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Abstract

A discontinuous Galerkin method for the two- uid plasma model is described. The model
includes complete electron and ion uids , which allows charge separation, separate
electron and ion temperatures and velocities. Complete Maxwell's equations are used
including displacement current. The algorithm is benchmarked against existing plasma
algorithms on the GEM Challenge magnetic reconnection problem. A theta-pinch
equilibrium is simulated which generates electron turbulence from an electron current

layer. The algorithm can be easily extended to three dimensions, higher order accuracy

and general geometries.
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Intr oduction

Plasma physics continues to be an important area of numerical and experimental
research. A number of magnetic con nement fusion concepts including tokamaks,
spheromaks, FRCs, Z-pinches and inertial con nement concepts such as pellet
implosion are under investigation at various facilities. Further applications include space
propulsion, plasma sails, ion thrusters and Hall thrusters. Numerical methods have
focused on short time scale small length scale effect with particle codes, or long time
scale large spatial effects with MHD (Magnetohydrodynamics) codes[16]. In the process
of moving from particle codes to MHD codes[9] a number of intermediate time and
spatial scale effects are lost. Recent research has been focused on bridging this gap by
using more accurate uid models including multi-temperature MHD, Hall

MHDI3, 4, 12, 1, 13], quasi-neutral two- uid MHD[11], and the two- uid model[15] for
which only a 1D algorithm has been published. In this paper we develop a discontinuous

Galerkin (DG) method for the two- uid plasma model and show preliminary results in 2D.
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Intr oduction

The MHD equations are an asymptotic limit of the two- uid plasma model. As such, the
two- uid plama model describes signi cantly more physics than the MHD model. This

additional physics includes,
Fast waves - electron plasma waves, R, L, X, O and whistler mode waves.
Collisionless reconnection, electron Kelvin Helmholtz instabilities.
Multi-temperature and nite Larmor radius effects.
Charge separation and Hall currents.
Separate electron and ion shocks.

This additional physics is useful in modeling non-ideal effects such as two- uid stability in

FRC's[14], and nite Larmor radius effects in Z-pinches and Spheromaks...
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Two-Fluid Model

The two- uid plasma equations are non-dimensionalized as in [15] leaving four
non-dimensional parameters. In the following, IS the characteristic plasma size (size
of the domain), IS a characteristic Debye length, IS a characteristic ion Larmor
radius, Is the characteristic ion thermal velocity and , and are

non-dimensional electron and ion masses where we take . The parameters are

: : and —. In all cases ions are singly charged. In the equations that follow,
iIs mass density, is velocity, is uid energy, is pressure, s the electric eld,

is the magnetic eld and subscript corresponds to species.
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Two-Fluid Model: Maxwell's Equations

The two- uid plasma model consists of a set of uid equations for the electrons and ions

plus the complete Maxwell's equations including displacement current,

) =

@)
©
—— )

Equations (3) and (4) are constraint equations which can be derived from Ampere's
law (1) and Faraday's law (2). Consequently (3) and (4) are not solved numerically as
they do not provide additional information provided the initial conditions satisfy the

constraint equations.
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Two-Fluid Model: Fluid Equations

Electrons and ions have separate energy,

— (5)
momentum,
— (6)
and continuity equations,
(7)

so each species has it's own temperature, velocity and number density. As a result,
guasi-neutrality is not assumed and things like electron plasma waves and ion
subshocks, and ion current should be observed numerically. This implementation ignores
such “non-ideal” effects as collisions and non-isotropic pressures. These terms are

dropped to focus on the numerical issues that result from the “ideal” terms that remain.
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Two-Fluid Model: Balance Form

This set of equations can be written as three systems of balance laws,

— (8)

for the electron uid equations,
— (9)

for the ion uid equations, and
— (10)

for Maxwell's eld equations.
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Two-Fluid Model: Balance Form

For clarity, these balance laws Eqgns.(8)-(10) are given in full form by,

(11)

(12)
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Discontin uous Galerkin Method

Discontinuous Galerkin methods are high order extensions of upwind schemes using a
nite element formulation where the elements are discontinuous at cell interfaces.
Details of the method are discussed in [7, 6, 5, 8] and reproduced here for our particular

case. The balance law,

— (13)

is multiplied by the set of basis functions and integrated over the nite volume

element . For second order spatial accuracy the basis set

Is used. The equation is written,

- 7
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Discontin uous Galerkin Method

Integrate by parts to get

D A B B

The discrete conserved variable is de ned as a linear combination of the basis
functions inside an element . The integral
— — where is the constant — and V is the volume

of the element. Using these de nitions we get the discrete equation

— 2 2. 2.

(16)
when the integrals are replaced by appropriate Gaussian quadratures. Is the surface
area of the cell face in consideration, refers to an element face, are quadrature

points on a face and are quadrature points in the volume.
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Discontin uous Galerkin Method

The discrete equations for the second order scheme are

— 2D >, (17a)
— 2. 2. D

(17b)

— 22 2. 2.

