vector whose elements are all ones (the veétar known as  For illustration, consider a network of agents whose
the disagreement vectd4].) Then1”§ = 0. We have topology is switching between the two topologies in Fig. 6.
. T . Picke = 1, wheree is as in (64). For the topology in Fig. 6, we
§=1a—(1/n)(17 )1 = F(2) then calculate\, = 10.226, A, =4, v = 1, andy = 1. Then
= F(=Dgyx(t)) + F(Asmyz(t — 7)) 7. = 0.095 would satisfy (8) whenr, = 0. The simulation

result with7, = 0.01, No = 1, 2(0) = (1,2, 3,4,5)T, and,

in view of the fact thatF'(x) is linear inz over real numbers. . . o L
varying uniformly betweer® and 7, is shown in Fig. 7.

For a k,-regular graphG,, we havel’ 4, = k,17 and
Apl =kpl, and so

(1T A,2)1=k,(1T2)1=1"2)k,1=(1T2)A,1=A4,(172)1.

The preceeding equality implies th@(A,z(t — 7)) =
Ag(t)F(I(t — TX)). Then

8(t) = —F(kyyIz(t)) + F(Aox(t — 7))

= _ko(t)5(t) + Ag(t)F(I(t — TX)) (60)
= _ka(t)5(t) + Aa(t)5(t - Tx) Fig. 6. Topology switching between &regular topology and d-regular
where the last equality follows from the definition &fthat topology.
O(t —1x) = F(x(t — 7). 5
The system (60) can be further cast as the following s \
switched plant \
, 4\
§=—k,0+u (61) AN
with the delay feedback controller sk AN
€T \ T
u=As0(t — 7). (62) 25f -
Now, for everyp € {1,...,m}, we haved, — k,I = —L,, h
whereL, is the Laplacian of the grapfi,. For any undirected 15f
graph or balanced grapi, the graph Laplaciadls has the 1
following property (see, e.g., [24]): ‘ ‘ ‘
05, 0.5 1 15 2
60TLGo = No(La)|d)> Vo:1T6 =0, (63) t

Where/\Q(Lq) is the_smallest nonzero eigenvalye[c&. Then Fig. 7. Simulation result withg = 0.01, No = 1, 2(0) = (1,2,3,4,5)7,
the quadratic functior’ = §7'6 has the following property: andr, varying uniformly betweerd and 7.

along the trajectory ob = —L,6 + v,

V = 26T (Ly6 +v) VI. LMI METHODOLOGY FOR NUMERICAL CALCULATION
< —(20a(La,) — )V —€(|8] — 1/e|v])? + 1/e|v]? In this section, we provide a methodology based on LMIs
< —2N(Le,) — OV + 1/eof? (64) for numerically obtaining bounds on the delays to guarantee

closed loop stability for given feedback controllers.
for somee € (0,2)\2(L¢,)). The last inequality shows that In the condition (8), the left hand side involves the contstan
V satisfies the condition (4) with, := min, 2X\2(Lg,) — € &, which in turns depends om, v, and the ratiav,/a;. Thus,
and~y = 1/e for somee € (0, min; 2X2(Lg,)). Therefore, the to get a larger bound on andr,, it is desirable to obtain small
setP? as in (4) is nonempty (it contains at least all elemenis ~, andaz/a;. For givenA,, B,, and K,,, there are many
of the form(p,p), p = 1,...,m). In this case of multi-agent choices ofP;, i € P? as in (4) and (5), corresponding to many
networks without switching delay, the sBf is empty. possibleu, v, and az/a;y as in (6). A way of finding small
Thus, the feedback switched system (61) with the switchedmericalu, v, andas/«; is to use linear-matrix-inequalities
controller (62) satisfies the conditig?? # (). From Corollary (LMI). We seek quadratid/;(r) = 27 P;z, i € P2, where
2 and Remark 3 witf) = {z : 172 = 0}, if 0 € Save|7a, No] P (65)
andr, > In /s, then7, exists such that for all initial states ’
and all delays < 7«x, we havej(t) — 0 ast — oo. From the such that the inequality (4) holds (the expressiBn>~ 0
definition of §, we havez;(t) — %Z;;l z;(t) ast — oo for denotes thaf’ is positive definite; similarly, for two matrices



P and@, P < @ means that) — P is positive definite). The
inequality (4), in explicit form, is

o (AT P; + PjAj)z + 22" Pjv < =M’ Pja + v’ v,
which leads to the following LMI:

T _
Aj P; 4+ PjA; + X\ P;
Pj

Pil <o, jer® (66)

(we replace inequality by strict inequality.) Similarl{s)(leads
to

both state delays and switching delays, as well as to small
linear additive unmodeled dynamics. We applied our results
switched systems to show stability of multi-agents dynamic
networks with switching topology with small state delays
and arbitrarily fast switching. A humerical calculation timed
based on LMIs and numerical examples are also provided.
Future work aims to extend the results here to the output
feedback case, to switched nonlinear systems (using the too
in [14]), and to other classes of slow switching signals (as i

[6])-

—T —
Pj —’}/I
and (6a) and (6b) can be written as
I <P <ayl, iecP?
. et (68)
PiKILLPj, Z,]EP. [1

For given g, A, a1, as, v, and A, the set of LMIs (65),
(66), (67), and (68) can be solved numerically for the eriste
of P; using computational software (such as the MATLAB
LMI toolbox). One can then start from the smallest 1, a
large~, and a largevs/a; and incrementally increase and
incrementally decreasg and a2/« as far as possible while [4]
the set of LMIs still has a solution.

(2]

(3]

(5]

Example 1 Consider the feedback switched system (1) with
the subsystems [6]
Ay

(69) [

Ay (70) 18]

=[5 2 =l

Suppose that the switched state feedback controllers €3) ar [0
Ky =[-7 -6 (71)
K,=1[5 -3], (72)

which places the closed-loop poles afl, —2 for each of
the respective closed loops. Using the LMIs (66), (67?11]
and (68), we found thatP;, i = 1,2, exist with A

02, Ay = 15, v = 1073, and 3.8. Suppose that
No 2. Using the formulaer, = 2Inu/A + 0.001,

A= A =001, %5 = (A — AN)/(As + AT, No
2Ng + 75/7a, and 7y (N = 2Inp/7a)/uNoexp((As +

o) No7s) (v /1)) /2 /(cics) (which is derived from (8)),
we getr, = 14.1526, 7, = 0.0093, and 7, = 2.2601 x 10~4.

]

[10]

[13]

[14]

VII. CONCLUSIONS [15]

In this paper, we have studied stability of feedback switiche
linear systems with both state and switching delays. Wheis)
the switched plant’s switching signal was an average dwell-
time switching signal, we provided a condition in terms of
an upper bound on the delays and in terms of a lower bound]
on the average dwell-time of the plant's switching signal to
guarantee asymptotic stability. The stability result ataplies
that stable feedback switched linear systems are robust to
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