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On Controlled Sinusoidal Phase Coupling

Daniel J. Klein, Emmett Lalish, and Kristi A. Morgansen

Abstract— The work in this paper considers a heterogeneous A promising direction for distributed control of au-
coordinated phase control problem in which most agents fotiw  tonomous multi-agent systems considers a situation intwhic
a classic sinusoidal coupling protocol, but a select few ag&s e or more of the agents do not obey the usual control law.

act as leaders. These leaders have the ability to report some . . .
value other than their current phase to their neighbors. This Unlike classical leader/follower control design, the dolers

heterogeneous model is motivated by systems in biology and d0 not know which agents are leaders and thus treat all
in engineering. In biological contexts, observations havéeen neighbors equivalently. The leader agents have the patenti

made that groups of trained animals can bias the behavior of tg report some value other than their current phase to
a much larger groups of untrained animals. Translating the®  hair nejghbors, but each neighbor receives the same value.

results to engineered contexts is of interest to, for exame| Th totvpical le is th trolled li am
reduce the number of human operators necessary to control € prototypical exampie 1S the controlied linear agreemen

a fleet of many autonomous agents. The contributions of this Problem [8], [9], [10], [11], in which follower nodes apply a
paper include a general reachability result, a proof that a diain  linear consensus protocol. A key result is that the abilftg o

of four or more agents is uncontrollable by a single leader,ad a  single leader node to control the other nodes is dependent on
nonlinear controllability analysis of some example problens. An the topology of the communication network. In particular, i

interesting result is that symmetry about the leader node isot the t | . tric about the lead d the stat
sufficient to guarantee uncontrollability of the follower nodes, € topology Is symmetric about the leader nodes, the states

as it is in the related controlled linear agreement problem. of the other nodes are not controllable in the typical linear
systems sense.
. INTRODUCTION A parallel research theme can be found in biology, where

researchers are working to understand how heterogeneity

The design a.nd implementation Of Coordinated Controllerénd topo|ogy influence the behavior of |arge aggregations_
for distributed autonomous multi-agent systems is a fund@ngoing research with heterogeneous aggregations of Giant
mental challenge that has received much interest over thgnio (Devario aequipinnatyssuggests that as few as three
past several years. Principle motivations for this inteege trained (i.e. leader) fish are required to make twelve unéahi
that multi-agent teams offer the possibility of increased-p (j.e. follower) fish behave as if they were trained [12].
formance through parallelization, better chances of ssgce | this paper, the theme of heterogeneity through leader-
through redundancy, and the ability to perform coordinateghip is extended from linear consensus to situations in hwhic
tasks that were otherwise impOSSible to achieve with aeing“he follower agents Obey a nonlinear (SinusoidaD phase
agent. These benefits, however, can be difficult to harveggupling protocol. The main contributions are as follows.
due to the increased complexity of multi-agent systems. Thghe dynamics of the controlled sinusoidal coupling problem
thesis of this paper is that a select few (leader) agents cagte first written for an arbitrary interconnection topolaagyd
under some topologies, control all other (follower) agentgeadership node assignment. A basic result showing that the
effectively reducing complexity through heterogeneity.  gajigned set is reachable from initial conditions in a common

To gain insight into how to design distributed controllerssemicircle is established in the first theorem. Then, the
for coordinated multi-agent systems, control theoristéeha dynamics are rewritten in several ways to permit a complete
turned to well-studied models of collective behavior. Ongut informal analysis of three specific example problems
such model created by Kuramoto [1], describes synchrgn three nodes. These simple examples are intended to
nization in large groups of oscillators that are couplegighlight the main differences between controlled linear
sinusoidally in phase. Indeed, much attention has beemgivand controlled sinusoidal protocols. The three-node chain
to understanding the Kuramoto model (see [2] for a googxample generalizes t&/ nodes to reveal that a chain of
review). Most recently, researchers have applied insightsur or more agents is never controllable by a single leader.
gained from studies of the Kuramoto model to distributed\n interesting conclusion is that symmetry about the leader
control of autonomous agents. Early work with steering comode does not imply uncontrollability of the follower nodes
trol inputs for constant speed unicycle vehicles [3] hasnbee The material presented here is organized as follows. In
linked to the Kuramoto model [4]. Recent work has builthe next section, the problem is formulated and matheniatica
extensively upon this foundation [5], [6], [7], althouglesie preliminaries are introduced. In Section IlI, a basic reach
studies have only considered homogeneous agent dynamiggity analysis is presented for the controlled sinusoictzu-

pling problem. Analysis and simulation of specific example

This work was supported in part by NSF grant CMS-tgpologies are presented in Section IV. Also included at thi
0238461. The authors are with the Department of Aeronausind L . . .
Astronautics, University of Washington, Seattle, WA 9818%)0. point is an anaIyS|s of av |ength chain. Conclusions are
{dj kl ei n, emmet t |, nor gansen}@a. washi ngt on. edu.  presented in Section V.
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1. PROBLEM FORMULAITON B. Reachability and Controllability

