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We will base our construction of controllers for trajectory tracking on solutions to the
optimal control problem for the nonholonomic integrator. As we will show later, constructing
controllers for the nonholonomic integrator is the key building block for general nonlinear
system controllers. The reason is that the nonholonomic integrator can be used as a basis
structure for nonlinear systems that cannot be feedback linearized.

To begin, recall that the nonholonomic integrator is given by

j?l = U
i‘g = U9
.’jfg = T1Ug — ToUj

The solution to the optimization problem
1
min/ (uf + u3)dt
0

subject to fixed endpoints can be found either with the Euler-Lagrange equations or the
Maximum Principle. the end result is solutions of the form

x1(t) = a1+ ag (1 —cos(ut)) — agsin(ut)
xo(t) = a9 — ay (1 —cos(ut)) — agsin(ut).

where the coefficients are found by applying the boundary conditions (see the optimization
notes).
Now consider the more general class of nonlinear systems

m

T = d()u;, e R, ueR™
Zf()zu )
i=1



and the minimization problem
e
min — / w udt
2 Jo

The easiest case is found by assuming that m = n and that the vector fields f; are independent
in a neighborhood of x = 0. We can then write

i =Gr)u=u=G"(v)i

so that we have

1/t 1 /1 T 1/t
mini/ u udt = 5/ TG ()G (z)ddt = 5/ 2T G(z)adt
0

0 0

where é(x) is referred to as the system metric. Writing out the Euler-Lagrange equations
for this system, we have

doL_ou
dt 0r  Ox

% 0 .
= Gi+ <%G(x)> (&, )

= 0

where G(z) is an n x n matrix, 2% is an n x n x n tensor, and 9% (i, &) means “evaluate the

3-tensor in the direction (&, ). Specifically

i+ G (x) (%G(@) (i,2) = 0
ik

where ;;, are the Christoffel symbols. For a mechanical system with no potential forces
and no external forces, G is the mass matrix and the Christoffel symbols are the combined
Coriolis and Centrifugal force terms. These equations are the geodesic equations for the
metric G. Therefore this optimal control problem is equivalent to finding the shortest path
between points on our manifold subject to the system dynamics.

We will have different behavior if we have fewer vector fields than states, but the system
is controllable. In particular, for the nonholonomic integrator, note that

jf3 = J?li'g—Igi'l

t
= Jfg(t) = /0 T1T9 — lL‘QI'ldt

T2 1
= / I1d$2 — / ZL’le’l
0 0

which gives the signed area of the curve formed by x; — x5. If we do not want to advance
any distance in the z3 direction, we would then use a straight line in 1 — x5 space. The
solution to our minimization problem, to find the shortest arc length with the largest area,
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is given by arcs of circles. For a full circle (no net motion in the x; — x5 plane), we have an
area of mr? and an arc length of 27r. Since x5 ; = 7r* we have r = \/? and the arc length
of our curve is 47xg ;. Note that motion in the x3 direction is homogeneous of degree 1 in
x1, s, but motion in the x; — x9 plane is homogeneous of degree 2. Therefore it costs less
to go a long distance than in the x; — x5 plane but more to go a short distance. So u; and
U have more effect on x3 further from the origin. Clearly then it is better to use one large
circle to move between two points in the x3 direction rather than several small circles.

These results show us how to get from one point to another in a certain optimal sense.
But what about following a trajectory? Consider the case of linear systems:

T =Axr+ Bu, y=Cx

Given that y(-) : [0,7] — TRP, can we find u : [0,7] — R™ such that u forces y to follow a
desired path? i.e. can we find an inverse to the system? Well for A, B LTI we can directly
integrate to get

y(t) = CeMz(0) + C’/Ot e~ Bu(o)do, y(0) = Cz(0)

Can we then find initial conditions x(0) and u such that y(¢) is a desired value for 0 < ¢ < T.
For a linear system we have

(y(t) — CeMz(0)) = /Ot Ce’(t — 0)Bu(o)do
Taking the Laplace transform of this equation, we have
j(x) —C(Is — A)'x(0) = O(sI — A)"'Bu(s)
i(s) = (C(sI—A)"'B)" (y(s) - C(sI — A)2(0))
a(s) = G(s)(y(s) — C(sI — A)~'a(0))

If G(s) has rank equal to the dimension of y, then we can find for each suitable § a @ that
makes the system produce the desired y. This result tells us something about the invertibility
of linear systems. We would like to know what can be said about nonlinear systems. We
will address this question with both exact and approximate tracking.

For exact tracking consider the system

&= folz) + iuifi(x% y = h(z)

from which we have oh " o
Yy = %fo(fl?) + ; %fz(x)ul

We would like to know the conditions for which we can find u when we are given y(-).
Continuing with this problem we have



. oh " 0h
y = %fo(ﬁ) + ; %fz(x)uz
i = O
y@ = ()i
this problem looks to be difficult in general, so we may not be able to follow a trajectory

exactly, but perhaps we can get close with some choice of u.
For example, consider the system

jj’l = U
i‘g = U9
Zi','g = T1Ug — ToUq

and the task of tracking the desired trajectories xy 4(t), xoq(t), 234(t). Now consider the
inputs (motivated by the optimal control solution)

ur(t) = wuio(t) + ai(t) sin(w;t)
us(t) = wug(t) + as(t) cos(wat)

We then have
n(t) = 0O+ [ (u10(0) + (o) sin(w1))do
() = w0+ [ (us0(0) + i (0) cos(wa0))dor
w5(t) = 25(0)+ [ [010)+ [ (wnof0) + (o) sin(r0))do] [us(r) + as(r) cos(wnr) dr
- t 220) + [ (ualr) + 02(0) con(ewzn))dor| 1) + () cosfiorr)]
In order to evaluate the integrals we will use the Riemann-Lebesgue Lemma:

Lemma 0.1 Let f be of bounded variation on [a,b] and let ¢ € [0,27]. Then

b 1
lim [ f(t)cos(wt+ ¢)dt = o(—)

W—00 Jg w
So as w becomes large o(L) becomes small. How does this help us? Consider the term z(t):

x1(t) = 21(0) + /Ot uo(o)do + /Ot a;(0) sin(wy0)do

The last term is then approximately O(w%) (where ¢ = —7/2). We then have

x1(t) =~ 21(0) + /Ot uip(o)do
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We will assume that w will be large compared with the highest frequency present in x14(t),
x9q(t) and w34(t). These results are similar to averaging but slightly different in application.

