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1. Introduction

It has been recognized that shear flow may have a strong effect on confinement and stability.
Recent Spherical Torus (ST) [Ref.1] and Conpact Toroid (CT) [Ref.2] experiments have observed
the flow. For these ST and CT, it is not apparent whether the single-fluid model is adequate because

these configurations (especialy CT) have relatively small size parameter S
Sn=rs/li =rswpi/c. (1.2)
and the single-fluid model assumes S — . Here rg isthe radius of the outer boundary of the

plasma. To investigate the effect of the flow on the high beta plasmas, we have developed the
formalism of equilibrium and stability analyses of a flowing two-fluid plasma [Ref.3]. However, the

results shown were equilibria with only fairly large flow (O V). To compare the stability property

of the static equilibrium with that of the flowing equilibrium, equilibriua with an arbitrary magnitude
of flow are necessary. Hence, we have developed an improved formalism of equilibrium analysis of
aflowing two-fluid plasma. In Sec.2, the basic equations for the present two-fluid model are shown.
Introducing the generalized vorticities of each species [Ref.4] reduces the equations of motion to a
compact form. In Sec.3, the formalism of the equilibrium analysisis shown. Two-fluid axisymmetric
equilibria are described by coupled equations for the generalized vorticity surfaces of each species.
In Sec.4, 2-D equilibria of ST and CT computed numerically are shown where purely azimuthal ion
flow is assumed. In addition, an analytic equilibrium is also shown. Two-fluid effects are measured
for these equilibria. The azimutha ion flow and the beta value as well as the size parameter are
found to play important roles in two-fluid effects. Sec.5 summarizes the paper and present a plan for
future work.

2. Ideal two-fluid dynamical system

The plasma consists of ion and electron fluids. The density n is assumed to be uniform,
constant in time, and the same for the both species (quasineutrality). Then the equations of motion,
continuity, Ampere’s, Faraday’s, and Gauss's magnetism laws are

oP,/ot-u,xQ, = -0OH,; O, =0 (2.1,2.2)
|:|><B:4nen(ui ~u,); DxE=—1%—]t3; Om=0 (2.3,2.4,2.5)
Cc Cc

respectively. Here, u, and p, arethefluid velocity and pressure of each species (a = i,€) and
n is the density. E, B are the electric and magnetic fields. Introducing the canonical momenta
P, =mu, +g,A/C andthe generaized vorticities Q, =[OxP, = m,Oxu, +(q, /c)B

of the both species [Ref.4], the compact form of equations of motion, i.e. Eq.(2.1) is derived where
m, and (, arethe particle mass and charge. Here we restrict attention to a hydrogen plasmaq; =

€ Oe = —€. A is the vector potentia of the magnetic field. The total enthalpy H, is the sum of
thermodynamic (enthalpy), flow energy and electrostatic energy parts



1
pT"’+EmGU§ + 0o Pk (26)

where ¢ isthe scalar potential of the electric field.

Hereafter the electron mass is usualy neglected since our interest is in low-frequency
stability. This is consistent with the quasineutrality assumption and the neglect of the displacement
current in Eg. (2.3). In the following section, we restrict attention to time-independent axisymmetic
equilibrium quantities, eg. uy, =uy (r, z) where the cylindrical coordinate system (r,G,z) is

adopted.

Hy =

3. Equilibrium equations
3.1 Coupled equations which describe axisymmetric two-fluid equilibria:
The time-independent equilibrium motion equations (2.1) can be expressed as

u, xQ, = 0OH, (3.1
For axisymmetric equilibrium, the magnetic flux function l,U(r,z) and the flow stream functions
Yq (r, z) are useful to express the poloidal components of the divergence-free magnetic field and
the species flow velocities respectively:
B,(r,2) = Oyx@/r, ugp(r,2) = Oy x8/nr (32,33)

where é is the unit vector in the azimuthal direction. Further we introduce the generalized stream
functions W, (r, z) to express the poloida (r, z) parts of the generalized vorticities of each
Species:

Qup(r,2) = (0g /c)OWg x 8/r (34)
Since Qgp =My (D Xugy )p + (Qa /C)B p the following relations hold:
W o= ¢ +(mc/enkuig We = ¢ (35), (36)

Thus the azimuthal ion flow causes the difference between W; and ¢ .
From the equations of motion, two relations follow at once: Q, MH, =0 and

u, MH, =0. Then we have

1
pTa"'Emaug +0p@Pe = Hg(Wy) (3.7)
g = Yu(Wy) (39)

Thus the total enthalpies H;,H and the species stream functions {J;,(J are arbitrary surface
functions of their respective surface variables\W,, . Using these surface functions, the equilibrium
motion equation (3.1) for each species has only a component parallel to W, , and arrives at the

following coupled equationsfor ¥; and L/J(= llJe):
(47my /n)r 2 (dys; /dw; )O El_(dUJi /d”’i)m’i/rz] =
= (are/c)? (Wi —we)dw; /dw; )+ [ - W)/ (7 + amr? dHjo /AW,