The notation, conventions and assumptions used through-Some basic definitions and tools from the theory of
out this work are described in this section. Also, leader angbnlinear control will prove useful in the later parts ofshi
follower subgraphs are defined and the definitions reachabfaper. In particular, the dynamics considered here can be

ity and controllability are reviewed. written in standard control-affine form,
A. Leader and Follower Subgraphs . m
A graph G = (V,E) is a set of nodesy, and edges, & = fo(z) + 2fi(x)“i' )

E CV xV, in which each edge connects one node to one
other node and no two nodes are joined by more than ofide first vector field,fy, is called the drift of the system.
edge. The cardinality of the node and edge sets are denofBue otherm vector fields are control vector fields ang is
|V| and |E|, respectively. An undirected graph is said tothei" control input. Unlike the drift vector field, the control
be connected if a path exists from every node to every othgector fields can be reversed or nulled entirely through the
node, whereas a directed graph is connected if a directéd pahoice of inputs.
exists from one node to every other node. Throughout this The set of all states attainable in exactly tifiefrom a
work, all graphs are assumed to be undirected and connectpdint 2o by any control input is thel-reachable set from
unless otherwise noted. that point, denotedR (z(,7T"). The set of all states that can
Associating an arbitrary direction with each edge, thée eventually reached from, is called the reachable set,
directed incidence matrixi3, of a graphG is a|V| x |[E|  R(wo). A system is said to be controllable from if every
matrix defined as other point in the domain is reachable fram (i.e. R(z¢) =
1 if edge j leaves node D)_. FinaI_Iy, a syste_m is small time locally controllable at a
. . . i point x, if there exists d > 0 such thatry € R(xo,t) for
B(i,j) =< —1 if edgej enters node D cacht € (0,7] [14].
0 otherwise

The incidence matrix has rarfk’| — 1 whenever the graph C- The Sinusoidally-Coupled Oscillator Model

is connected [13]. The neighbors of nodeV;, are the set  Consensus seeking controllers often have the form

of nodes that are adjacent t¢ in G. In a complete graph,

every node is adjacent to every other node. &y = Z [z — ). %)
A subgraphG’ = (V', E’) of G = (V, E) is a graph with =N;

nodesV’ C V and edgest’ C E. An induced subgraph
! U H H

G(V") of graph( is formed by keeping only edges 6f function. The basic intuition is that fof” f(y) > 0,y € R\

that connect nodes i’ to other nodes ir/”’. ) ) ,
a{O}, each agent moves towards the average of its neighbors

An interacting group ofN agents can be modeled as o . S
graphG = (V, E) in which nodes with associated dynamicsStateS' Connectivity information from the graph incidence

represent agents, and edges represent inter-agent commififitrix can be used to rewrite (5) as
cation. For the work in this paper, we consider two types & = —Bf(BTx) (6)
of nodes: leader nodes and follower nodes. Thus, the node ’ '

set can be partitioned into leader and follower node sets,\yhen f is a constant, the protocol is linear. Indeed, much
Vi andVp, respectively. Decomposing into corresponding s known about linear consensus protocols, for which the

Here, z; is the state of the!* agent andf is a coupling

subgraphs will prove useful later in this work. system dynamics can be written compactly as
Definition 2.1 (Follower Subgraph)Define the follower

subgraphGr to be the subgraph induced by the follower i =—Lzx, @)

nodes,Vr.

Definition 2.2 (Leader Subgrapf): Let v; € V. be a Where L = BB” is the graph Laplacian. Whet is
leader. The subgraph corresponding to this leader nodeG@nnected and” > 0, the span of the vector of ones, called

defined as the agreement subspace, is globally attracting.
The use of linear consensus protocols is most appropriate
G; = (V. Ej) () on linear spaces, likeRY. For the work in this paper,
E; = {(vi,v;) € E|v; € Vi }. (38) the state of theN-agent system is a poirt € T, for

instance representing the headings of the agents. A well-
studied coupling function that is suited to this space is
(+) = sin(-), which yields

In other words,GG; consists of all nodes, but only retains
edges fromE' that connect leader nodeto its neighboring
nodes that are followers.

