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We will base our construction of controllers for trajectory tracking on solutions to the
optimal control problem for the nonholonomic integrator. As we will show later, constructing
controllers for the nonholonomic integrator is the key building block for general nonlinear
system controllers. The reason is that the nonholonomic integrator can be used as a basis
structure for nonlinear systems that cannot be feedback linearized.

To begin, recall that the nonholonomic integrator is given by

ẋ1 = u1

ẋ2 = u2

ẋ3 = x1u2 − x2u1

The solution to the optimization problem

min
∫ 1

0
(u2

1 + u2
2)dt

subject to fixed endpoints can be found either with the Euler-Lagrange equations or the
Maximum Principle. the end result is solutions of the form

x1(t) = α1 + α3 (1− cos(µt))− α4 sin(µt)

x2(t) = α2 − α4 (1− cos(µt))− α3 sin(µt).

where the coefficients are found by applying the boundary conditions (see the optimization
notes).

Now consider the more general class of nonlinear systems

ẋ =
m∑

i=1

fi(x)ui, x ∈ Rn, u ∈ Rm
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and the minimization problem

min
1

2

∫ 1

0
uTudt

The easiest case is found by assuming thatm = n and that the vector fields fi are independent
in a neighborhood of x = 0. We can then write

ẋ = G(x)u⇒ u = G−1(x)ẋ

so that we have

min
1

2

∫ 1

0
uTudt =

1

2

∫ 1

0
ẋTG−1T

(x)G−1(x)ẋdt =
1

2

∫ 1

0
ẋT G̃(x)ẋdt

where G̃(x) is referred to as the system metric. Writing out the Euler-Lagrange equations
for this system, we have

d

dt

∂L

∂ẋ
− ∂L

∂x
= 0

⇒ G̃ẍ+

(
∂

∂x
G̃(x)

)
(ẋ, ẋ)

where G̃(x) is an n× n matrix, ∂G̃
∂x

is an n× n× n tensor, and ∂G̃
∂x

(ẋ, ẋ) means “evaluate the
3-tensor in the direction (ẋ, ẋ). Specifically

ẍ+ G̃−1(x)

(
∂

∂x
G̃(x)

)
(ẋ, ẋ) = 0

ẍi +
∑

j,k

γijkẋjẋk = 0

where γijk are the Christoffel symbols. For a mechanical system with no potential forces
and no external forces, G̃ is the mass matrix and the Christoffel symbols are the combined
Coriolis and Centrifugal force terms. These equations are the geodesic equations for the
metric G̃. Therefore this optimal control problem is equivalent to finding the shortest path
between points on our manifold subject to the system dynamics.

We will have different behavior if we have fewer vector fields than states, but the system
is controllable. In particular, for the nonholonomic integrator, note that

ẋ3 = x1ẋ2 − x2ẋ1

⇒ x3(t) =
∫ t

0
x1ẋ2 − x2ẋ1dt

=
∫ x2

0
x1dx2 −

∫ x1

0
x2dx1

which gives the signed area of the curve formed by x1 − x2. If we do not want to advance
any distance in the x3 direction, we would then use a straight line in x1 − x2 space. The
solution to our minimization problem, to find the shortest arc length with the largest area,
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is given by arcs of circles. For a full circle (no net motion in the x1 − x2 plane), we have an

area of πr2 and an arc length of 2πr. Since x3,f = πr2 we have r =
√

x3,f

π
and the arc length

of our curve is 4πx3,f . Note that motion in the x3 direction is homogeneous of degree 1 in
x1, x2, but motion in the x1 − x2 plane is homogeneous of degree 2. Therefore it costs less
to go a long distance than in the x1 − x2 plane but more to go a short distance. So u1 and
u2 have more effect on x3 further from the origin. Clearly then it is better to use one large
circle to move between two points in the x3 direction rather than several small circles.

These results show us how to get from one point to another in a certain optimal sense.
But what about following a trajectory? Consider the case of linear systems:

ẋ = Ax+Bu, y = Cx

Given that y(·) : [0, T ] → TRp, can we find u : [0, T ] → Rm such that u forces y to follow a
desired path? i.e. can we find an inverse to the system? Well for A,B LTI we can directly
integrate to get

y(t) = CeAtx(0) + C
∫ t

0
eA(t−σ)Bu(σ)dσ, y(0) = Cx(0)

Can we then find initial conditions x(0) and u such that y(t) is a desired value for 0 ≤ t ≤ T .
For a linear system we have

(y(t)− CeAtx(0)) =
∫ t

0
CeA(t− σ)Bu(σ)dσ

Taking the Laplace transform of this equation, we have

ỹ(x)− C(Is− A)−1x(0) = C(sI − A)−1Bũ(s)

ũ(s) =
(
C(sI − A)−1B

)#
(y(s)− C(sI − A)−1x(0))

ũ(s) = G(s)(y(s)− C(sI − A)−1x(0))

If G(s) has rank equal to the dimension of y, then we can find for each suitable ỹ a ũ that
makes the system produce the desired y. This result tells us something about the invertibility
of linear systems. We would like to know what can be said about nonlinear systems. We
will address this question with both exact and approximate tracking.

