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1. Introduction 
     It has been recognized that shear flow may have a strong effect on confinement and stability. 
Recent Spherical Torus (ST) [Ref.1] and Conpact Toroid (CT) [Ref.2] experiments have observed 
the flow. For these ST and CT, it is not apparent whether the single-fluid model is adequate because 
these configurations (especially CT) have relatively small size parameter ∗S : 
   crrS pisis ω=≡∗ l .    (1.1) 

and the single-fluid model assumes ∞→∗S . Here sr  is the radius of the outer boundary of the 
plasma. To investigate the effect of the flow on the high beta plasmas, we have developed the 
formalism of equilibrium and stability analyses of a flowing two-fluid plasma [Ref.3]. However, the 
results shown were equilibria with only fairly large flow (～ AV ). To compare the stability property 
of the static equilibrium with that of the flowing equilibrium, equilibriua with an arbitrary magnitude 
of flow are necessary. Hence, we have developed an improved formalism of equilibrium analysis of 
a flowing two-fluid plasma. In Sec.2, the basic equations for the present two-fluid model are shown. 
Introducing the generalized vorticities of each species [Ref.4] reduces the equations of motion to a 
compact form. In Sec.3, the formalism of the equilibrium analysis is shown. Two-fluid axisymmetric 
equilibria are described by coupled equations for the generalized vorticity surfaces of each species. 
In Sec.4, 2-D equilibria of ST and CT computed numerically are shown where purely azimuthal ion 
flow is assumed. In addition, an analytic equilibrium is also shown. Two-fluid effects are measured 
for these equilibria. The azimuthal ion flow and the beta value as well as the size parameter are 
found to play important roles in two-fluid effects. Sec.5 summarizes the paper and present a plan for 
future work. 
 
2. Ideal two-fluid dynamical system 
 The plasma consists of ion and electron fluids. The density n is assumed to be uniform, 
constant in time, and the same for the both species (quasineutrality). Then the equations of motion, 
continuity, Ampere’s, Faraday’s, and Gauss’s magnetism laws are 

αααα Ht ∇∇∇∇ΩΩΩΩ −=×−∂∂ uP ;  0=⋅ αu∇∇∇∇   (2.1,2.2) 

( )eic
en uuB −=× π4∇∇∇∇ ;     

tc ∂
∂−=× BE 1∇∇∇∇ ; 0=⋅ B∇∇∇∇      (2.3,2.4,2.5) 

respectively. Here, αu  and αp  are the fluid velocity and pressure of each species (α = i, e ) and 
n is the density. E, B are the electric and magnetic fields. Introducing the canonical momenta 

cqm AuP αααα +=  and the generalized vorticities αα P×= ∇∇∇∇ΩΩΩΩ  = ( )Bu cqm ααα +×∇∇∇∇  
of the both species [Ref.4], the compact form of equations of motion, i.e. Eq.(2.1) is derived where 

αm  and αq  are the particle mass and charge. Here we restrict attention to a hydrogen plasma qi = 
e, qe = −e. A is the vector potential of the magnetic field. The total enthalpy Hα is the sum of 
thermodynamic (enthalpy), flow energy and electrostatic energy parts 
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where φE is the scalar potential of the electric field.  
Hereafter the electron mass is usually neglected since our interest is in low-frequency 

stability. This is consistent with the quasineutrality assumption and the neglect of the displacement 
current in Eq. (2.3). In the following section, we restrict attention to time-independent axisymmetic 
equilibrium quantities, e.g. ( )zr,αα uu =  where the cylindrical coordinate system ( )zr ,,θ  is 
adopted. 
 