Denote by Br and B; any directed incidence matrix 6 = —Bsin(BT0). (8)
associated with the follower and” leader subgraphs. Note
that edges connecting one leader to another do not appeatrituitively, each agent steers to become more aligned (lo-
either leader or follower subgraphs. cally) with its neighbors.
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Much that is known about sinusoidal coupling comes The following lemma is the first contribution of this work,
from work in physics, chemistry, and biology in which theand is required for the subsequent theorem.

Kuramoto model, Lemma 3.1:Consider a connected gragh= (V, E) on

. KX . N nodes and select any one node as a leader. The (entire)
i =wit 5 > sin(t; — ). (9)  aligned set igeachablefrom any point in the aligned set.

=t Proof: Assume without loss of generality that the first

has been studied for years. Hete,c TV is the state and node is selected as the leader and that the followers have

w; € R is the natural frequency of th#" “oscillator”. Fre- initial state #(0) = a1l € A, a € T. To show that the

quency synchronization occurs when the coupling strengthligned set is reachable, select afye T as a goal point.

K, is sufficiently strong. If there exists a leader controller taking the follower stat
For engineering purposes, it makes sense to choose hom@m ¢(0) = al to lim, .. #(¢) = B1, the aligned set is

geneous natural frequencies, in which the Kuramoto modgdachable.

(9) reduces to all-to-all sinusoidal phase coupling thioug

. ) i = >
the state transformatiod;, = ¢; — w;t. With all-to-all Consider a constant leader controlles?) B, vt =

communication, the aligned set 0. Thi; chpice permits the overall heterogeneous system
' ' dynamics, including both leader and follower nodes, to be
1 X cos(6;) viewed as a certain homogeneous system. In particular, the
N Z [Sin(@i)] =10, (10)  equivalent homogeneous system consistsVohodes, each
i=1 of which applies sinusoidal coupling to all incident edges
is almost globally attracting fof{ > 0. The balanced (i.e. as in (8). Edges in the follower subgraph are undirected, as

A_{GETN

anti-aligned) set can be defined similarly, usual, but edges in the leader subgraphdirected going
N from the leader to neighbors. The state of the leader node in
B=lgeTVN 1 Z {Cf)s(oi)} =0\, (11) the equivalent homogeneous system never changes because
N =1 sin(6;) it has no incident edges whereas the follower nodes will

While these stability results require all-to-all conneity behave as they would in the original heterogeneous system.

recent work has explored more general topologies [15],.[16] Then, a recent result by Moreau [18] can be leveraged
An important result is that the aligned set is attracting wheto conclude that the state of the equivalent homogeneous
all phases are initially in a common semicircle, however theystem will asymptotically approaci¥1, and hence the
aligned set is known not to be globally attracting [17]. state of follower nodes in the original heterogeneous syste
I11. DYNAMICS AND ALIGNED SET REACHABILITY must also approacfyl. The main idea of Moreau's prqof
] is that the convex hull of the state decreases to a single-
In controlled phase coupling, a subset of the nodes (callggy, under some connectivity assumptions. The equivalent
Ieader_ nod_es) have the ability to_ transmit a control Signfﬂomogeneous system with directed topology meets these
to their neighbors. The follower (i.e. non-leader) nodes deonnectivity assumptions because a directed path exts fr

not know of the leaders existence, and thus process receigd |eader node to each follower node, by construction.
information according to the originally prescribed mod (

All neighbors of a particular leader receive the same value Morelau's ]PrOOf ish desighned fr?r Eucllidean zpaces,l_ det
from that leader. We begin by writing the system dynamicé?x"“lmlo 2 0 [18] S %NS ow the result can be apphie
Let ¢ € TIV*l be the phases of the follower agentssystems with state il provided all phases are within a

(the phase of the leader nodes is not used, and theref&%mron sebmlcwclg.(lj-!ere,l the foI.I((j)wers all starb@isohthe
excluded). As in previous work with controlled linear con-'esult can be use irectly providetl# a + 7. To show i
sensus, the leader nodes have access to all follower phaggg.tﬁ = a+ is also reachable, the leader can temporarily
The phase rate of th&" follower agent can then be written reportu = a + /2 and later change ta = ( once all

as agents have leftv. |

The following theorem is a main contribution of this work.