For exact tracking consider the system

ẋ = f0(x) +
m∑

i=1

uifi(x), y = h(x)

from which we have

ẏ =
∂h

∂x
f0(x) +

m∑

i=1

∂h

∂x
fi(x)ui

We would like to know the conditions for which we can find u when we are given y(·).
Continuing with this problem we have

y = h(x)
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ẏ =
∂h

∂x
f0(x) +

m∑

i=1

∂h

∂x
fi(x)ui

ÿ = (·)u̇
y(3) = (·)ü

this problem looks to be difficult in general, so we may not be able to follow a trajectory
exactly, but perhaps we can get close with some choice of u.

For example, consider the system

ẋ1 = u1

ẋ2 = u2

ẋ3 = x1u2 − x2u1

and the task of tracking the desired trajectories x1,d(t), x2,d(t), x3,d(t). Now consider the
inputs (motivated by the optimal control solution)

u1(t) = u10(t) + α1(t) sin(ω1t)

u2(t) = u20(t) + α2(t) cos(ω2t)

We then have

x1(t) = x1(0) +
∫ t

0
(u10(σ) + α1(σ) sin(ω1σ))dσ

x2(t) = x2(0) +
∫ t

0
(u20(σ) + α2(σ) cos(ω2σ))dσ

x3(t) = x3(0) +
∫ t

0

[
x1(0) +

∫ τ

0
(u10(σ) + α1(σ) sin(ω1σ))dσ

]
[u2(τ) + α2(τ) cos(ω2τ)] dτ

−
∫ t

0

[
x2(0) +

∫ τ

0
(u20(σ) + α2(σ) cos(ω2σ))dσ

]
[u1(τ) + α1(τ) cos(ω1τ)] dτ

In order to evaluate the integrals we will use the Riemann-Lebesgue Lemma:

Lemma 0.1 Let f be of bounded variation on [a, b] and let φ ∈ [0, 2π]. Then

lim
ω→∞

∫ b

a
f(t) cos(ωt+ φ)dt = o(

1

ω
)

So as ω becomes large o( 1
ω
) becomes small. How does this help us? Consider the term x1(t):

x1(t) = x1(0) +
∫ t

0
u10(σ)dσ +

∫ t

0
α1(σ) sin(ω1σ)dσ

The last term is then approximately o( 1
ω1
) (where φ = −π/2). We then have

x1(t) ≈ x1(0) +
∫ t

0
u10(σ)dσ
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We will assume that ω will be large compared with the highest frequency present in x1d(t),
x2d(t) and x3d(t). These results are similar to averaging but slightly different in application.

x1(t) = x1(0) +
∫ t

0
u10(σ)dσ +

∫ t

0
α1(σ) sin(ω1σ)dσ

= x1(0) +
∫ t

0
u10(σ)dσ − α1(σ)

1

ω1

cos(ω1σ)
∣∣∣∣
t

0

+
∫ t

0
α̇1(σ) cos(ω1σ)dσ

= x1(0) +
∫ t

0
u10(σ)dσ −

1

ω1

(α1(t) cos(ω1t)− α1(0)) +
∫ t

0
α1(σ) cos(ω1σ)dσ

= x1(0) +
∫ t

0
u10(σ)dσ +

1

ω1

size(α1) + sizeα̇1

︸ ︷︷ ︸
small if ω1 large and α̇1 small

Similarly x2(t) = x2(0) +
∫ t
0 u20(σ)dσ + 1

ω2
(·) + ∫ t

0 α̇2.
Suppose x1(0) = x2(0) = x3(0) = 0. Then

∫ t

0
u10(σ)dσ = U1(t),

∫ t

0
u20(σ)dσ = U2(t)

and

x3(t) =
∫ t

0

(
U1(σ) +

∫ σ

0
α1(η) sin(ω1η)dη

)
· (u20(σ) + α2(σ) cos(ω2σ)) dσ

−
∫ t

0

(
U2(σ) +

∫ σ

0
α2(η) cos(ω2η)dη

)
· (u10(σ) + α1(σ) sin(ω1σ)) dσ

=
∫ t

0
U1(σ)u20(σ)− U2(σ)u10(σ)dσ

?





