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Abstract

Long Range Evolution-based Path Planning for UAVs through Realistic

Weather Environments

Juan Carlos Rubio Torroella

Co-Chairs of Supervisory Committee:

Assistant Professor Rolf Rysdyk
Aeronautics and Astronautics

Professor Emeritus Juris Vagners
Aeronautics and Astronautics

The application of an evolution-based path planner for UAVs in long range �ights is pre-

sented. The planner makes use of wind information from actual weather forecast databases

and considers areas of potential icing hazard. Weather variability in both 3-D space and

time is taken into account for the planning of the complete path. Examples show how the

planning system makes use of favorable winds for fuel consumption bene�t, avoids areas

of potential icing, and is able to follow weather reconnaissance type of trajectories by vis-

iting areas of interest as well as scanning the atmosphere with desired vertical maneuvers.

A spherical Earth model for path generation has been implemented within the planner for

long range applications. Vehicle performance and fuel consumption models are integrated

into the planner with the use of performance tables, allowing the system to plan for any

type of vehicle. The planner is capable of making in-�ight mo di�cations to further re�ne

or adapt its path to updated weather information.
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Chapter 1

INTRODUCTION

Over recent years, interest in the use of Unmanned Aerial Vehicles (UAVs) has contin-

uously increased together with the research and development on these systems. These ve-

hicles offer potential bene�ts for a variety of application s where otherwise high cost and/or

risky operations are involved. One of these applications is the use of UAVs in weather

reconnaissance programs which motivated the research presented here.

The accuracy of numerical weather forecasts depends heavily on observation data avail-

able to the models. The sparsity of observational data over the oceans is a major cause for

poor forecasting. At the present time, observations over these areas are obtained primar-

ily from three different sources. Satellite data provide a good amount of information in

the upper troposphere (such as water vapor and cloud track winds) and near the surface

(scatterometer winds). However, they are limited in providing data within cloud systems.

A second source of observations is measurement from commercial aviation aircraft �ying

across the oceans, but this information is in general limited to jet stream level. Thirdly,

buoy and ship observations provide additional observation, but in a sparse capacity. This

in general leaves the lower two-thirds of the troposphere lacking weather sampling over

the oceans (0 to 6000m), compared to a much larger information database available over

terrain surfaces where radiosondes lifted by balloons are launched twice a day. Thus, the

lack of tropospheric sampling over the oceans creates a major area of potential for applica-

tion of model sized UAVs, which offer continuous, long range, economical and multi-level

observation of the atmosphere.
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Among other systems, the Aerosonde and Seascan UAVs have shown promise on long

range �ights suitable for weather reconnaissance missions . The Aerosonde was the �rst

unmanned aircraft (and smallest) to cross the Atlantic Ocean in 1998, taking off from Bell

Island, Newfoundland and landing on South Uist in Scotland’s Western Isles, a distance of

3270km [1]. In this successful �ight, however, the vehicle � ight computer was loaded by

the research team with pre-de�ned way points based on the mos t recent available weather

conditions and forecast, which the vehicle followed without further modi�cations. Au-

tonomous planning and navigation capabilities are required for proactive future success of

long range �ights of small UAVs. Adaptation of the path to cha nging environment condi-

tions while en-route is essential in future UAV systems. Autonomy will reduce the human

operation work load which is still very high in unmanned vehicle �ights.

The research presented here involves the integration of weather information from ac-

tual databases and forecast algorithms with evolutionary path planning techniques for long

range autonomous �ights. It addresses a 4-dimensional prob lem of space and time, requir-

ing adaptation to account for unexpected changes in the environment. The objective is the

planning of trajectories that balance fuel consumption, icing hazard avoidance and obser-

vation requirements, considering performance characteristics of the target vehicle. Prelim-

inary results of this research were presented in [2]. Application of evolutionary planning

techniques to multiple autonomous vehicles [3] is a signi�c ant part of the research at the

University of Washington Autonomous Flight Systems Laboratory.
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Chapter 2

EVOLUTION-BASED PATH PLANNER

This chapter presents the main concepts behind the path planner. It begins with some

background of Evolutionary Computation methods and concludes with a description of the

algorithm implemented in the Path Planner.

2.1 Evolutionary Computation

Evolutionary Computation (EC) is a class of global optimization techniques which mimic

the evolution process witnessed in nature. Since the idea was introduced in the 1960s, sev-

eral EC-based techniques such as genetic algorithms and evolutionary programming have

been developed [4]. The techniques are slightly different in the actual implementations.