b; = Z {Sin(uj —¢;), if jis aleader (12)

_ sin(¢; — ¢;), otherwise. Theorem 3.2:Consider a connected graphon N nodes,
JEN: ! and select any one node as a leader. Then, for initial
Here,u; is the control signal sent out by leader ngd&sing follower phases in a common semicircle, (i¢.— ¢y €

the subgraphs defined above, the follower node dynamics (8)r /2, 7/2)!V*! for someg, € T), the aligned set is always

can alternatively be written as reachable.
. VL Proof: Proof is by construction of a controller. Without
¢ = —Bpsin(BL¢) — Z PTB;sin(B] P(¢ — u;1)). loss of generality, assume the initial state of the follasver
i=1 (13) is ¢ € (—w/2,7r/2)‘VF‘. In leaderless sinusoidal phase

coupling, the aligned set is globally asymptotically seabl
The matrix P is formed by selecting columns correspondingver any compact subset ¢f/2, 7r/2)‘VF| for arbitrary
to follower node indices from afv x N identity matrix. connected graphs [15]. Thus, let the leader obey the usual
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phase coupled oscillator model with internal stéte

Leader
=) sin(g; —9) (14)
jeMeader
and initial phase € (—n/2,7/2). The phase reported by
the leader is its internal stata, = £. Then, a point in the @

aligned set will be approached [15]. Finally, the result of
Lemma 3.1 can be used to show reachability of the aligned
set. [ |
Corollary 3.3 (Additional Leaders)Adding more leaders
does not decrease the size of the reachable set, because the
extra leaders can always implement follower-like behavior

e— 9

Leader

IV. EXAMPLES

Some specific examples of leader-controlled phase cou-
pling and a general result for chain graphics are presented
in this section to gain insight into this challenging prahle
and to highlight the main differences between controlled
sinusoidal and controlled linear protocols. The first three
examples are for three agents, whereas the final example
consider a general chain of length, see Fig 1.

A. Three Node Star Graph with Leader at Center

b (
The first topology studied here is the star graph, with a °—°o (XN Leader RN °
single leader at the center node (see Fig. 1(a)). This tggolo

c)
is of interest because it is completely symmetric about the (d)
leader node. This symmetry means that controlled linear con
sensus is uncontrollable because the two followers cargot big- 1. The example topologies considered in this sectien@ aN = 3
controlled independently. Interestingly, this uncoribility ~ St With the leader in the middle, (b)é = 3 complete graph, (c) & = 3

. . . . . chain with the leader at one end, and (d) a chain of ledgth- 3 with the
result does not hold with the sinusoidal coupling studie@ader at any one node. Edges from the leader are directéchiing the

here. follower is coupled sinusoidally to the leader, but not vieesa.
With this topology, the dynamics of each follower (12)
reduce to
. ) ) Put together, these results imply that the system is control
¢i =sin(u—¢i), i=1,2 (15) lable fromT*\.A. Because of the structure @, the aligned
= sinu cos ¢; — cosusin ¢;, set.A does not form a barrier as it would ®*. Instead, to

get from one state to another, a controller can always choose
a path that does not pass through the aligned set.
_ Knowing that this system is controllable outside the
o= A(d)q(u), (16) aligned set, a simple controller can be constructed to dhnige
state from an initial positionp(0) € T? \ A to a goal state,
¢* € T2. The basic idea is to choose the control direction
A(6) = —sing;  cos ¢y and q(u) = [ cosuj ~ that yields the quickest reduction in distance between the
17)

wherew € T is the phase reported by the leader. Then, th
system dynamics can be rewritten as

with

—sin¢gs  cos o sinu current state and the goal,

The leader can choose to make the unit vector(u) u = argmax ((¢* — ¢)" A(¢)q(i0)) . (18)
point instantaneously in any direction. Thus, providé@) “
is full rank, the leader can drive the state in any direction i This optimization problem can be solved in closed form by
the state spacelt). For this systemA(¢) loses rank only €xamining the first-order necessary conditions,

when the state is aligned or is balanced<.A U B). o cos
When the state is aligned, the range 4f¢) is spanned 0= u ((gb* &) T A(op) { . D
by [1,1]7, which is also a basis vector for the aligned set. b . Sy (19)
Thus, no control signal from the leader can eject the state = (¢* — )T A(¢) [ —smu ] 7
from the aligned set. On the other hand, when the state is cosu
balanced, the range of(¢) is spanned byl, —1]”. Control \\hich are satisfied when
can drive the state out of the balanced set, but no motion is
possible directly along the balanced set. q(u) = £A(9)T (¢* — ¢). (20)
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Fig. 2. The controlled state trajectory is shown for a siriataof the three > ol L
node star graph with the leader at the center. The intigesw[0, -1]  ~| . ‘
and the goal state, shown as a red dot[6isl]. The state spacel?, is 0 2 4 6 8 10
represented as the area between the two aligned sets (wkiclttaally the Ti
same, as per the definition of a torus). ime (s)