3. Equilibrium equations 
3.1 Coupled equations which describe axisymmetric two-fluid equilibria: 
 The time-independent equilibrium motion equations (2.1) can be expressed as 

  ααα H∇∇∇∇ΩΩΩΩ =×u     (3.1) 

For axisymmetric equilibrium, the magnetic flux function ( )zr,ψ  and the flow stream functions 
( )zr,αψ  are useful to express the poloidal components of the divergence-free magnetic field and 

the species flow velocities respectively: 
 rzrp θθθθ∇∇∇∇ ˆ),( ×= ψB ,  nrzrp θθθθ∇∇∇∇ ˆ),( ×= αα ψu   (3.2,3.3) 

where θθθθ̂  is the unit vector in the azimuthal direction. Further we introduce the generalized stream 
functions ( )zr,αΨ  to express the poloidal ( )zr,  parts of the generalized vorticities of each 
species: 
   ( ) rcqzrp θθθθ∇∇∇∇ ˆ),( ×Ψ= αααΩ    (3.4) 

Since ( ) ( ) ppp cqm BuΩ αααα +×∇= , the following relations hold:  

 ( ) θψ iii ruencm+=Ψ   ψ=Ψe      (3.5), (3.6) 

Thus the azimuthal ion flow causes the difference between iΨ  and ψ .  

 From the equations of motion, two relations follow at once: 0=⋅ αα H∇∇∇∇ΩΩΩΩ  and 

0=⋅ αα H∇∇∇∇u . Then we have  
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  ( )ααα ψψ Ψ=      (3.8) 

Thus the total enthalpies ei HH ,  and the species stream functions ei ψψ ,  are arbitrary surface 

functions of their respective surface variables αΨ . Using these surface functions, the equilibrium 

motion equation (3.1) for each species has only a component parallel to αΨ∇∇∇∇ , and arrives at the 

following coupled equations for iΨ  and ( )eΨ=ψ : 
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( ) ( )( ) ( ) ψπψψψψψπψ ddHnrddce eiieei 0
222* 44 −Ψ−+−=∆ l  (3.10) 

where the poloidal and toroidal parts of the Ampere’s law, ( )∑=
α

ααθ ψπ qcrB 4  and 

( )∑−=∆
α

αθαπψ ruqc4*  are used to eliminate the toroidal components of the magnetic field 

and the flow of each species. Two-fluid equilibria are described by the coupled equations Eqs.(3.9) 



 

 

and (3.10). These are a reduced form of the more general system developed earlier [Eqs. (29) and 
(30) of Ref.5]. 
The pressure can be found a posteriori using Eq. (3.7). These can be summed to give the Bernoulli 
equation in terms of the total pressure, p = pi + pe: 

  eiii HHumnp +=+ 22      (3.11) 
3.2 Comparison between the single- and the two-fluid equilibrium models: 
 To see the difference between the single- and two-fluid equilibrium models, we introduce 
the alternative forms of the equations of motion: 

( ) ( ) π4BBuu ××∇++−∇=∇• nppm eiiii   (3.12) 

02 =+×+ Fi c FBuE      (3.13) 
The Eqs.(3.12) and (3.13) are equivalent to Eqs.(3.1) for the species. The difference between the 
single- and the two-fluid equilibrium models is F2F : 

( )[ ] ( )enpeF π42 BBF ××∇−∇= .   (3.14a) 
Using Eq.(3.12), this two-fluid correction can be expressed in another form: 

  ( ) ( ) ( )[ ]iiiiiiF mumnpe uuF ××−+−≡ ∇∇∇∇∇∇∇∇ 21 2
2   (3.14b) 

While F2F  represents the electron pressure gradient and the Hall effects [Eq.(3.14a)], it can also 
be viewed as reflecting the ion pressure gradient and inertia effects [Eq.(3.14b)]. When the following 
condition holds, 
   Fi c 2FEBu >>≈× ,   (3.15) 
the single-fluid model is adequate. Otherwise two-fluid effects are important. Two important factors 
are related to the size of F2F . (1) For the single-fluid model, the ion flow and the magnetic field 
share a single family of characteristic surfaces, ψ = const. By contrast, the two-fluid model has two 
families of characteristic surfaces: iΨ  = const; ( )ψ=Ψe  = const. This difference springs from the 
self-consistent treatment of ion inertia, i.e. the second term in Eq. (3.14b). (2) Ion flow perpendicular 
to the magnetic field springs only from the E×B drift in the single-fluid model. Missing are 
correction terms appearing in F2F : the diamagnetic and inertial ion drifts. 
 