+
∫ t
0 U1(σ)α2(σ) cos(ω2σ)dσ −

∫ t
0 U2(σ)α2(σ) sin(ω2σ)dσ

+
∫ t
0 [
∫ σ
0 α1(η) sin(ω1η)dη]u20(σ)dσ

− ∫ t0 [
∫ σ
0 α2(η) cos(ω2η)dη]u10(σ)dσ

(I) +
∫ t

0

[∫ σ

0
α1(η) sin(ω1η)dη

]
α2(σ cos(ω2σ)dσ

(II) −
∫ t

0

[∫ σ

0
α2(η) cos(ω2η)dη

]
α1(σ) sin(ω1σ)dσ

We claim the terms ∗ are small for large ω (based on the Riemann-Lebesgue lemma). Term
(I) can be expanded to get

(I)
∫ t

0

[∫ σ

0
α1(η) sin(ω1η)dη

]
α2(σ cos(ω2σ)dσ

=
∫ t

0

(
1

ω1

α1(η) cos(ω1η)
∣∣∣∣
σ

0

+
1

ω1

∫ σ

0
α̇1(η) cos(ω1η)dη

)
· α2(σ) cos(ω2σ)dσ

=
∫ t

0

1

ω1

(α1(σ) cos(ω1σ)− α1(0)) (α2(σ) cos(ω2σ)dσ)

+
1

ω1

∫ t

0

∫ σ

0
α̇1(η) cos(ω1η)dηα2(σ) cos(ω2σ)dσ

=
∫ t

0

1

ω1

α1(σ)α2(σ) cos(ω1σ) cos(ω2σ)dσ −
∫ t

0

1

ω1

α1(0)α2(σ) cos(ω2σ)dσ +
1

ω1

∫
. . .
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Now consider the point of view where the ratio α1α2

ω1
is important. What does the second

term produce? ∫ t

0

1

ω2

α1(σ)α2(σ) sin(ω1σ) sin(ω2σ)dσ + . . .

Combining this term with the matching term above and choosing ω1 = ω2 we have

x3(t) =
∫ t

0

1

ω1

α1α2(cos
2(ω1σ) + sin2(ω1σ))dσ + . . .

=
∫ t

0

1

ω1

α1(σ)α2(σ)dσ +
∫ t

0
U1(σ)u20(σ)− U2(σ)u10(σ)dσ + stuff

Now given x1d, x2d and x3d how do we choose u1(t) and u2(t)? Use the following

u10(t) =
d

dt
x1d(t)

u20(t) =
d

dt
x2d(t)

We then have

1

ω1

∫ t

0
α1(σ)α2(σ)dσ = x3d(t)−

∫ t

0
U1(σ)u20(σ)− U2(σ)u10(σ)dσ

α1α2

ω1

=
d

dt
(?)

So we then have a number of choices, one of which is

α1 =
√
ω1

√
| ? |

α2 =
√
ω1

√
| ? |sgn(?)

As an example, consider the system where we want x1d = 0, x2d = 0 and x3d = t. The
equations of motion for the system (with the above controls) are

ẋ1 = u10(t) + α1(t) sin(ωt) = 0 + α1(t) sin(ωt)

ẋ2 = u20(t) + α2(t) cos(ωt) = 0 + α2(t) cos(ωt)

ẋ3 = x1u2 − x2u1

Choosing α1 = α2 =
√
ω we have

ẋ1 =
√
ω sin(ωt)

ẋ2 =
√
ω cos(ωt)

ẋ3 = 1

This choice of controls is referred to as an approximate inverse as it approximately inverts
the system dynamics. For additional states of the form

ẋij = xiuj − xjui
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simply choose different frequencies for each state that is to be controlled and sum the oscil-
latory components.

For higher order polynomial systems of the form

ẋi = ui

żj = xk1
· · · xkp

ul

note that the controls

ul = αl cos(pωt)

uki
= αki

sin(ωt)

will result in

żj = αlαk1
· · ·αkp

cosp(ωt) cos(pωt)︸ ︷︷ ︸
= const+ trig

As a general comment, these are not the only inputs that will generate motion for such
systems, they are simply a choice that works. Only in the case of systems controllable with
first level Lie brackets will the use of this type of sinusoid be optimal in any sense.

In order to use these results for systems that are not directly expressed in the form above,
we can use the following result

Theorem 0.2 (Brockett) Given ẋ = B(x)u with dimu = m and dimx = m(m+1)/2 and

given that the vector fields and their first level Lie brackets span Rm(m+1)/2 we can choose

coordinates (x1, . . . , xm, y1,2, . . . , ym−1,m in a neighborhood of a given point, say x = 0, so
that the equations take the form

ẋi = ui + ri, i = 1, . . . ,m

ẏij = xiuj − xjui + rij, i, j = 1, . . . ,m, i < j

where the ri and rij have vanishing first partials with respect to x and y and in addition rij

has vanishing second partials with respect to xi and xj.

Thus, we can locally transform nonlinear systems, controllable using first order Lie brack-
ets, to the structure of a nonholonomic integrator in much the same way that we linearize
nonlinear systems. The nonholonomic integrator structure can be thought of as a basis for
nonlinear systems.
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