Fig. 3. Follower stateg (top) and leader contral (bottom) versus time.
- ] ) The initial state is[0, —1] and the final (goal) state i = [6, 1]. Notice
The positive sign is chosen so that the control takes the staiow the control oscillates to keep the state near the goal.

in the correct direction:

((b* - ¢)T¢ = ((b* - d))TA(d))Q(u) Equiva|ent|y,
= q(u)"q(u) (21) ¢ = A(¢)q(u) + D(¢), (24)
>0 .
= with
Then, the leader control can be calculated as A(6) = [ _ S?n b1 cosér } (25)
u = atan (q(u)), (22) — .Sln P2 €OS P2
) . D(gb) — [ Sln(¢2 - ¢1) } (26)
whereatan is the four quadrant arctangent function. —sin(ga —¢1) |’

BecauseA(¢) is full rank outsideA U 5, the distance be-

tween the current and goal states decreases along codtrolle‘JUStt as mth Th © s(tjar g(;?)pﬁ"(¢) 'g fU|t| rafphk everywhere
trajectories on this subset. The state does not start align xcepton the aligned and baianced Sets. Thus, o '

and the controller will not drive the state into the alignecihe Ieta;:ier controiﬁ can pusthhthe Stat.? '; anfytrc]i_wectlo:l Iln'
set, by construction, so the only possible trouble spotés t € state space. However, the magnitude of this control Is

balanced set. Indeed, this particular controller is imgetrin imited by the fact thaty(u) is unit norm. The driftD pushes

that it is unable to drive the state to a goal in the balancet e system toward alignment (as expected, because all-to-

set. Because the system is controllable, a different cbetro S}I coupt)hng S aI:nost %loﬁag?’ sta;]ble :g allgnm(_atng. Tff\utrs]
should be used when the goal state is balanced. € system 1S only controflable when the magnitude of the

To demonstrate the controller in simulation, the initiatlan _control is large enough to overcome the drift. Once the state

final states were chosen af0) — [0,—1] and ¢* — [6, 1]. is sufficiently close to the aligned set, alignment cannot be

Results are shown in Figs. 2 and 3. The goal state is reach%rtivented by any control,

in about7sec. Note that outside the aligned and balanced. 0 expllcnly determine the subset of the do”_‘a'” on Wh'Ch

: - this system is controllable, the control design technique
sets, no leader control input can zero the state derivdtive. from the star araph example can be emploved. Instead
stead, once the goal point is reached, the controller ntura grap P ployed.

: T of calculating which input vector(u) yields the greatest
oscillates back and forth to keep the state arbitrarily elas velocity towards the goal (20), we determine which input

the goal. vector results in the greatest velocity against the drift,
B. Three Node All-to-All with One Leader q(u) = A(¢)"D(9)

The second example considered here is a complete graph . sin ¢o — sin ¢ (27)
on three nodes with a single leader (see Fig. 1(b)). As with =sin(g2 — 1) | o ¢1 —cosdo |’

the star topology, this structure is symmetric, but has a o . . .
non-empty follower subgraph that creates a non-zero driWh_ereu is still calculated from (22). Physlcally, th|s_ choice
vector field. Following the analysis technique of the presgio of input corresponds to the leader reporting that it is ledat

example, the dynamics of the followers can be written as across the phaspr CII’C-|e ffo”.‘ the average Of the followers
phasors. With this choice of input, the drift will overwhelm

d | ¢ | _ | sin(¢2 — ¢1) +sin(u — ¢1) (23) the control whencos(¢2 — ¢1) < —1/2. In other words,
dt | ¢2 | | sin(¢1 — ¢2) +sin(u — ¢2) | the leader is only effective at overcoming the drift when the
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Fig. 4. The controllable set dfi is shown for the complete graph. When Fig. 5. The sets for the chain graph are shown. All statesesehable from

the angle between the followers is less tha0°, alignment cannot be the controllable set (light gray), however the positivatyariant reachable

prevented. set (dark gray) cannot be avoided after entering the drifnidated set
(medium gray).

followers are separated by at led€t0°. Thus, this system _ o _ _
is only controllable inside a band around the balanced ségachable sets are depicted in Fig. 5 as light, medium, and
as shown in Fig. 4. dark gray shaded regions, respectively.