They, however, use the same metaphor of mapping the problem to be solved onto a simple

model of evolution. The mapping of terms used in evolutionary computation to the problem

solution domain is shown in Figure 2.1.

Evolution

Individual

Population

Fitness

Problem Solution

Candidate solution

Set of candidate solutions

Quality

Figure 2.1: Mapping of problem solution onto a model of evolution.

Algorithms which are developed based on the concept of Evolutionary Computation are



4

generally called Evolutionary Algorithms (EA). The problem solving process of an evolu-

tionary algorithm is done by successively modifying a population of individuals each of

which represents a candidate solution of the problem being solved in search of the opti-

mal solution. The starting population is initialized randomly by an algorithm-dependent

method. The trial solutions move their way through the search space by evolving the pop-

ulation toward the region with the highest �tness by means of randomized mutation, and

selection. Each generation of the evolution consists of the following three phases: �tness

evaluation, selection, and production of offspring. Fitness is a measure of the quality of

a candidate solution represented by an individual in the population. Mutation is a process

to alter an individual using a speci�c mechanism. The select ion process is a procedure to

reduce the size of the population by eliminating some individuals with lower �tness. The

individuals that survive through the selection process are the parents which are used to

create offspring, new individuals, for the next generation.

Regardless of their implementation, all evolutionary algorithms have the same funda-

mental procedure. The following are the primary steps in an evolutionary algorithm solving

the generalized optimization problem:

1. Generate an initial population, P(n = 0), of „ + ‚ individuals. This initial pop-

ulation can be created completely at random or based on speci�c knowledge, or a

combination of the two.

2. Evaluate the �tness of each individual using a �tness func tion F ( ~P j) where ~P j is an

individual in the population.

3. Select „ individuals out of the entire population based on their �tne ss to be parents

used to generate offspring in the next step. The selection scheme can be either deter-

ministic or probabilistic.

4. Generate ‚ offspring from the „ parents. Each of the offspring can be spawned by

mutating a copy of one of the parents using a set of mutation mechanisms or by

combining a pair of the parents.
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5. Set n = n + 1 and go to step 2 until termination criterion is reached or the planning

time expires.

The �tness function F used to evaluate �tness of each individual must be a combinat ion

of an objective function and a constraint function. The �tne ss function can also be in the

form of a vector of functions ~F . The detailed implementation of these steps largely depends

on the problem.

Two popular EC-based techniques are Genetic Algorithms and Evolutionary Program-

ming. Genetic Algorithms (GA) are the most well-known type of evolution-based opti-

mization techniques developed by Holland [5], a computer scientist at the University of

Michigan. The main idea behind them is that individuals in a population are encoded as

’chromosomes’ (in bit form) through which mutation and propagation occurs based on ex-

ternal �tness criteria. On the other hand, Evolutionary Pro gramming (the method adopted

for the path planner used here) models candidate solutions directly in the output space �

the search space of the problem being considered; that is, each individual in the population

is represented by the variables of interest for the problem, which are subject to direct modi-

�cations through the evolution process. The original Evolu tionary Programming (EP) idea

was introduced by L. J. Fogel, and was later extended by D. B. Fogel [4].

2.1.1 Evolution-based Path Planning

There are many advantages of using EC-based techniques in path planning problems. First,

they are open architecture techniques. It is easy to solve optimization problems with lin-

ear or nonlinear performance functions and constraints. Second, EC-based planning ap-

proaches are continual adaptation techniques. They can run continuously as the vehicles

execute the plans, and handle changes in the operating environment and vehicle capabilities.

Furthermore, EC-based techniques respond to the changing environment quickly because

they do not have to recompute the entire plans. The current plan is adapted in response to

the changes.
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EA based techniques have shown promise for solving optimization problems where

complex and variable environmental characteristics are an important factor. Much interest

has existed in the application of these techniques for path planning problems.

Fogel [6] applied Evolutionary Programming (EP) to an optimal routing problem of

autonomous underwater vehicles (AUVs). This work shows that the planning algorithm

can handle unexpected changes in dynamic environments. Fogel also considers a number

of problems including multiple goal locations, detection avoidance, and cooperative goal

observation for a pair of AUVs. Solution to these complex problems was achieved by only

modifying the performance objective function.