4. Results 
 Here we will find several equilibria in a toroidal geometry. For these equilibria, the 
average beta is calculated: 

MMM BnTnT >+<><≡>< πβ 82  (4.1) 
The average is on the symmetry plane ( 0=z ). To measure the global two-fluid effects, we 
introduce a two-fluid index: 
   MMFFf >×<>×<= BEBF22   (4.2) 
If f2F ≥ 1 (f2F  << 1), the two fluid effect is significant (negligible). The usefulness of this index is 
verified by the analytic solution which is obtained in the following subsection. In the remainder of 
this section, we adopt a dimensionless variable scheme based on the reference length sr  and the 

reference magnetic field RB  (value of zB  at srr = , 0=z ). The size parameter is 

isrS l=∗ as in Eq.(1.1). 
 Consider the special case of purely azimuthal ion flow. This implies a particular choice of 
one of the arbitrary functions; 

  0)( =Ψiiψ      (4.3) 
For the remaining arbitrary functions, we consider a particular example: 

iHiiHii CCddH Ψ+=Ψ 10 ,    (4.4) 



 

 

  3
310 ψψψ HeHeeHe CCCddH ++=    (4.5) 

( ) 2
21 ψψψψ ψψ eeBTe CCC ++=      (4.6) 

where the various C’s are constant parameters. Relationship between the two surface variables 
follows from Eq. (3.9): 
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Substituting this into Eq. (3.10) gives the differential equation for ψ , 
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         (4.8) 
Since ψ  has an arbitrary additive constant, the boundary condition ψ = 0 is imposed. After 
solving Eq.(4.8), the temperatures and the electrostatic potential are determined from Eqs.(3.7) for 

i=α and e assuming a constant temperature ratio, 
   Ti/Te  =  γT  =  const   (4.9) 

4.1 Analytic equilibrium: 
Vanishing all of coefficients, CHi1 , CHe1 , CHe3, CBT, Cψe1, and Cψe2, Eq. (4.8) reduces to 

   ( ) 02
00 =++Ψ∆∗ rCC HiHee    (4.10) 

This equation is the same as for the familiar Hill’s vortex equilibrium. The magnetic flux function 
satisfying the elliptic boundary with elongation E is given by 

   ( )( )2222 12 Ezrr −−−=ψ    (4.11) 

where )14( 2
00 ECC HiHe +−=+ . Although ψ  is the same as the Hill’s vortex solution, this 

two-fluid equilibrium has ion flow and electric field: 
( )∗= SCr Hii 0θ̂θθθu ,  ( )∗−= SCr Hee 0θ̂θθθu     (4.12), (4.13) 

( ) ( )[ ] ( )[ ]( )21114 222
* ruEuS TiETTiEE +++++= γψγγφ  (4.14) 

( )[ ] ( )[ ]2141 222 ruETT iETTeTi ++−+== ψγγγ  (4.15) 

where ( ) ∗=== SCruu HiiiE 01θ .Because there is no toroidal magnetic field, this equilibrium 

has high averaged beta. If 4E2 >> 1, ( ) ( ) 7.03735 22 >++=>< iEiEM uuβ . 
4.2 Numerical equilibria: 
 Figs. 1 and 2 represents the 2-D ST and CT equilibria. Fig.1a (Fig.2a) shows the contours 
of the magnetic flux function 0ψψ =0.0, 0.1, 0.3, 0.5, 0.7, 0.9 for the ST (CT) equilibrium, where 