Ny = (/) (Wi -weldpe/dy)+ W -w)/¢f - amr2dHe/dy  (310)
where the poloidal and toroidal parts of the Ampere's law, By = (47'[/0)2 Ja¥q and
a

(3.9)

A*llj = - (47'[/ C)Z JglUgg areused to eliminate the toroidal components of the magnetic field

a
and the flow of each species. Two-fluid equilibria are described by the coupled equations Egs.(3.9)



and (3.10). These are a reduced form of the more general system developed earlier [Egs. (29) and
(30) of Ref.5].
The pressure can be found a posteriori using Eq. (3.7). These can be summed to give the Bernoulli
equation in terms of the total pressure, p= p; + pPe:

p/n+rniui2/2 = H; +Hg (3.11)
3.2 Comparison between the single- and the two-fluid equilibrium models:

To see the difference between the single- and two-fluid equilibrium models, we introduce
the aternative forms of the equations of motion:

myu; * Ouj =-0(p; + pe)/n+(0xB)xB/4m (3.12)

E+uj xB/c+Fr =0 (3.13)
The Egs.(3.12) and (3.13) are equivalent to Egs.(3.1) for the species. The difference between the
single- and the two-fluid equilibrium modelsis Fop:

Foe =[Ope ~ (0% B)xB/47]/(en). (3.149)
Using Eq.(3.12), this two-fluid correction can be expressed in another form:
Fop = - (ﬂe)[ﬂ(pi /n+my UiZ/Z)— myu; x (Oxu; )] (3.14b)

While Fop represents the electron pressure gradient and the Hall effects [Eq.(3.143a)], it can also

be viewed as reflecting the ion pressure gradient and inertia effects [Eq.(3.14b)]. When the following
condition holds,

luj xB/c|= [E| >> [Foe|, (3.15)
the single-fluid model is adequate. Otherwise two-fluid effects are important. Two important factors
are related to the size of Fop . (1) For the single-fluid model, the ion flow and the magnetic field
share asingle family of characteristic surfaces, U/ = const. By contrast, the two-fluid model has two
families of characteristic surfaces: W; = const; Wq (= L,U) = const. This difference springs from the

self-consistent treatment of ion inertia, i.e. the second term in Eq. (3.14b). (2) lon flow perpendicular
to the magnetic field springs only from the Ex B drift in the single-fluid model. Missing are

correction terms appearing in Fop : the diamagnetic and inertial ion drifts.

4. Results
Here we will find several equilibria in a toroidal geometry. For these equilibria, the

average betais calculated:

<B>y = <nT>y/<nT+B%8r>y (4.1)
The average is on the symmetry plane (z=0). To measure the globa two-fluid effects, we
introduce a two-fluid index:

for =<[F2p xB| >\ /<[EXB|>y (4.2)
If fr 21 (fr << 1), the two fluid effect is significant (negligible). The usefulness of thisindex is
verified by the analytic solution which is obtained in the following subsection. In the remainder of
this section, we adopt a dimensionless variable scheme based on the reference length rg and the

reference magnetic field Br (value of B, a r=rg, z=0). The size parameter is
Sq=rg/!; asin Eq.(1.1).

Consider the special case of purely azimuthal ion flow. This implies a particular choice of
one of the arbitrary functions;

g (W) = 0 (4.3)
For the remaining arbitrary functions, we consider a particular example;
dH; /d¥; = Cpio+Cpin¥i., (4.4)



dHe/dW = Cpep+Crietd + Creaty® (4.5)

Welw) = Cer +Cpe +Cypeath? (4.6)

where the various C's are constant parameters. Relationship between the two surface variables
follows from Eq. (3.9):

C i 2y, 2
A Ho/szu)r2 w
1—(CHi1/SD)r

Substituting thisinto Eq. (3.10) givesthe differential equation for  ,

A*w+é%'2(%2+2Q;e2CBT)+f2§GJHd+ Chit %ﬁ

1—r2(CHi1/32)@
O . O

+357CeaCyenth® +(232Cfez +r2CHé3)/J3+S<2CBTC¢el+r2m:HdJ T ZCH'O >0 =0
3 1-r%(Cha/SHE
(4.8
Since Y has an arbitrary additive constant, the boundary condition ¢ = O is imposed. After
solving Eq.(4.8), the temperatures and the electrostatic potential are determined from Egs.(3.7) for
a =i and eassuming aconstant temperature ratio,
TiTe = y = condt (4.9