Xiao [7] presented an adaptive evolutionary path planner for mobile robots. This ap-

proach combines off-line planning and on-line replanning in the same evolutionary algo-

rithm. In this approach, a path is represented as a set of waypoints chosen at random

connecting the initial and goal locations. The probability of selecting different mutation

operators is adapted during the search to improve performance.

Capozzi [8] presented an evolutionary technique for path planning of an aerial vehicle in

a simulated dynamic environment. The planning algorithm was tested in several complex

scenarios: varying terrain, wind variations, dynamic obstacles, and moving targets. The

simulation results show that the algorithm can ef�ciently s earch simultaneously in space

and time to �nd feasible, near-optimal solutions.

Hacaoglu and Sanderson [9] developed an evolution-based planning algorithm using

a multi-resolution path representation. The use of the multi-resolution path representation

reduces the complexity of the planning problem and in turn reduces the computational time.

They show that the planning system can be applied to mobile robots or manipulators with

many degrees of freedom and provides effective results. In addition, they also proposed a

multi-path planning algorithm which generates multiple alternative paths simultaneously.

Rathbun and Capozzi [10] developed an evolution-based path planner which explicitly

accounts for uncertainties in the environment. In this work, the planning algorithm does not

only use the estimate of the obstacle locations in the environment but also the uncertainty
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associated with the estimate. This work suggests an approximation method to compute the

probability of intersection of the vehicle path with an obstacle. This probability of inter-

section is used in the �tness function to evaluate candidate paths. The proposed planning

algorithm shows reasonably good results in comparison to graph-based search methods.

2.2 Evolution-based Path Planning Algorithm

The general concept of the EC-based planning algorithm used in this research is illustrated

in Figure 2.2. The algorithm runs in a loop which has three phases. It starts by randomly

generating a population of encoded plans. Then it evaluates the �tness value of each plan.

The next step is to select the best plan to be the candidate solution for this generation and

also select a portion of the plans in the population to be the parents of the next generation

based on their �tness values using a selection scheme. The la st step is to produce offspring

from the parents selected in the previous phase. An offspring is generated by cloning a

parent and applying a mutation mechanism to it or by crossover of two parents. This loop

is run continuously to update the plan as the optimization process proceeds.

Population

Produce

Offspring

( mutation )

Evaluate

( fitness )

Selection

Decode

Environment

Vehicle

Capabilities

Goals

Constraints

Plath Encoding Best
Path

Figure 2.2: Overview of Evolutionary Computation based planning algorithm.



8

The EC-based planning algorithm used in this research is based on both Genetic Al-

gorithms (GA) and Evolutionary Programming (EP) [11]. Work by Capozzi [12] suggests

that the algorithm combining features of both paradigms can improve the performance of

the optimization process. The design of an EC-based path planning algorithm involves the

following issues: path encoding, �tness evaluation, mutat ion mechanisms, and selection

scheme. The path planning algorithm for a single vehicle used in this research is based on

the algorithm described in Rathbun and Capozzi [10].

2.2.1 Path Encoding

In the path planning algorithm used in this research, a path is encoded as a sequence of

simple segments chained end-to-end, shown in Figure 2.3. For the long range application

considered here, construction of segments was extended from a simple �at Earth model to

a spherical Earth model. Chapter 3 presents the geometric details for such implementation.

The segment parameters are limited to keep motion within the vehicle capabilities; the

integration of vehicle performance into the path planner is considered in Chapter 4.

Continuity is maintained between the joining end of a segment and the starting point.

Continuity in heading and speed at the join of two segments is not strictly enforced con-

sidering that the dimension of the problem is large enough to allow the vehicle’s controller

to adjust accordingly. We also enforce every path to end at the goal location by adding a

necessary number of segments at the end of the last segment to extend the path to reach the

goal location. The go-to-goal segments are added to a new path after it is created.

2.2.2 Fitness Evaluation

Fitness of a candidate path is the value that represents the performance measure of the path

based on the objectives given by the problem. The �tness of in dividuals in the population

must be determined during the evaluation process. It may be computed directly through a

�tness function, or inversely as a cost function. Individua ls with higher �tness (or lower
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G

Figure 2.3: An encoded path which is composed of a chain of connected segments.

cost) have more chance to survive during the selection process. The quality of the resulting

path depends heavily on this function.