(17¢c)
The derivatives of the basis functions can be calculated analytically since the polynomial
basis functions are known. The discontinuous Galerkin method is applied to each
balance law (8)(9)(10) at every time step. In [7] TVD Runge-Kutta time integration is
suggested, though standard Runge-Kutta methods work well. In this paper we use a 3rd

order TVD Runge-Kutta scheme as in [7].
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Limiter s

As in high-resolution methods, the are rst transformed to characteristic variables
where and is the left eigenvector matrix of the ux Jacobian calculated from
. The left eigenvector matrix is also applied to the differences
and . Limiting is performed directly
on transformed variables and then the solution is immediately transformed back to

determine the limited form of |

(18)
where is the minmod limiter de ned by
if
if (19)
otherwise
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Limiter s

The minmod limiter Egn. (19) is used for each of the uid equations Eqn.(8)(9) while if the
simulation is 2D a modi ed minmod limiter is used on Maxwell's equations Eqn.(10) so
that divergence errors inthe  eld are reduced. errors have been problematic
for high-resolution methods. Using the discontinuous Galerkin method the errors
can be reduced simply by eliminating limiters from the Maxwell algorithm altogether or
using the TVBM limiters described in [7]. The TVBM limiter  is

if

(20)
otherwise

Where IS a constant.
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Magnetic Reconnection: GEM Challeng e

In ideal MHD the uid is frozen to the magnetic ®eld lines and so ®eld lines cannot reconnect
without some non-ideal term. Resistivity allows ®eld lines to reconnect though much slower than
the fast reconnection that is observed in the earths magnetotail, in solar ares or in sawtooth
collapse in tokamaks[2]. This fast reconnection requires at least the addition of the Hall term and

means that magnetic reconnection can be simulated using the two uid plasma model.

The GEM challenge magnetic reconnection problem is non-dimensionalized as in [10] where

lengths are normalized by the ion inertial length — time is
non-dimensionalized by the ion-cyclotron time —— where Is the magnetic ®eld at in®nity. The
velocities are normalized by the alfven velocity —— . The current density is
non-dimensionalized by and E by . The domain is

— — — — with and . Non-re ecting

boundary conditions are used on the boundaries while periodic boundary conditions are used on
the boundaries. In this simulation and the ion to electron mass ratio is taken to be

, the speci®c heat ratio — for both electrons and ions and — —.
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Magnetic Reconnection: GEM Challeng e

(— sech —) (21)

The electron pressure is — and the ion pressure is — . The
) ) -
=) (=) )

The initial electron current IS,

The initial number densities are given by,

magnetic ®eld is given by

sech — (24)
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Magnetic Reconnection: GEM Challeng e

Figure 1. Magnitude of electron current in the GEM challenge problem after . The
current layer thins in the center of the domain and small shock waves are visible at the corners of the
plot. This problem is highly susceptible to round off errors and numerical experiments have shown

that increasing the accuracy of our oating point numbers from 64 bit to 96 bit helps to symmetrize

the solution.
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Magnetic Reconnection: GEM Challeng e

Figure 2. Plot of reconnected magnetic ux vs time in units of inverse

published solutions and the two- uid solution calculated by the authors.

for several
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Magnetic Reconnection

In Fig. 2 the two- uid solution is compared to solutions published in the GEM challenge
papers [10]. The two- uid solution shows good agreement with published solutions
except that ux continues to reconnect in the two- uid solution after it has saturated in the
published solutions. This is believed to be caused by the fact that the two- uid solution
uses open boundaries so uid and magnetic eld lines continue to o w in from the
boundaries. In the published results, conducting walls were used on the boundaries

which prevents uid and ux from entering the domain so the solution saturates.
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Theta Pinch

The theta pinch is a con nement concept where an azimuthal current is supported by an
axial magnetic eld to con ne a plasma. In this simulation strong shear in the electron
current layer drives an instability in an equilibrium con gur ation. This sort of phenomena
is not observed in MHD simulations of current layers because the current equation in
MHD (Ohm's law) lacks the convective derivative and pressure term. Preliminary results
suggest that increased resolution or a higher order discontinuous Galerkin method will
help to improve the solutions in gures 3 and 4 as signi cant dissipation of the thin

current sheet is observed using the second order discontinuous Galerkin method.
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Theta Pinch

In the theta pinch equilibrium we set

Initial electron current

sech (25)
Initial pressure and number density.
= where —~ (26)
With - and —.
Initial magnetic ®eld
- where - (27)
Where , , — on the domain

with non-re ecting boundary conditions. In this simulation characteristic parameters are

_ =, — : and — or
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Theta Pinch

Figure 3: Plot of total electron current in the theta pinch problem using an ion to electron
mass ratio of 1836. The loops form when the electron uid gyrates around a magnetic

eld line
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Theta Pinch

Figure 4. Plot of the total electron current in the theta pinch problem using an ion to
electron mass ratio of 25. The extra momentum that the electrons carry increases the

size of the loops compared to the previous gure .
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Conclusion

A discontinuous Galerkin method for the two- uid plasma model has been described.
The algorithm uses a second order spatial discretization and a 3rd order TVD
Runge-Kutta time stepping scheme. TVDM limiters are used on the electron and ion uid
equations while TVBM limiters are used for Maxwell's equations to help maintain the
condition. The algorithm produces solutions to the GEM challenge magnetic
reconnection problem that agree with published solutions. The algorithm has been tested
on a theta-pinch equilibrium where plasma instabilities quickly develop producing
turbulence. The algorithm should be easy to extend to 3 dimensions and complex

geometries as well as to higher order accuracy.
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