AA599: Geometric Methods for Nonlinear Control Systems
Notes: April 6, 2004

For a system of the form @ = f(x) (where & = 8f cx = 8f .- f(x)), the Taylor expansion about any
point is

z(t) = z(a)+2(a)(x—a)+ x21' (z —a)® + h.o.t.

= 2(0)+ f(0 )Hﬁ ()t2+hot

where we have chosen a = 0 for simplicity.
Now consider switching controls for the system @ = fi(x)uj + fo(x)uz of the form
up =1, ug =0, 0<t<e
up =0, ug =1, e <t < 2e
up =—1, ug =0, 2¢ <t < 3¢
uy =0, ug = —1, 3e <t <4e

Using the Taylor expansion, the system response at time ¢t = € is
2!
2 3

where we will be assuming that € < 1 and neglect all terms of order more than two in €. At time
t = 2e we use the end point of z(€) as the initial condition for another evolution over time € to get

2(26) = a(e) + efaa(e)) + 2;? 2(2(€)) + h.o.t

= xzo+efi(zo) +e 58—flf1($0)
f1

+efa (CUO +efi(zo) +e ——f1(3?o))

20
2%8_13 > afl fl(x0)> + h.o.t.

Now note that we can use the Taylor expansion again to rewrite the term fo:

fa (w0 + eniteo) + 3 i) ) = fao) + 52 [esito) + 23 L prcoo)|

which gives (neglecting terms of order €3 and higher)

x(e) = mo+efi(zo) + ¢ 1(xo) + h.o.t

+e 2(Io+€f1(330)+6

220 = wl0) + efileo) + 5 T o) + ehaleo) + 92 fuleo) + 5 52 po(ao)
Now reverse the first control (note that —(— f) = gﬁ) and repeat the above process to get
2(3) = (20~ efila(26)) + €5 D fy((26)) + hoo
= 2(0) +efi(xo) + € 5%]3(360) + efo(zo) + eQ%fl(:c )+ 62%% 2(0)
—e[fitw) + Lretfuteo) + ateo))] +e 5a—ﬁ 1(20)

21 9f: 20N fa(o)

- x(0)+6f2($0)+6288£2f1(930) 2 0x 2(xp) — € D



After the final step we have

2(de) = 2(3¢) — efa(x(36)) + 62;%];2 Fo(2(36)) + hoot
= z(0) + efa(xo) + 62%f1(930) + 62%%&(930) - 62%f2($0)
—€ [fz(l‘o) + %J;fefz(lvo)} + 62%%]02(!170)

= w0+ &L i (00) - L o)

= 20+ € [f1, f2] (x0)