4.1 Analytic equilibrium:
Vanishing al of coefficients, Cyi1 , Cher, Chies, Cary Cyer, and Cyep, EQ. (4.8) reducesto
0 2 _
AWe +(Chep *+Chig)r © =0 (4.10)
This equation is the same as for the familiar Hill’s vortex equilibrium. The magnetic flux function
satisfying the elliptic boundary with elongation E is given by
W = —(rZ/ZXI—rZ—ZZ/EZ) (4.11)
where C,,,o + Cpio = —(4+1/E?). Although {/ is the same as the Hill's vortex solution, this
two-fluid equilibrium hasion flow and electric field:

u; =0r(Cpio/S0). ue =0 (Creo/S) (412), (4.13)
o = |sue+yrle+VER) iy + )+ S +0f22) @i
T = yrTe = /i +2) e yER )+ 02/l s

where Ui :uie(r =1)=CHi0/S].Because there is no toroidal magnetic field, this equilibrium

has high averaged beta. If 4E2>> 1, < 8>, = (5+3u2 )/(7+3u2)>0.7.

4.2 Numerical equilibria:
Figs. 1 and 2 represents the 2-D ST and CT equilibria. Fig.1a (Fig.2a) shows the contours

of the magnetic flux function /l,Uo =0.0, 0.1, 0.3, 0.5, 0.7, 0.9 for the ST (CT) equilibrium, where
Yo isavalueof U atthe magnetic axis. At the diamond symbols on Fig.1a, the normal curvature

Kn EDL/J°[(b° D)b]/|Dtll| vanishes where bEB/|B|. The inboard region between the

symbols has “good curvature’. Figs.1lb-e (Figs.2b-e) show the profiles of the magnetic field,
azimuthal ion flow, temperatures, and electric field on the symmetry plane for the respective
equilibrium. The structures of magnetic field and the peak values of the azimuthal ion flow velocities
and the temperatures of the ST and CT equilibria are relevant to the current NSTX [Ref.1] and TS-3
[Ref.2] experiments respectively. The beta value and the two-fluid index of the ST (CT) equilibrium

ae <B>y=15x10"2 (<B>y=68x1072) ad fpr =0052 ( for =1.38),



respectively. Hence the two-fluid effects are negligible (significant) for the ST (CT) equilibrium.
4.3 Measurement of the two-fluid effects:

To illustrate the global two-fluid effect fop, it is calculated for the 1-D ST and CT

equilibria with various values of flow verocity and average beta. The result is shown in Fig.3. The
horizontal axis shows the average beta value. The vertical axis ' represents the maximum

(minimum) value of Ujg when Ujg is positive (negative). The circles (filled dots) on the Fig.3a
(Fig.3b) represent individual ST (CT) equilibria. The number with each symbol represents its value
of fe. Equilibria in the non-shaded (shaded) region have values of fop larger (smaller) than 0.8.

The global two-fluid effect is significant in the equilibria located in the non-shaded region. Fig. 3
illustrates three important conclusions. The first is that, as the average beta increases, the region
where the global two-fluid effect is significant becomes much broader. The second isthat for a given

average beta, for example [Brly = 0.2 in Fig.3a, fop has a maximum for certain value of I

which is close to the ion diamagnetic drift velocity. The third is that, as S decreases, the region
where the global two-fluid effect is significant becomes much broader.

5. Summary

Equilibrium properties of a flowing two-fluid plasma were studied. Introducing the
generalized vorticities of the ion and the electron fluids reduces the basic equations to compact
forms. Coupled equations for the surface variables associated with the generalized vorticities of each
species were derived. The present two-fluid model naturally describes the thermal pressures of each
species and the electric field. Assuming that the equilibrium has purely azimuthal ion flow, the 2-D
equilibria of ST and CT were computed numerically. In addition, an analytic equilibrium was aso
obtained. The equilibria obtained numerically were relevant to the current experiments. Although the
magnetic flux function of the analytic equilibrium is the same as the Hill's vortex solution, this
two-fluid equilibrium includes ion flow and the electric field. For these equilibria shown here, the
poloidal ion flow was neglected, while it is alowed in the model. Future work will include the
poloidal ion flow.

A comparison between the single- and the two-fluid models was carried out. The
characteristic differences became apparent. To measure the intrinsic two-fluid effects quantitatively,
we introduced the two-fluid index. The usefulness of thisindex was verified by the analytic solution.
The application of this index suggests that the two-fluid effect is significant for equilibria with the

following three characteristics: (2) smaller S (1) higher beta, and (3) ion flow velocity closer to

the ion diamagnetic drift. This result implies the followings. (@) Two-fluid effects are very
significant for FRC plasmas; (b) Two-fluid effect can be significant locally in the region where the

effective S is small, such as transport barriers in H-mode [Ref.6]; (c) Although the two-fluid

effect is not very important for the beta values of present ST experiments, the two-fluid model will
be necessary for the future high-beta regime. The application to these problems in stability analysis
aswell as equilibrium analysisis left for future works.
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