The �tness (cost) function may be de�ned in several ways. A ty pical case consists of a

weighted linear combination of parameterized terms which represent the mission speci�ca-

tions and constraints. Another approach consists of multi-objective optimization methods;

rather than a single function, individual non-linear functions are designed for each param-

eter considered in the problem which allows one to de�ne diff erent competition methods

between paths. The objective of any approach is to de�ne �tne ss functions that may lead the

solution to an expected performance. The planning examples presented in chapter 6 have

primarily used the second approach by comparing the maximum value of all cost functions

of each path. The parameters considered are:

† fuel requirement,

† icing encounters,

† target achievement.

A typical cost function relation between these objectives is represented in Figure 2.4.

2.2.3 Mutation Mechanisms

Mutation mechanisms are essential for the evolution process to improve the �tness of a

candidate path generated in each generation and to eventually converge to the optimal so-

lution. A mutation has the effect of randomly moving a candidate solution from one point
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Figure 2.4: Example of Multiple Cost Functions for a Path.

in the search space to another. Therefore, an effective set of mutation mechanisms must be

able to move a candidate solution from one point to any other point in the search space by

applying a series of these mutation mechanisms to it.

In each generation, offsprings are created either by crossing over two randomly selected

individuals in the population, or by copying an individual and mutating it using one of the

mutation mechanisms chosen at random. We have �ve mutation m echanisms which are

illustrated in Figure 2.5. The list below explains each of the mutation mechanisms.

† Mutate 1-Point - randomly changes the parameters of one or more segments, and

then re-locates all the following segments. The �rst segmen t to be mutated and the

number of segments to be mutated are selected at random.

† Mutate 2-Point - randomly changes the parameters of one or more segments, com-

putes the new resultant end point for those segments (similar to Mutate 1-Point), and

then connects back to the start of another segment of the path further along. The
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Mutate Expand Mutate Shrink
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Figure 2.5: Path mutation mechanisms.



12

beginning segment and the segment joined to are both chosen at random.

† Crossover - takes the starting segments of one path and the ending segments of an-

other and join the two sets of segments together.

† Mutate Expand - adds one or more randomly created segments onto the end of the

path. All original parts of the path are left untouched.

† Mutate Shrink - removes one or more segments from the end of the path. The

number of segments to be removed are selected at random.

Mutations of segments are not restricted only to their geometry, but may include the

speed at which to �y them, thus taking advantage of different fuel consumption rates.

2.2.4 Selection Scheme

Given a population of the size „ + ‚, the selection scheme is a mechanism for selecting

„ individuals to be parents at the nth generation. These „ parents will be used to create

‚ offsprings later in the next mutation process. The selection scheme is independent of

the instantiation of evolutionary computation chosen for a particular application. In this

research, a q-fold binary tournament selection scheme is chosen. Figure 2.6 illustrates the

procedures of the selection scheme which can be described as follows. For each individual

i 2 f1; 2; : : : ; „ + ‚g.

1. Draw q ‚ 2 individuals randomly from the population (excluding individual i) with

uniform probability 1

„+‚¡1
. Denote these competitors by the indices fi1; i2; : : : ; iqg.

2. Compare individual i’s �tness against each of the competitors, ij , j 2 1; 2; : : : ; q.

Whenever the �tness of individual i is not worse than that of competitor ij , individual

i receives a point.

The score of each individual received during the tournament is an integer in the range [0,q].

After the scores of all individuals are determined, the top „ individuals with the best scores

are selected as the parents for the next generation.
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Figure 2.6: Illustration of the tournament selection scheme.

2.2.5 Dynamic Planning

Dynamic path planning is an iterative process. The planner of the vehicle continuously

updates the path while the vehicle is moving in the �eld of ope ration. The steps in the

dynamic path planning algorithm are described as follows:

1. Run the EC-based algorithm described above continuously to update the candidate

path.

2. Send a portion (trajectory) of the current best path computed in step 1 to the vehicle

controller once the vehicle reaches a new spawn point.

3. Update the estimates of the environment.

4. Update the paths in the population for a new vehicle location by removing a number

of segments from the start of the paths and adding back segments to join the path to

the new vehicle location.

5. Go to step 1

A diagram describing the concept of the dynamic path planning algorithm is shown in

Figure 2.7. In dynamic path planning, the planning problem in each cycle is a nearby

problem of that in the previous cycle. This approach attempts to preserve some information
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Figure 2.7: Concept of dynamic path planning algorithm which retains the knowledge
gained from the previous planning cycle.

of the past solutions and uses it as the basis to compute new solutions even though the new

problem is slightly different from the previous problem.