0ψ  is a value of ψ  at the magnetic axis. At the diamond symbols on Fig.1a, the normal curvature 

( )[ ] ψψκ ∇∇••∇≡ bbn  vanishes where BBb ≡ . The inboard region between the 
symbols has “good curvature”. Figs.1b-e (Figs.2b-e) show the profiles of the magnetic field, 
azimuthal ion flow, temperatures, and electric field on the symmetry plane for the respective 
equilibrium. The structures of magnetic field and the peak values of the azimuthal ion flow velocities 
and the temperatures of the ST and CT equilibria are relevant to the current NSTX [Ref.1] and TS-3 
[Ref.2] experiments respectively. The beta value and the two-fluid index of the ST (CT) equilibrium 

are 2105.1 −×=>< Mβ  ( 21068 −×=>< Mβ ) and 052.02 =Ff  ( 38.12 =Ff ), 



 

 

respectively. Hence the two-fluid effects are negligible (significant) for the ST (CT) equilibrium. 
4.3 Measurement of the two-fluid effects: 

To illustrate the global two-fluid effect Ff2 , it is calculated for the 1-D ST and CT 
equilibria with various values of flow verocity and average beta. The result is shown in Fig.3. The 
horizontal axis shows the average beta value. The vertical axis Γ represents the maximum 
(minimum) value of θiu  when θiu  is positive (negative). The circles (filled dots) on the Fig.3a 
(Fig.3b) represent individual ST (CT) equilibria. The number with each symbol represents its value 
of f2F. Equilibria in the non-shaded (shaded) region have values of Ff2  larger (smaller) than 0.8. 
The global two-fluid effect is significant in the equilibria located in the non-shaded region. Fig. 3 
illustrates three important conclusions. The first is that, as the average beta increases, the region 
where the global two-fluid effect is significant becomes much broader. The second is that for a given 
average beta, for example 〈βT〉M  = 0.2 in Fig.3a, Ff2  has a maximum for certain value of Γ 
which is close to the ion diamagnetic drift velocity. The third is that, as ∗S  decreases, the region 
where the global two-fluid effect is significant becomes much broader. 
 
5. Summary 

Equilibrium properties of a flowing two-fluid plasma were studied. Introducing the 
generalized vorticities of the ion and the electron fluids reduces the basic equations to compact 
forms. Coupled equations for the surface variables associated with the generalized vorticities of each 
species were derived. The present two-fluid model naturally describes the thermal pressures of each 
species and the electric field. Assuming that the equilibrium has purely azimuthal ion flow, the 2-D 
equilibria of ST and CT were computed numerically. In addition, an analytic equilibrium was also 
obtained. The equilibria obtained numerically were relevant to the current experiments. Although the 
magnetic flux function of the analytic equilibrium is the same as the Hill’s vortex solution, this 
two-fluid equilibrium includes ion flow and the electric field. For these equilibria shown here, the 
poloidal ion flow was neglected, while it is allowed in the model. Future work will include the 
poloidal ion flow. 

A comparison between the single- and the two-fluid models was carried out. The 
characteristic differences became apparent. To measure the intrinsic two-fluid effects quantitatively, 
we introduced the two-fluid index. The usefulness of this index was verified by the analytic solution. 
The application of this index suggests that the two-fluid effect is significant for equilibria with the 
following three characteristics: (2) smaller ∗S  (1) higher beta, and (3) ion flow velocity closer to 
the ion diamagnetic drift. This result implies the followings: (a) Two-fluid effects are very 
significant for FRC plasmas; (b) Two-fluid effect can be significant locally in the region where the 
effective ∗S  is small, such as transport barriers in H-mode [Ref.6]; (c) Although the two-fluid 
effect is not very important for the beta values of present ST experiments, the two-fluid model will 
be necessary for the future high-beta regime. The application to these problems in stability analysis 
as well as equilibrium analysis is left for future works.  
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