C. Three Node Chain with Leader at End D. N > 3 Node Chain with One Leader

The next topology considered here is a three-node chainWhile regions of reachability and controllability have bee
with the leader at one end (see Fig. 1(c)). The main diffezenclemonstrated for the three node chain, the fact remains
between this example and the previous ones is the ladkat the follower agent phases are uncontrollable on2the
of symmetry about the leader. Again, the edge betwedarus (i.e. not controllable everywhere). This result can b
the followers results in a non-zero drift vector field. Theextended to a chain of lengtN > 3 with a single leader,

dynamics in this case are see Fig. 1(d).
d . . Corollary 4.1 (N-Agent Chains):Consider a group of
@ [ 2 ] - [ sin(éz — ¢1) +sin(u — 1) ] (28) N > 3 agents connected in a chain and choose any one
dt | ¢2 sin(¢1 — ¢2) node as the leader. Then, the leader is unable to control the

For this topology, rewriting the dynamics in terms 4fp) state of thelV — 1 follower nodes on the domain.

and ¢(u) does not help becausé(¢) is never full rank. Proof: Every chain of lengthNV' > 3 necessarily

Instead, consider the coordinate transformatioa ¢, +¢,, terminates at one end with two adjacent follower nodes,

¢ = ¢1 — ¢ andv = sin(u — ¢, ), for which independent of the location of the leader in the chain. Even

_ if the leader were able to directly control the node adjacent

q {?] = { v } (29) to these two nodes, the result of the the three-node chain
dt | —2sin(¢) +v]’ example from Section IV-C shows that the phases of the two

andv € |1, 1]. The control is found by, = arcsin(v)+ ¢1, end nodes is uncontrollable. Thus, the phase ofthe 1

but when the sine of the angle difference is larger than orfgllower nodes is also uncontrollable. _ =
half, nou can be found to counter the drift of the system. TNis result is contrary to the controlled linear consensus
Thus, the drift dominates the control and drags the staRfoblem, where théV-agent chain is controllable when the
towards the aligned set whein® < |45| < 150°. topology is not symmetric (e.g. the leader is at one end).

With this result in mind, the state space can be partitiondjoté that as in the three-node example, there may exist
into three sets controllable regions and the aligned set is always reaehabl

from a semicircle, however the overall uncontrollabilitfy o

S¢={peT?|150° < |p1 — ¢o|} (30) the chain is universal and any controllable region is likely
SP ={peT?|30° < ¢ — do| <150°}  (31) reduced in volume as nodes are added to the chain.
St ={peT? | |p1— ¢2| <30°}. (32) V. CONCLUSION

For points in the controllable setS{), every other point  The work in this paper has extended previous work on
in T2 is reachable in finite time, and thus the system ifinear controlled agreement to sinusoidal coupling on the
controllable from this set. Once the state enters the drif¥-torus. While much remains to be learned about this
dominated set§”), the above analysis shows that enterindascinating system, results presented here show thatnfor a
the reachable setS€) is unavoidable. Every point in the connected topology with one or more leaders, the aligned set
reachable set is reachable from every other point in the sé&t.reachable from any initial state in a hemisphere. Specific
However, the reachable set is positively invariant, megninexamples were then presented and analyzed to demonstrate
it cannot be escaped. The controllable, drift dominated, arthe effect of topology and the significant differences betwe
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linear and sinusoidal couplings. One observation is that
leader symmetry does not imply uncontrollability, as it did
in the linear case.

Future work will build upon the foundation presented
here to answer more general questions of reachability and
controllability. For instance, if a single leader can becplh
anywhere in a large network, where should it be put in order
to be most effective? Also, how few leader nodes are required
to make the heterogeneous system controllable?

To answer these questions and make additional progress
on this problem, future work will connect this problem to
existing theory and develop new tools as necessary. Control
of nonlinear systems that contain drift is an active area of
research.

Future work will also focus on closing the loop with
biologists to see if controlled phase coupling is a good rhode
of heterogeneity in natural aggregations. If so, effort \vé
directed towards inter-disciplinary work in this area.
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