In highly dynamic environment situations, one would want the already-committed non-

adapting sections of paths to be short to allow as much adaptability as possible. However,

this comes with a trade-off on the time-available-to-plan requiring fast enough algorithms

to compute new plans within a speci�ed time limit. Figure 2.8 illustrates this concept.

We de�ne a spawn point as the point that speci�es the starting point of a new traject ory

which will be generated by the planner. In the �gure, the curr ent spawn point is located

on the trajectory at time tsp
which is the execution time horizon of the vehicle controller.

This spawn point divides the committed section and the adapting section of the planned

trajectory. The committed section, which will not be altered, is a portion of the path for the

time period tk < t < tsp
. The adapting section of the trajectory is free to be further re�ned

by the planner. The time tN at the end point of this trajectory segment is the planning time

horizon. A new committed trajectory is sent to the vehicle’s controller for execution every

time when the vehicle reaches a spawn point. The time difference between two adjacent

spawn points (¢Ts = (tsp
¡ tsp¡1

)) speci�es the maximum time-available-to-plan for the
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planner to update the adapting section. In this manner, the planner can account for new

information about the environment that becomes available during execution.

Vehicle
at time tk

Spawn point tsp

Planning
horizon

Committed section

tk < t < tsp

Path computed 

at time

Adapting section

tsp 
< t < tN

Previous 

spawn point tsp-1

tsp-1

time

Execution

time horizon
Planning

time horizon

t
k

tsp

tsp-1
t
N}

Time-available-to-plan

Figure 2.8: Dynamic Planning Concept. A vehicle (at time tk) is moving along a trajectory
previously computed at time tsp¡1, shown as a gray line. The current spawn point at time
tsp

is shown as a black diamond.

2.2.6 Parallel Evolvers

The use of parallel evolution has a potential of addressing several issues for path planning:

a) acceleration of the EC-based search for a feasible optimal solution, b) avoidance of lo-

cal minima traps and c) integration of human operator inputs. Studies have shown that

results computed using Evolutionary Algorithms can converge to global optimum solutions
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in simple optimization problems ([11], [13], [14], [15]). However, convergence properties

rely heavily on the strength of the mutation mechanisms and selection scheme used in the

algorithm to ensure global search space coverage. In addition, the optimization algorithm

used in the planning system must converge ’fast enough’ relative to the speed of the envi-

ronmental dynamics, which becomes essential for real-time applications. Addressing these

issues, some researchers [16], [17] have shown that running several evolution processes in

parallel can improve the speed of convergence and avoid local minima as well as tracking

moving peaks in dynamic optimization problems [18].

Figure 2.9 illustrates the concept of the parallel evolution technique. In essence, mul-

tiple evolvers are coded to run independently based on the same �tness function. The key

issue is to determine the best merging scheme. One does not wish to directly compete these

parallel populations until comparable �tness levels are re ached. Two possible strategies

among many others for two parallel evolvers are: 1) Compare the two populations; if the

secondary population is better, replace individuals in the principal population by those in

the secondary population. 2) Replace individuals in the principal population by the top

individuals from the two populations.

The use of parallel evolution may also allow the integration of inputs from various

algorithms. Being independent, each evolver can be initialized in different ways. One

possibility is the integration of human operator inputs, an important issue in automated

algorithms. This scheme may allow human input to compete effectively with algorithm

solutions. For example, if the operator has a high level of con�dence that a particular path

should be followed, then this information can be accommodated in the planner algorithm

as hard constraints. If, however, it is not clear that the operator inputs are better than

what the algorithm is deriving, the input paths are treated as initial conditions to a parallel

evolver that is then merged at an appropriate time with the primary evolver. Other sources

of initialization to each evolvers may include independent random seeds or deterministic

method solutions (e.g. from A* [19] or D* [20] algorithms).

A preliminary application of the parallel evolution concept was used in the planning
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Figure 2.9: Parallel Evolution Concept.

examples presented in chapter 6. Two evolvers perform the same path search. They are

randomly initialized and the best path results of each evolver are compared at every trajec-

tory selection interval. The evolver containing the overall best path provides the portion of

the path to commit and to continue evolving with its current population. The second evolver

is re-initialized with random seeding to plan for the remaining distance, with a handicap

number of generations.
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Chapter 3

SPHERICAL GEOMETRIES BEHIND THE PATH PLANNER

Long range applications require consideration of the curvature of the Earth to account

for factors such as:

† The distance of a degree of longitude varies with latitude,

† Heading azimuth (angle in horizontal plane relative to north) is not constant while

moving directly from one point to another (i.e. in a ’straight’ path),

† Shortest distance between two points on a sphere follows a great circle.