() = @)+ [ tulo(o)da—l— / ' (o) sin(wr0)do

— —|—/ uyo(o)do — oq( )icos(wla)

t
+ [ (o) cos(wio)do
w1 0

0

= )+ / uyp(o)do — — (al(t) cos(wit) — a1(0)) + Ot a1 (o) cos(wyo)do

= —l—/ uip(o)do + —szze(al) + sized
!

small if w; large and ¢y small

Similarly @5(t) = 25(0) + Jo uso(0)do + - (-) + Jy .
Suppose z1(0) = 22(0) = x3(0) = 0. Then

/0 Co(0)do = U (8), /0 "o (0)dor = Un(#)

and
x3(t) = /Ot <Z/l1(a) + /OU ag(n) Sin(wm)dn> - (ug0(0) + as(o) cos(wq0)) do
—/Ot (L{Q(o) + /OU as(n) COS(w2n)dn> “(u10(0) + ai(o) sin(wy0)) do

- [ U (0 )z (@) — Un(0)uro(o)dor

+ oty (0)as (o) cos(wao)do — [3 Us(0)an (o) sin(wqo)do
+ Jo 1S5 e (n) sin(win)dn] ux(0)do
= Jo L5 () cos(wan)dn] wio(o)do

(1) +/ {/ 1(n) sin wm)dn] ap (o cos(weo)do
(I1) —/ {/ cos(ww)dn} aq (o) sin(wyo)do

We claim the terms * are small for large w (based on the Riemann-Lebesgue lemma). Term
(I) can be expanded to get

(I) /Ot [/U ag(n) sm(wm)dn} as (o cos(weo)do

= / (—al ) cos(win) ’ + El /OG éq(n) cos(wm)dn) - ag(0) cos(wqo)do
= (ozl( ) cos(wi0) — a1(0)) (az(0) cos(wqo)do)

0o W
0 W

wil /Ot /OU & (n) cos(win)dnag (o) cos(weo)do

= /Ot wilal(a)ozg(o) cos(wy0) cos(wyo)do — /Ot iozl(O)ag(U) cos(wyo)do + 1 / .

w1 w1



Now consider the point of view where the ratio %2 is important. What does the second
term produce?

/Ot wiQal(U)az(a) sin(wy0) sin(wyo)do + . ...

Combining this term with the matching term above and choosing w; = ws we have

t 1
x3(t) = ; w—lalag(cosz(wla) + sin®(wy0))do + . ...

- /Ot i&l(a)ag(a)dg " /ot Uy (0)ux(0) — Us(o)uro(o)do + stuf f

w1
Now given x4, 94 and 34 how do we choose wu;(t) and us(t)? Use the following

d

Ulo(t) = %Ild(t)
d
UQ()(t) = %L’Egd(t)
We then have
1 gt t
— [ ai(o)as(o)do = x34(t) —/ Uy (0)ugg(0) — Us(0)uro(o)do
w1 J0O 0
109 o i
w1 N dt (*)

So we then have a number of choices, one of which is

ar = Very| x|
Qy = \/ch\/msgn(*)

As an example, consider the system where we want 14 = 0, 799 = 0 and x33 = t. The
equations of motion for the system (with the above controls) are

1 = u(t) + aq(t) sin(wt) = 0 4 () sin(wt)
Ty = ug(t) + as(t) cos(wt) = 0+ as(t) cos(wt)

T3 = Tl — Tl
Choosing a; = ap = \/w we have

i = ywsin(wt)
Ty = +wcos(wt)

T3 = 1

This choice of controls is referred to as an approximate inverse as it approximately inverts
the system dynamics. For additional states of the form

ZL'ij = .Z’iu]' — xjuz-
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simply choose different frequencies for each state that is to be controlled and sum the oscil-
latory components.
For higher order polynomial systems of the form

Zj = Tk - Tg, Uy
note that the controls
w = ocos(pwt)
up, = Qg sin(wt)
will result in
Z; = oy, - - oy, cost(wt) cos(pwt)

= const + trig

As a general comment, these are not the only inputs that will generate motion for such
systems, they are simply a choice that works. Only in the case of systems controllable with
first level Lie brackets will the use of this type of sinusoid be optimal in any sense.

In order to use these results for systems that are not directly expressed in the form above,
we can use the following result

Theorem 0.2 (Brockett) Given & = B(x)u with dimu = m and dimz = m(m+1)/2 and
given that the vector fields and their first level Lie brackets span R™™ /2 we can choose
coordinates (z*,... ™ yb2 ... y™ ™ in a neighborhood of a given point, say v = 0, so
that the equations take the form

o= w4, i=1,...,m

y? o= ' =+ =1, m, 1< g

where the v and " have vanishing first partials with respect to x and y and in addition r¥
has vanishing second partials with respect to x* and x7.

Thus, we can locally transform nonlinear systems, controllable using first order Lie brack-
ets, to the structure of a nonholonomic integrator in much the same way that we linearize
nonlinear systems. The nonholonomic integrator structure can be thought of as a basis for
nonlinear systems.