This chapter presents all the geometry-related computations and assumptions developed

and implemented in the path planner. A spherical Earth has been assumed.

3.1 Coordinate System and Main Vectors

A 3-D Cartesian coordinate system was adopted for the development of the required com-

putations. The main coordinate system is a right handed frame X-Y-Z with its origin at the

Earth’s center, the x axis passing through lat 0–, long 0–, and the z axis passing through the

North Pole.

Five main parameters for path encoding are used throughout the planner: latitude µ,

longitude `, geometric altitude with respect to the Earth’s surface ⁄, heading azimuth ˆ,

and heading elevation ° (angle relative to a horizontal plane). Two main types of vectors are

required for the development of the necessary computations: position vector ~r and azimuth

vector ~a (Figure 3.1). They are constructed as unitary vectors based on µ, ` and ˆ.
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Figure 3.1: Position and Azimuth Vectors, in earth-centered frame Fec

The normalized position vector ~r is obtained by the known relationship:

~r =

2
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(3.1)

In the case of the azimuth vector, it was necessary to �nd a rel ation between the carte-

sian components of the azimuth vector ~a and µ; ` and ˆ. Figure 3.2 shows a closer look

to a tangent plane similar to that appearing in Figure 3.1. It shows how the unit azimuth

vector may be constructed as:

~a = ~ar + ~ap + ~az (3.2)

where ~az is in the direction of the z-axis, and ~ar and ~ap correspond to the radial and per-

pendicular vectors of the projection of the azimuth vector on the x ¡ y plane (Figure 3.3).

It is clear from Figure 3.2 that ~az corresponds to the projection of ~a on the z axis; thus,

in the Fec frame it corresponds to
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From Figure 3.3 we may relate vectors ~ar and ~ap to the Fec frame by their x and y

components:

~ar = ar
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Thus, substituting in 3.2 we have
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Referring back to Figure 3.2, and recalling that ~a is a unit vector, it is clear that ar, ap,

and az are given by

ar = cos ˆ cos fi (3.7)

ap = sin ˆ (3.8)

az = sin fi cos ˆ (3.9)

Substituting them in 3.6, we then have
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And since fi = 90– ¡ µ, the relation between the azimuth vector ~a and the parameters

µ; ` and ˆ in the Fec frame is �nally given by:

~a =
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Vectors ~r and ~a de�ne vector ~n via the cross product ~n = ~r £~a, which de�nes the great

circle plane formed by the previous two vectors.
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These three normalized vectors are of basic use for segment calculations.

3.2 Segment Construction

Two main types of geometries for the encoding of segments of a path have been imple-

mented in the path planner: straight segments following a great circle path (which is a

projected great circle path when changing altitude), and curve segments following a small

circle path (Figure 3.4).

3.2.1 Straight Segments (Climbs, Descents and Lines)

A straight path segment is de�ned by the following parameter s:

† Initial position µi; `i; ⁄i,

† Length S,

† Initial heading, ˆ; °, where ° = 0 for constant altitude segments referred to as lines

† Final position, µf ; `f ; ⁄f , which is either computed based on the parameters above,

or de�ned by a pre-de�ned position to join to.
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Figure 3.4: Great Circle and Small Circle Paths.

Figure 3.5 presents the vector structure to generate these type of segments. The method

computes the �nal position after traveling a distance S from the initial position and heading.

The assumption is that even for climbs and descents, the path follows a circular geometry

with the same radius as the great circle that would be �own wit h no altitude change, given

by the radius of the earth + initial altitude (RE+⁄i
). The �nal position vector ~p, normalized

by RE+⁄i
, is obtained by:
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Figure 3.5: Great Circle Projection Method for Climb Segments (Normal View of Great
Circle Plane).
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~p = ~m + ~f (3.13)

where ~m is the vector de�ning the translation of the Earth center to t he new center for the

projected great circle climb and ~f is the �nal position vector from the new center location.

These two vectors are constructed with the aid of the two frames R-A-N, based on ~r, ~a, ~n;

and N-(-Q)-E, a right handed frame based on ~n, ¡~q, ~e (see Figure 3.6):

~m = ~q + ~r (3.14)
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where ~q and ~e are de�ned by
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Figure 3.6: Local Auxiliary Frames for Straight Segment Computation.




